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a b s t r a c t

A model for a proton collecting apparatus on a protein surface includes a ring-shaped collecting domain
on which reversible receptors are scattered. These transport a proton by surface diffusion, until it reaches
a central orifice where it is absorbed. Mathematically, this scenario is represented approximately by two-
dimensional diffusion on the ring, with steady-state rate coefficients for adsorption/desorption of protons
from the bulk (which depend on the bulk diffusion coefficient), and a boundary condition mimicking an
irreversible reaction on the orifice perimeter. The ensuing differential equation is of the modified Bessel
type, and can therefore be solved analytically in terms of modified Bessel functions. The most general
solution involves a reflecting boundary condition on the outer perimeter of the ring, and a radiation
one on its inner perimeter. This solution admits numerous special cases, such as when the ring becomes
infinite, the inner boundary absorbing, or some parameter small or large. These various limits are dis-
cussed, as well as possible implications to experiment.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

In biochemical systems, molecules in the bulk (ligands) often
‘‘need” to find a target (receptor) on the cell membrane or on a
macromolecular surface. It has long been proposed that dimen-
sionality reduction, by adsorption to the surface and diffusion on
it to the target, can facilitate the ligand–receptor binding process
[1–7].

A central postulate in bioenergetics is that protons may diffuse
on the surface of the membrane from proton-source to proton-sink
[8–10]. On protein surfaces, an aggregate of carboxylate and other
protonable residues may form a ‘‘proton collecting antenna” that
captures protons from the bulk and funnels them into an orifice
from which a ‘‘proton-wire” introduces them into the protein
[11–14]. To address this scenario, the ‘‘surface sliding” model of
Berg [5] was extended to a proton antenna model by Stuchebruk-
hov and coworkers [15–17]. While proton antennae of membranal
proteins seem to involve only a few protonable residues [11–14],
high-resolution structures of the green fluorescence protein (GFP)
suggest the existence of an extended proton collecting domain
on its surface, which eventually funnels protons via an ‘‘orifice”
at Glu5 to a long proton-wire reaching the GFP active site [18].
Such an extended proton collecting apparatus may justify the use
of a continuum diffusion model [15,16].

Common to most of the theoretical treatments of a reactive ori-
fice on a planar membrane is that the planar collecting domain is
assumed to be infinite, the reaction at the orifice is considered
ll rights reserved.
instantaneous, and surface concentration of protons is assumed
small compared with the density of protonable groups (so that
their saturation can be neglected). Although a formal solution of
the coupled three- and two-dimensional steady-state (SS) diffusion
equations has been worked out under these conditions (e.g.,
Appendix B in Ref. [5]), in practice approximations are employed.
These lead to a SS reactive flux of the ubiquitous logarithmic form
similar to Eq. (22) below [3–7,15,16].

Here we extend the treatment of the problem to include:

� A finite ring-like collecting domain with an outer radius R.
� Finite irreversible reaction rate at the perimeter of the orifice

(r ¼ r0), introduced via the Collins–Kimball ‘‘radiation boundary
condition” [19].

� Proton collecting sites which are saturable.

To achieve these generalizations, we begin from an approxima-
tion in which the two diffusion equations are effectively decou-
pled, so that only the surface diffusion equation needs to be
solved. Bulk diffusion enters into this equation via the two SS rate
coefficients [20] for absorption/desorption on/from finite disk-like
domains on an infinite plane [3,21], which model the protonable
groups. These ‘‘on” and ‘‘off” rate coefficients depend on the bulk
diffusion coefficient, unlike the ‘‘intrinsic” rate constants that enter
into the coupled equations [5,15]. Replacement of the motion per-
pendicular to the surface by rate coefficients is reminiscent of the
procedure of ‘‘adiabatic elimination” of a fast diffusive mode [22],
that reduces a two-dimensional diffusion equation to a one-dimen-
sional equation with a coordinate-dependent sink term [23–25]. It
is thus expected to be valid when bulk diffusion is faster than

http://dx.doi.org/10.1016/j.chemphys.2009.11.004
mailto:agmon@fh.huji.ac.il
http://www.sciencedirect.com/science/journal/03010104
http://www.elsevier.com/locate/chemphys


N. Agmon / Chemical Physics 370 (2010) 232–237 233
surface diffusion, which appears to be the situation in membranal
proton transport [16]. However, since we are interested here only
in the SS reactive flux, utilization of the SS on and off rates may
have an even larger range of validity.

