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We consider the Smoluchowski equation with a coordinate-dependent reactivity and obtain asymptotic expansions for the 
survival probability and the mean lifetime as power series in the diffusion constant. The coefficients in this expansion may depend 
on both temporal and spatial variables. Using the present results together with the previously derived expansion for the fast 
diffusion limit, we are able to obtain useful Pad6 approximations for the dependence of the mean lifetime on the diffusion coefficient. 

1. Introduction 

The kinetics of diffusion-influenced reactions has 

been studied since the early twentieth century by a 

variety of mathematical techniques and indeed a large 

number of applications in physical and chemical ki- 

netic phenomena have been found [ 1,2]. A rela- 

tively simple model consists of a particle diffusing in 

the presence of a potential field with a spatially vary- 

ing first order reaction rate, k. This model has been 

used to discuss fluorescence quenching in polymers 

[ 3 1, electronic [ 4 ] and vibrational [ 5 ] energy trans- 

fer in liquids, ligand binding to heme proteins [ 61, 

electron transfer in proteins [ 61 and in solution [ 71 

and barrierless isomerization reactions [ 81. 

Properties of such models have been analyzed by 

several investigators [ 9- 13 1. For bounded systems 

(which admit an equilibrium distribution), Wilem- 

ski and Fixman [ 9 ] were the first to suggest an ap- 

proximate solution which was later justified by Doi 

[ 10 ] using a variational approach. Agmon and Hop- 

field [ 61 considered the time (t)-dependent survival 

probability, S(t), and the mean lifetime, r, for a dif- 

fusing particle (diffusion coefficient D) in the two 

extreme limits of diffusion which is either fast or slow 

compared with the reaction rate. In these limits one 
finds 

S(t)+exp(- <k)&), 
1 

r+ o,g y 

as D-m ; (la) 

s(++(exp(-kt)h, r+ k , 
0 0 

as D-+0. (lb) 

( )ecl and ( ). denote averages with respect to the 
equilibrium and initial distributions, respectively. It 
is noted that both limits are independent of the dif- 
fusion coefficient. The large-D limit is independent 
of the initial distribution but depends on the inter- 
action potential, while the small-D limit depends on 
the initial distribution but is independent of the po- 
tential field. The limits in eq. ( 1) are evidently only 
the leading terms in two (asymptotic) expansions. If 
additional terms can be determined they may prove 
useful in the construction of approximations bridg- 
ing these two limits. 

It has been shown that the Wilemski-Fixman ap- 
proximation [9] is equivalent to the large-D limit, 
eq. ( la), which is the lowest order term in a pertur- 
bation expansion [ 121. Indeed, S(t) in this limit ad- 
mits a perturbation expansion in powers of D-‘, with 
coefficients which are functions oft. Detailed calcu- 
lations for a number of specific systems in this limit 
are presented in ref. [ 131. Less is known about the 
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expansion in the opposite limit of slow diffusion. For 
unbounded diffusion (infinite space, no equilibrium 
distribution exists) Allinger and Blumen [4] have 
obtained a perturbation expansion for the time-de- 
pendent rate coefficient for Fijrster energy transfer 
processes. Rice [ 1 ] has suggested a similar expan- 
sion for the steady-state density. These expansions, 
which are formally similar to a WKB expansion in 
powers of zi [ 141, are expected to be useful at short 
times only. However, they have not been compared 
in a systematic way with exact numerical results. Pad6 
approximations suggest rather poor agreement with 
the exact decay at long times [ 41. Even at short times 
the above expansion is not likely to be correct near 
the absorbing boundary where singular perturbation 
methods need to be applied. 