The generalized approximate model presented here is solvable
analytically in terms of modified Bessel functions [26]. Its general
solution reproduces the various expected limiting behaviors for
the reactive flux, yielding a plethora of approximate expressions
for the proton-capture rate coefficient.
2. Theory

We consider an infinite plane (e.g., membrane) on which is sit-
uated a circular collecting domain of radius R, see Fig. 1. In its cen-
ter there is a small circular orifice of radius r0 through which
particles (e.g., protons) are absorbed (e.g., enter the protein). With
the origin at the center of the orifice, this problem has circular
symmetry. The annular domain is covered with a surface density
r0 of antenna receptors (protolytic groups), which can bind parti-
cles reversibly from solution (one per receptor), or transfer them to
neighboring receptors, until they reach the orifice where they ‘‘dis-
appear”. These receptors are modeled as randomly distributed cir-
cular disks of radius a (small circles in Fig. 1). In SS, the surface
concentration of occupied receptors at distance r from the origin
is rðrÞ, whereas in the bulk particles have a uniform concentration
c0 at large distances from the surface. Within a continuum sce-
nario, the particles can diffuse in the bulk or on the surface, with
diffusion coefficients Db and Ds, respectively. We are interested in
calculating (approximately) the SS flux of particles into the orifice
through the annular collecting domain.

2.1. Adsorption/desorption from the bulk

Consider first the surface adsorbtion/desorption process due to
the antenna receptors. For perfect absorption at SS, the constant
flux of particles impinging on each receptor is kDc0, where kD is
the diffusion-control rate constant for an absorbing disk on an infi-
nite reflecting plane [3,21]

kD ¼ 4Dba: ð1Þ

The reason that at SS the flux is proportional to the perimeter of
the disk rather than its area is that the absorption process creates
a hole in the bulk density above the center of the disk. For simplic-
ity, let us assume that a� R, and that the surface density of recep-
tors, r0, is low enough so that there are no inter-receptor
interactions. These could diminish the flux to each receptor due
r0
R

a

Fig. 1. A schematic depiction of the geometry of the proton collecting system under
investigation.
to a reduction in the bulk particle density near it by neighboring
receptors, as elaborated in the Berg–Purcell theory and its various
extensions [3,27,28]. For protons, a possibly more important effect
is the enhancement of the Coulomb cage of one protolytic group
due to its neighboring ones [11], which is also ignored on the level
of the current theory.

Suppose next that not every collision with a receptor’s surface
leads to adsorption. Then one introduces a recombination rate con-
stant, kr , and subsequently the SS rate constant for attachment to
the surface is

kon ¼
krkD

kr þ kD
: ð2aÞ

This expression follows, for example, from the Smoluchowski ap-
proach to bimolecular reactions [29,30], which has been success-
fully applied to proton-transfer reactions [31]. In this approach,
the SS particle flux is konc0, so that the effect of the concentration
gradient near the receptor is implicitly manifested in kon.

If there is also dissociation from the surface, with a rate con-
stant kd, the SS rate constant for detachment is:

koff ¼
kdkD

kr þ kD
: ð2bÞ

This relation was suggested by Eigen and coworkers from a two-
state kinetic scheme [20], and elaborated by others using a diffusion
approach [32,33]. It is seen that both on and off rates depend on Db,
but their ratio, which is the (association) equilibrium constant,

Keq � kon=koff ¼ kr=kd ð3Þ

does not depend on transport coefficients, and coincides with the
microscopic equilibrium constant kr=kd.