In the case of unbounded diffusion discussed above, 
the initial state is usually taken as a uniform distri- 
bution, the final is a steady state and the quantity of 
interest is the flux into the sink (“time-dependent rate 
coefficient”). In contrast, for bounded diffusion the 
potential function increases to infinity in a way that 
ensures the existence of an equilibrium distribution. 
In this case the initial state of interest is a delta func- 
tion and the final state is obtained when all the initial 
population has reacted so that the survival probabil- 
ity, eq. ( 1 ), decays to zero. To our knowledge, a slow 
diffusion expansion has not been previously tested for 
the survival probability of bounded diffusion. Be- 
cause these systems are bounded by the potential, no 
boundaries need be introduced and the problematics 
of boundary layers and singular perturbations can be 
avoided. 

In the present work we obtain the slow diffusion 
expansion for the survival probability of a bounded 
system. For mathematical simplicity we restrict our- 
selves to one dimension and a constant diffusion 
coefficient. We compare the results with the exact 
survival probability for one-dimensional diffusion in 
a harmonic potential with either exponential or par- 
abolic reaction terms. Finally, we demonstrate how 
the present expansion, together with the large-D ap- 
proximation [ 13 1, enables us to obtain a Padt ap- 
proximation for the mean lifetime which bridges the 
two limits in eq. ( 1). 

2. The survival probability 

Since our primary interest will be in the reaction 
rate, a natural starting point for the analysis is the 
backward (or adjoint) Smoluchowski equation [ 21 
for the survival probability of a particle diffusing in 
one dimension, with a diffusion constant D, in the 
presence of a potential, U(x), and subject to a coor- 
dinate-dependent first-order reaction occurring at a 
rate k(x) . The probability that a particle, initially at 
point x on the real line, survives without reaction un- 
til time t will be denoted by S( t 1 x). This function is 
assumed to satisfy the backward Smoluchowski 
reaction, 

aswe ~ =Du+S(tlx)-k(x)S(tlx) 
at 

=Dexp[V(x)] &exp[-V(x)] &s(tlx) 

-k(x)S(tlx) > (2) 

in which V(x) = U(x) /k,T, kB being Boltzmann’s 
constant and T the absolute temperature. Y + denotes 
the adjoint diffusion operator in the absence of reac- 
tion. The survival probability satisfies initially 
S(Olx)= 1. 

Our goal is to derive an asymptotic expansion for 
S( t I x) valid in the limit of small D. We assume that 
S( t lx) admits the following expansion: 

lnS(tlx)- f D”g,(tlx) , 
?I=0 

(3) 

where the coefficients g,, ( t Ix) are functions of t and 
x to be determined, but are independent of D. The 
initial condition implies that g,, (0 Ix) = 0. By insert- 
ing expansion (3) into eq. (2) and equating powers 
of D on both sides we obtain a hierarchy of equations, 

ag,(tix)iat= -k(x) , (4a) 

ag,(tlx)iat=g;;(tlX)+gb(tlx)Z 

-gb(tlx)~ (XI 9 tab) 

ag,(tlx)iat=g;(tlx)+2gb(tlx)g;(tlx) 

-dl(tlx)l/‘(x) 2 (4c) 

with a prime denoting differentiation with respect to 
x. These equations are solved sequentially to yield 
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go(tlx)= -WP, 

g,(tlx)=fk’(x)*t3 

(5a) 

-j[k”(x)-k’(x)V’(x)]t*, (5b) 

g,(tlx)=-$k’(x)*k”(x)P 

+&[5k’(x)k(3)(x)+2k”(x)2 

-5k”(x)k’(x)V’(x)-3k’(x)*V“(x)]t4 

+:{-k’4’(x)+2k(3)(x)V’(~) 

+k” (x) [2V” (x) - I/’ (x)*1 

+~‘(x)[V(~)(X)-V”(~)V’(X)]}~~, (5c) 

where a superscript (n) denotes the nth derivative 
with respect to x. 