A novel aspect of the present model is thus the utilization of kon

and koff , in place of kr and kd, within the SS surface diffusion equa-
tion. This alleviates the need to solve the coupled bulk–surface dif-
fusion problems [5], yielding an approximate solution whose
validity still needs to be established.

2.2. Surface diffusion

The most pedestrian approach for calculating the rate of funnel-
ing particles through the orifice of the circular collecting domain
involves the mean-field SS equation for the spherically symmetric
diffusion in this two-dimensional domain:

Dsr�1 d
dr

r
drðrÞ

dr
þ konc0½r0 � rðrÞ� � koff rðrÞ ¼ 0: ð4Þ

Here Ds is a (constant) diffusion coefficient for surface migration,
whereas the dependence on Db enters only through the two effec-
tive rate coefficients, kon and koff of Eqs. (2a) and (2b). The inclusion
of the SS rate coefficients in this equation was not considered in
previous work [2,5,15,16], which utilized the intrinsic rate parame-
ters kr and kd. In such models the local concentration near the
receptor should enter into the recombination flux, so that one needs
to solve the coupled problem of surface/bulk diffusion. In the pres-
ent model, the bimolecular recombination rate, konc0½r0 � rðrÞ�, de-
pends on the bulk concentration c0 (far from the surface), which
arises from the SS solution for absorption to an isolated disk. The
approximation is thus in utilizing the SS flux for an isolated receptor
in the more complex SS scenario of the proton collecting apparatus.
In addition, this rate depends here also on the fraction of unoccu-
pied binding sites on the surface, r0 � rðrÞ. It may often be that
rðrÞ � r0, yet there is no point in neglecting rðrÞ in this term as
done elsewhere [15], because it does not render the solution any
more complicated.
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Eq. (4) has the form

r�1 d
dr

r
drðrÞ

dr
þ a� b2rðrÞ ¼ 0; ð5Þ

where we have defined the two parameters:

a � konc0r0=Ds; ð6aÞ
b2 � ðkonc0 þ koff Þ=Ds: ð6bÞ

The first is dimensionless, whereas b has units of 1/length. These
parameters depend on Db. For example, if the bulk reactions are dif-
fusion limited (kD � kr) one obtains: a ¼ 4ac0r0ðDb=DsÞ and
b2 ¼ 4aðc0 þ K�1

eq ÞðDb=DsÞ. Thus both parameters depend on the ratio
of the two diffusion coefficients in this case.

The homogeneous equation, with a ¼ 0 in Eq. (5), is a modified
Bessel equation of zero order [26]. Its general solution is AI0ðbrÞþ
BK0ðbrÞ, where I0ðzÞ and K0ðzÞ are modified Bessel functions (of
the first and second kind, respectively). A special solution of the
inhomogeneous equation (5) is simply a constant, rðrÞ ¼ a=b2.
Consequently, its general solution is

rðrÞ ¼ AI0ðbrÞ þ BK0ðbrÞ þ a=b2: ð7Þ

The constants, A and B, are to be determined from the two boundary
conditions at r ¼ r0 and r ¼ R.

At the outer boundary (r ¼ R) we impose a reflective boundary
condition

drðrÞ
dr

����
r¼R

¼ 0; ð8aÞ

so that there is no radial flux leaving this domain. For a proton an-
tenna, this condition stems from the presumed absence of proton-
able groups outside the annular domain. At the inner boundary,
r ¼ r0, an irreversible reaction of particle absorption in the orifice
occurs. It is common [2,5,15,16] to assume instantaneous reaction,
which is described by an absorption boundary condition

rðr0Þ ¼ 0: ð8bÞ

Therefore this boundary condition will be considered first.
To determine A and B, we invoke the two boundary conditions

in Eqs. (8a) and (8b), which upon insertion of Eq. (7) become:

AI0ðbr0Þ þ BK0ðbr0Þ þ a=b2 ¼ 0; ð9aÞ
AI1ðbRÞ � BK1ðbRÞ ¼ 0: ð9bÞ

Here we have used the fact that dI0ðzÞ=dz ¼ I1ðzÞ and dK0ðzÞ=dz ¼
�K1ðzÞ [26]. By solving these two coupled linear equations for A
and B, one obtains the solution to Eq. (5) as:

rðrÞ ¼ a
b2 1� K1ðbRÞI0ðbrÞ þ I1ðbRÞK0ðbrÞ

K1ðbRÞI0ðbr0Þ þ I1ðbRÞK0ðbr0Þ

� �
: ð10Þ

It is straightforward to verify that this solution indeed obeys the
two boundary conditions in Eqs. (8a) and (8b).

From the above SS surface density, one can obtain the reactive
surface flux into the orifice (in the �r direction) by surface diffu-
sion as

Js � 2pr0Ds
drðrÞ

dr

����
r¼r0

¼ 2pDsr0a
b

f ðbR;br0Þ; ð11Þ

where the ‘‘geometric factor”, f ðx; yÞ, is given for an absorbing
boundary by

fabsðx; yÞ �
I1ðxÞK1ðyÞ � K1ðxÞI1ðyÞ
K1ðxÞI0ðyÞ þ I1ðxÞK0ðyÞ

: ð12Þ

The corresponding SS rate coefficient is then ks ¼ Js=c0, hence
ks ¼ 2pr0r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
konDsKeq

1þ Keqc0

s
f ðbR; br0Þ: ð13Þ

The rate coefficient for direct entry from the bulk into the orifice is
then kb ¼ 4Dbr0, and the ratio, 1þ ks=kb, is then the rate enhance-
ment due to the collecting domain.

2.3. Radiation boundary condition at the orifice

The above results can be generalized to a radiation boundary
condition [19] at the orifice,

r0
drðrÞ

dr

����
r¼r0

¼ krðr0Þ; ð14Þ

where k � j=2pDs, and j is the intrinsic rate constant (with units of
area/time) at the circumference of the orifice. The absorbing bound-
ary condition of Eq. (8b) is a special case obtained when k!1. The
SS density of Eq. (10) then generalizes to

rðrÞ ¼ a
b2 1� k½K1ðbRÞI0ðbrÞ þ I1ðbRÞK0ðbrÞ�

gðbR;br0Þ

� �
; ð15Þ

where gðx; yÞ is defined by:

gðx; yÞ � k½K1ðxÞI0ðyÞ þ I1ðxÞK0ðyÞ�
þ br0½I1ðxÞK1ðyÞ � K1ðxÞI1ðyÞ�: ð16Þ

When there is no reaction at the orifice, k ¼ 0, the surface density is
the uniform density obtained from equilibration with the solvent

req �
a
b2 ¼

konc0r0

konc0 þ koff
; ð17Þ

see Eq. (6). The SS flux into the orifice is still given by Eq. (11), albeit
with a generalized geometric factor, f ðbR;br0Þ, which obeys

1
f ðbR;br0Þ

¼ 1
fabsðbR; br0Þ

þ br0

k
; ð18Þ

where fabsðbR;br0Þ is the geometric factor for an absorbing boundary
condition given in Eq. (12).

When k� br0, surface diffusion is rate limiting and f ðx; yÞ re-
duces to fabsðx; yÞ. However, in the opposite limit when reaction
at the orifice is rate limiting, k� br0, one obtains

Js ¼ jreq; ð19Þ

where req is the equilibrium surface density in Eq. (17). Note that in
our definition of ‘‘diffusion control” or ‘‘reaction control” for the sur-
face reaction, j=Ds is compared with br0 (rather than with 1). Thus,
in the reaction control limit, the reaction at the orifice is slow but
equilibration between surface and bulk is fast, so that pre-equilib-
rium is established, konc0ðr0 � reqÞ ¼ koff req, and the diffusion-
influenced kinetics reduces to plain reaction-rate kinetics.