Evidently, the convergence properties of series (3) 
do not depend on the value of D alone. To investigate 
the question of convergence, we obtain the expansion 
by an alternative route. Using the substitution 
@(tlx)=S(tlx) exp[ -k(x)t] we convert the inho- 
mogeneous equation (2) into a homogeneous differ- 
ential equationin @, which yields the following inte- 
gral equation: 

@(flx)=@(Olx) 
* 

+D dt’ exp[k(x)t’] 
s 
0 

xY+ exp[ -k(x)t’]@(tlx) (6) 

with the initial condition @(Olx)=S(Olx)=l. The 
formal solution is then written in terms of an inverse 
of an integrodifferential operator, 

I 

s(tlx)=exp[ -k(x)t] 1 -D 
( J 

dt’ exp[k(x)t’] 
0 

--I 

xYt exp[ -k(x)t’] 
> 

S(Olx). (7a) 

By expanding the resolvent into a Taylor series, one 
obtains the following computable form: 

S(tlx)=exp[ -k(x)tl 

x[ 1 +ng, (D [ dt’ exp[k(x)t’]Yt 

n 

xexp[ -k(x)t’] >E (OIX) * (7b) 

This result is fully analogous to that obtained by Al- 
linger and Blumen [4] for the concentration of un- 
bounded, freely diffusing ( V= 0) particles. 

In eq. ( 7 ) , the integral over t is an operator rather 
than an operation, hence, its powers correspond to 
multiple integrals. For example, the quadratic term 
involves the double integral 

I 

dt’ exp[k(x)t’]Y+ exp[ -k(x)t’] 

I’ 

x 
I 

dt” exp[k(x)t”]Y+ exp[ -k(x)t”] . 

0 

With this in mind, eq. (7b) is equivalent to eq. (3) 
in which the exponential is expanded in a Taylor se- 
ries and resummed by powers of D. The convergence 
of the series (7b) is determined by the norm of the 
dimensionless operator 

I 

D 
I 

dt’ exp[k(x)t’]Y+ exp[ -k(x)t’] 

0 

over the appropriate functional space. We therefore 
expect to obtain better convergence the smaller D, the 
smaller t and the slower the variation of k( x) with x. 
Indeed, when k(x) =k=const., expansion (3) ter- 
minates after the zeroth term and S( t I x) = exp ( - kt ) . 

3. The mean lifetime 

Since -&T/at is the lifetime density (fractional 
population which reacted between t and t+dt), the 
mean lifetime, r(x), a diffusing initially at 
x, given by 

01 

T(X)= dt= S(tlx) dt . 
I I 

(8) 

0 0 
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The last equality holds only when S( t I x) -PO as t+oo. 
Under this condition and using S( 0 (x) = 1, one may 
integrate eq. (2) over time to obtain [ 21 

[out-k(x)]?(X)=-1 . (9) 

This is an ordinary differential equation describing 
the dependence of the lifetime on the initial variable. 

The small-l) expansion for the mean lifetime, T(X) , 
can now be obtained in several ways. The first is to 
expand the exponential in eq. (3) around D=O and 
integrate term by term with respect to t, see eq. (8). 
The second way is to assume a series solution of the 
form 

T(X)- E D’%,(x) (10) 
fl=O 

and insert the expansion into eq. (9). The third route 
is, defining 6(x) = 1 /k(x), to solve eq. (9) formally 

T(X)= [ 1 -De(x)P’+]-‘e(x) (11) 

and expand the resolvent around De(x) 6p + = 0. One 
obtains 

ho(x) =0(x) , 

h, (x) =e(x)u+e(x) , 

h,(~)=e(x)~+e(x)~+e(x), 

or, written differently (see eq. (7b) ) 

T(x)= 
( 

1+ g [De(x)u+]n e(x) . 
n=l > 

Carrying out the differentiations explicitly 
that 

h,(x)/e(x) = 1 , 

h,(x)/e(x)=e~(~)-e'(~)~'(~), 

h2(x)/e(x)=eyx)e(x) 

+2eyx)e’ (x) i-8” (x)2 

-2[2e~(x)ef(x)+eyx)e(x)]v’(x) 

(13) 

we find 

(14a) 

(14b) 

-[e~(x)e(x)+e’(~)2][2~(~)-~(~)21 

-e'(x)e(x)[v(3)(x)-v"(~)v'(~)], (14c) 

where a superscript (n) denotes the nth derivative 
with respect to x. 

As it has been pointed out in ref. [ 131, knowledge 

of the limiting behaviour of r(x) can be used to con- 
struct Pad6 approximants with improved conver- 
gence [ 15 1. It has been shown above that in the limit 
of slow diffusion 

r(x; D)=ho(x)+Dh,(x)+... , D*O, 

while in the limit of fast diffusion [ 13 ] 

r(x; D)=h,(x)+D-‘h_,(x)+... , 

D-co, 

where 

h,(x)=ll(k),, 

h-,(X)=(kl)eql(k).q--I(X) 3 

co 

I(x)=~dyexp[V(y)l 

I 

X s dzexp[--V(z)l[k(z)-(k),l. (17) 
-cc 

We attempt to interpolate between the two limits 
in eq. ( 15 ) by using the first two terms in eq. ( 15a) 
together with either one (a 2-1 approximant) or two 
terms (a 2-2 upproximant) from eq. ( 15b). For the 
2-1 approximant we have chosen 

r(x; D) =h, + 
PO 

P+qob)2+d' 
(18a) 

with qO=(h,-h,)/h, andp,=-2q&. Since q. is 
real, the form of eq. (18a) ensures that the roots of 
the denominator, - qo( 1 If: i), are off the positive D 

axis. For the 2-2 approximant we consider 

t(x; D) =h, + 
PO +DP, 

(D+qo12-a ’ 
(18b) 

with p, =IL_~, q1= -h-*/h,, qo=2(ko-ho)lh,, 
po=-((I:-ql)qohl. If r(x; D) is a monotonically 
(increasing or decreasing) function of the parameter 
D, then the sign of h,-ho and h, is the same and 
opposite to that of h_ i. Under such circumstances 
both q. and q, are positive, and the roots of the de- 
nominator in eq. ( 18b), -q. f 6, will both be on 
the negative D axis if q: < qo. 
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4. Numerical methods 

In general, eqs. (2 ) and (9) can be solved only nu- 
merically. To obtain the numerical solution we choose 
a finite interval [a, b] and discretize the values of x 
inside this interval, XI= U, . . . . Xi, . . . . x,,, = b, Xi+ 1 -Xi 

= AX. Hence Vi= I’( Xi), etc. Following ref. [ 61, we 
define a transition frequency from i to j by 

Qi_j’-/$eXp[-(v-Vi)/21 e (19) 

We then construct a m x m tri-diagonal matrix M, so 

that 

Mi* l,i=Qidi+ I 9 

Mi,i=-Mi+l,i-M*_,,i-ki (20) 

are the entries of the ith column of M. The three di- 
agonals are saved as three vectors in the computer 
program. At i= 1 and i=m we impose reflecting 
boundary conditions, since the effect of the reaction 
is described by the sink term ki. This amounts to set- 
ting the transition frequencies between i= 1 and i=O 
to zero and similarly for transitions between i= m and 
i = m + 1. In matrix form eq. (2) reads 

as(t)/at=M+s(t), (21) 

where Mt is the transpose of the matrix M and S the 
vector (S,, . . . . S,). The transition probabilities in this 
nearest-neighbor master equation are defined in eq. 
( 19) so that detailed balancing is rigorously obeyed, 
Qi_j/S2j_j=exp( Vj- 6). This ensures that (in cases 
where an equilibrium distribution exists) diffusing 
particles in the absence of reaction reach an equilib- 
rium distribution and hence no drift occurs upon long 
propagations. 