3. Discussion: behavior of the solution

The central results of the present paper are the SS surface den-
sity and the flux into the orifice due to surface diffusion on the col-
lecting domain (Eqs. (11), (12) and (18)), to be discussed below.
This approximate solution is obtained under more general condi-
tions than those usually discussed in the literature:

1. A finite collecting domain (here, the ring r0 6 r 6 R).
2. Utilization of the SS association and dissociation rate functions,

konðDbÞ and koff ðDbÞ.
3. Saturation of surface sites is allowed, rðrÞ � r0.
4. The absorbing boundary condition at the orifice is extended to a

radiation boundary condition.
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For an absorbing boundary, the solution obtained herein de-
pends on nine parameters: two diffusion constants (Db and Ds),
two rate parameters (kr and kd), two concentrations (c0 and r0),
and the radii of the orifice, the collecting domain and the antenna
receptors (r0, R and a, respectively). In the case of a radiation
boundary condition, there is the additional rate parameter j. In
this section we discuss the dependence of the SS surface flux Js

on some of these parameters, or their combination thereof. Pivotal
here is the geometric factor, f ðx; yÞ, which may assume various lim-
iting forms. We first discuss its behavior for an infinite collecting
domain, because this case has been worked out in the literature.
Then we discuss its behavior for a finite collecting domain.

3.1. Infinite collecting domain

The above results simplify when the patch becomes infinite,
R!1, and the orifice is absorbing, rðr0Þ ¼ 0. As this is the case
commonly treated in the literature [4,5,15], it will allow us to com-
pare the present results with those from earlier derivations.

Given that the KiðzÞ; i ¼ 0;1;2; . . . decay exponentially to zero as
z!1, whereas IiðzÞ diverge exponentially, Eq. (10) simplifies for
R!1 to

rðrÞ ¼ req 1� K0ðbrÞ
K0ðbr0Þ

� �
; ð20Þ

which can be compared with Eq. (B2) in Ref. [15]. As
r !1;K0ðbrÞ ! 0, so that rðrÞ tends to its equilibrium value, req,
as defined in Eq. (17). While for slow reaction at the orifice
ðj! 0Þ;rðrÞ ! req for all r, as implied by Eq. (15), in the case of
an absorbing boundary condition this holds only at infinitely large r.

As R!1, the reactive flux from Eqs. (11) and (12) becomes:

Js ¼ 2pDsbr0req
K1ðbr0Þ
K0ðbr0Þ

: ð21Þ

This result can, of course, be derived by direct differentiation of Eq.
(20). When z!1;K1ðzÞ=K0ðzÞ ! 1 [26], so that Js increases linearly
with br0 when this variable is large. This limit is clearly non-phys-
ical (e.g., one does not expect Js to increase indefinitely for
koff !1), which stems from imposing the absorbing boundary con-
dition of Eq. (8b).

The opposite limit, of br0 ! 0, is meaningful. A useful approxi-
mation is obtained by noting that K0ðzÞ 	 � ln z and K1ðzÞ 	 1=z
when z! 0 [26], reducing Eq. (21) for small br0 to:
Fig. 2. The br0-dependence of the reactive flux for an infinite collector with an
absorbing boundary at the orifice, Eq. (21), full line, is compared with the small
argument approximation of Eq. (22), dashed line.
Js 	 �
2pDsreq

lnðbr0Þ
: ð22Þ

The utility of this approximation is shown in Fig. 2.
Note that Eq. (22) is similar to Eq. (3.9a) of Ref. [4]. Interestingly,