The propagation in time follows the algorithm of 
ref. [ 161. The formal solution of eq. (2 1) is written 

as 

S(t+At)=exp(A.tM+)S(t) (22) 

and the exponential is expanded in a Chebyshev se- 
ries. The merit of this method over conventional fi- 
nite differencing in time, which amounts to approxi- 
mating the exponential by a Taylor series around 
At = 0, is that a Chebyshev expansion converges uni- 
formly in an interval. The interval of convergence is 
scaled so that it contains all the eigenvalues of the 

matrix M (the highest eigenvalue can be estimated 
from an eigenvector which has a node every grid 
point ) . This procedure allows for very large time steps 
with little accumulating error. By collecting also the 
fraction of trapped population at each timestep, 
E&,kiSi(t)Ax, we verify that the total diffus- 
ing+trapped population is conserved, so that no 
population disappears due to computer round-off er- 
ror. In single precision it is possible to propagate with 
four-digit accuracy. This is deduced from compari- 
sons with analytic solutions for zero and constant re- 
action terms. 

To obtain the mean lifetime, rip one could integrate 
numerically Si( t) over t. This calls for very long nu- 
merical propagations. An alternative procedure is to 
solve the algebraic equation 

M+r= -I (23) 

directly (I is the unit vector). Since Mt is tridi- 
agonal, the algorithm for this is simple. For an un- 
known T,, one expresses r2, . . . . r, as linear functions 
of T, using the first m- 1 rows of Mt. This involves 
the determination of two vectors of coefficients. The 
mth row is then used to determine the unknown rI, 
which is substituted into the expressions for riy i= 2, 
. ..) m. 

5. Results 

We demonstrate the theory for bounded diffusion, 
where the integral of exp [ - I’(x) ] between - 00 and 
+ co is finite. As a particular case, consider the prob- 
lem of a harmonic potential 

V(x) = $/3x’ (24) 

with either an exponential 

k(x) =exp( -ax) (25a) 

or parabolic rate terms 

k(x) =ax2 . (=b) 

The first model (exponential rate) has been consid- 
ered in ref. [ 61 as a description of electron transfer 
in proteins or ligand binding to heme proteins. The 
second model (parabolic rate) has been treated in ref. 
[ 12 1. First we investigate the utility of expansion ( 3) 
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for the survival probability and then we consider ex- 
pansion ( 10) for the mean lifetime. 

The convergence of expansion ( 3 ) for an exponen- 
tial rate is shown in fig. 1. The exact numerical solu- 
tion of eq. (2 ) is the bold curve, whereas partial sums 
up to n=O, 1 or 2 are shown as dashed, dotted and 
dash-dotted curves. The survival probability is 
smaller for negative x, where k(x) is larger. Conver- 
gence is faster, however, for positive x, where the 
variation in k(x) is smaller (see section 2). The two 
panels in fig. 2 show the expansion up to n = 2 (dashed 
curves) as a function oft and D. The exact calcula- 
tion is again shown by the full curves. When either t 
or D increase convergence deteriorates. An altema- 
tive representation of the same data is shown in the 
two panels of fig. 3, where the survival probability is 
plotted against time (rather than as a function of x). 
Each panel shows S( t 1 x) for the three marked values 
of D, but for a different initial coordinate. When x < 0, 
increased diffusion carries the particle away from the 
region of large k(x), hence the survival probability 
increases with D. The situation is reversed when x> 0. 
In both cases it is seen that as D increases the expan- 
sion diverges at earlier times. 

Similar results are shown in figs. 4 and 5 for a par- 
abolic rate, eq. (25b). The parameter (Y was chosen 
so that both models have the same value of 

h 0.8 

5 Exponential rate __-- 
._ __-- 

t = 0.4 

a = 0.1 

/3 = 2;o 

-5 -3 -1 1 3 5 

initial coordinate 

Fig. 1. S( 11x) as a function of x for a harmonic potential, eq. 
(24), with @2 and an exponential sink term, eq. (25a), with 
a=O.l, for 0~2 and ~0.4 (arbitrary units). The full curve is 
the exact numerical result propagated in the interval - 5 dxt 5 
with 200 grid points, time steps of 0.02 and 50-100 terms in the 
Chebyshev expansion. This calculation is converged to 3-4 sig- 
nificant digits. Dashed, dotted and dash-dotted curves represent 
partial sums in the expansion ( 3 ) up to the power of D indicated. 

h 1.0 
Exponential rate 

D = 2.0 

-5 -3 -1 1 3 5 
initial coordinate 

Fig. 2. Same as fig. 1 for two different values of D (2 and 4, as 
indicated in the panels) and the four values oft marked on the 
curves. Expansion (3), summed up to second order, is shown as 
dashed curves. 

<k),,= pi k(x)exp[-W)l h 
--03 

m 

U > 

-1 

X exp( - V(x)] dx . (26) 
-cn 

Therefore the same values of S( t I x) are obtained not 
only in the limit oft = 0, but also as t-m, see eq. ( la), 
so we may compare the two models at the same val- 
ues of D and t. For small Dt values the x dependence 
of the survival probability is close to a Gaussian, the 
leading term in the expansion. Convergence is poorer 
than for the exponential rate, as reflected by the 
shorter times used in this calculation. The reason is 
that for the parameters shown a parabolic k(x) var- 
ies more drastically with x than an exponential k(x), 
which to first order is just linear in x. 

Fig. 6 shows the convergence of expansion ( 10) for 
the mean lifetime (as a function of the initial vari- 
able) for an exponential rate. Again, the full curve is 
the exact numerical calculation, while partial sums 
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exponenti rote 

0. II.2 O.-l 0.6 0.X I .Sl 
time 

Fig. 3. Same as fig. 2, only plotted as a function oft. Each panel 
is for a different value of the initial coordinate. The three bold 
curves in each panel represent the exact numerical calculation 
for the three values of D indicated. Dashed curves are expansion 
(3) up to second order. 

up to orders 0, 1 and 2 are shown by the dashed, dot- 
ted and dash-dotted curves. It is seen that T(X) is 
small for negative X, where k(x) is large. Unlike in 
fig. 1, convergence here is faster for negative x. This 
can be understood with the help of fig. 3, which shows 
the survival probability as a function oft. For nega- 
tive values of X, where k(x) is large, S(t(x) decays 
fast. Hence the integral in eq. (8) is dominated by 
shorter times where convergence is better. 

This is also seen in fig. 7 which shows 7(x) for two 
values of x as a function of D. As D is increased 7(x; 

D) approaches a universal limit which is l/(k),,. 
When k(x) is large (negative x), the expansion up to 
second order (dashed curves) is valid up to larger 

-5 -3 -1 1 3 5 

initial coordinate 

Fig. 4. Same as fig. 2 for a parabolic k(x), eq. (25b), with 
(Y = 2.005. As in fig. 2, D= 2 and b= 2. The value of a was chosen 
so that (k),, eq. (26), is identical in both figures. 

I .o 

0.8 
A 

.% 
2 

2 0.6 

E! 
p. 

-z .z 0.4 

t 

3 
0.2 

- x =‘2.5 

0. 
I I -- __ 

0. 

porobolic rote 

0.05 0.10 

time 

0.15 WO 

Fig. 5. Same as fig. 3 for a parabolic k(x) and (Y as in fig. 4. 

values of D. It is nevertheless clear that eq. ( 10) is 
just an asymptotic, but not a convergent expansion. 

Finally, fig. 8 compares the 2-l and 2-2 Pad6 ap- 
proximations for the mean lifetime in the exponen- 
tial rate model, eq. (25a), with the exact calculation. 
The parameters are the same as in fig. 7, except that 
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1.5 

2 
‘S 
+ 1.0 

0.5 

exponential rate 

-5 -3 -1 1 3 5 

initial coordinate 

Fig. 6. r as a function of x for a harmonic potential, eq. (24), 
with 8~2, and an exponential k(x), with cy=O.l, see ftg. 1. Here 
0~0.2 (in arbitrary units). The full curve is an exact numerical 
solution of the algebraic equations (23) in the interval - 5 < xg 5 
with 200 grid points. To obtain good accuracy, the calculation 
was performed in double precision. Dashed, dotted and dash- 
dotted curves are partial sums in expansion ( 10) up to orders 
(powers of D) 0,l and 2 as indicated. 

1.5 / 

/ 
/ 

X = 2.5 

3 
‘G ‘.O 
% 

____---________ 
x =-2.5 

0.5 z 
0. 0.5 1.0 

diffusion coefficient 

Fig. 7. Same as fig. 6 only as a function of D for the two indicated 
values of the initial coordinate. Full curves are exact numerical 
solutions of eq. (23) while dashed curves are partial sums up to 
second order in expansion ( 10). 

a larger range of D is shown. One can see an excellent 
agreement between the exact curve and the 2-2 ap- 
proximant for the whole range of D values. This is 
quite in contrast with the behavior seen in fig. 7 for 
expansion ( 15a), which is indeed only asymptotic. 
Although there is a dramatic improvement upon pro- 
ceeding from the 2-1 to the 2-2 approximation, we 
note that the computational effort in evaluating 
h_ , (x) is considerably larger than for the other terms, 

1.3 

t- 

k! 1.0 
3 
sr 

2 

0.7 - 
0 2 4 6 6 

diffusion coefficient, D 

Fig. 8. Same as fig. 7. Full curves are exact numerical solutions 

of eq. (23) while dashed and dotted lines present 2-l and 2-2 
Padt approximants, eqs. ( 18a) and ( 18b), correspondingly. h_, 
was evaluated numerically from the double and triple integrals 
in eq. (16b), over the same x range as the exact numerical 
calculation. 

because it contains double and triple integrals. 

6. Conclusion 

Previous work [ 13 ] has established that in the limit 
of fast diffusion the survival probability is of the form 

S(tlx)-exp[-((k),,t]+D-‘g_,(tlx)+..., 

D+m , Wa) 

where the Laplace transform of the correction term, 
g_ , ( SI x), can be determined explicitly in terms of 
double integrals but cannot, in general, be inverted 
to obtain an analytic expression for g_, (t Ix). The 
present work has completed the asymptotic deriva- 
tion for the limit of slow diffusion. We find that 

S(tlx)-exp[-k(x)t+Dg,(tlx)+...] , 

D-+0 (27b) 

with g, given in eq. (5b). In spite of the fact that in 
this limit the highest derivative in eq. (2) vanishes, 
the lack of boundary conditions at finite values of the 
coordinate makes the expansion (27b) an ordinary, 
rather than singular, perturbation expansion. In fact, 
the small-D limit is simpler than the large-D case in 
the sense that it is possible to obtain explicit analyti- 
cal expressions for the correction terms, which de- 
pend on derivatives of V(x) and k(x) rather than on 
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multiple integrals which are difficult to evaluate. Al- 
though the example given was one dimensional, ex- 
tension to higher dimensions is straightforward as 
long as the diffusion coefftcient is isotropic. 

The present work concludes the derivation of the 
asymptotic behavior of the survival probability in the 
limits of fast and slow diffusion [ 61. It is, unfortu- 
nately, clear from our calculations that these expan- 
sions are really only asymptotic and do not provide a 
good approximation for S( t (x) for arbitrary values 
of D and t. We have demonstrated that the two limits 
are nevertheless useful in the construction of (excel- 
lent) Padt approximations for 7(x). It remains to be 
determined whether a similar PadC approximation 
can be worked out for the survival probability, in or- 
der to accurately interpolate between the two limits 
in eq. (27). 
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