it has the form of both limiting behaviors discussed in Ref. [15].
When rðrÞ � r0, the limit considered in Ref. [15], we have
b2 ¼ koff =Ds. Under this condition, for the diffusion control
(kD � kr) and the reaction control (kD � kr) limits, b2 ¼ 4aðkd=krÞ
ðDb=DsÞ and b2 ¼ kd=Ds, respectively (cf. Eq. (2b)). Up to multiplica-
tive numerical constants, these two limits correspond to Eqs. (4.4)
and (4.11) in Ref. [15], respectively. The diffusion control limit is
also similar to Eq. (31) of Ref. [5]. Thus inclusion in Eq. (4) of the
SS rate coefficients, kon and koff , in place of the intrinsic ones, pro-
duces both limiting behaviors of Ref. [15], suggesting that this is
indeed a reasonable approximation.

One can extend the absorbing boundary case (for an infinite col-
lecting domain), to a radiation boundary condition. In this case Eq.
(15) reduces to

rðrÞ ¼ req 1� kK0ðbrÞ
kK0ðbr0Þ þ br0K1ðbr0Þ

� �
; ð23Þ

thus generalizing Eq. (20) above. The reactive flux of Eqs. (11) and
(18) becomes

Js ¼ jreq
br0K1ðbr0Þ

kK0ðbr0Þ þ br0K1ðbr0Þ
; ð24Þ

which generalizes Eq. (21). Evidently, Js ¼ jreq of Eq. (19) is an
upper limit, obtained when br0 !1. In Eq. (24) above, it is multi-
plied by a factor <1. For br0 � 1, this result reduces to

Js 	
jreq

1� k lnðbr0Þ
ð25Þ

and then it generalizes the literature result, Eq. (22), to a radiation
boundary condition.

Fig. 3 shows the dependence of Js=ðjreqÞ from Eq. (24) on br0 for
various values of k. This function switches between 0 and 1, and
does so more sharply for larger values of k. By inspection, the
inflection point on these curves is approximately where br0 ¼ k.
The figure also shows the small br0 approximation of Eq. (25) as
dashed lines.
r

Fig. 3. The dependence of the reactive flux for an infinite collecting domain with a
radiation boundary condition at the orifice, on the dimensionless parameter br0.
Full lines are calculated by MatLab (TM) from Eq. (24), for the three indicated values
of k � j=ð2pDsÞ. Dashed lines are the small br0 approximation of Eq. (25). Note how,
unlike the absorbing orifice case in Fig. 2, Js reaches saturation at large br0.



Fig. 5. The dependence of the geometric factor for a radiation boundary condition
at the orifice, with the indicated values of k ¼ j=ð2pDsÞ, on the outer radius of the
finite collecting domain as given by Eq. (18). The limiting behavior when k!1 is
given by Eq. (12).

Fig. 6. The dependence of the geometric factor for an absorbing boundary at the
orifice, Eq. (12), on the outer radius of the finite collecting domain in the range
bR� 1 (calculated for br ¼ 0:001). Dashed line is the small br parabolic
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3.2. Finite collecting domain

The geometry of the ring-like collecting domain is defined by
the radii R and r0, which enter into the geometric factor,
fabsðbR; br0Þ, in Eq. (12). To investigate its dependence on the outer
radius R, we plot in Fig. 4 the function f ðbRÞ � f ðbR; br0Þ for an
absorbing orifice and the various indicated values of br0. Evidently,
R P r0 and f ðbr0; br0Þ ¼ 0, so that each curve originates at the point
br0 on the abscissa. As R!1, fabsðbRÞ reaches the plateau
K1ðbr0Þ=K0ðbr0ÞP 1, see Eq. (21). This plateau is always larger than
unity because K1ðzÞP K0ðzÞ. As the functions KiðzÞ share the same
leading term in their asymptotic expansion [26], the value of this
plateau tends to unity when br0 !1, see figure.

The effect of a finite reaction rate at the orifice, k <1, is to
attenuate the asymptotic plateau, Eq. (24), as demonstrated in
Fig. 5. In the reaction control regime, as k! 0, the efficiency of
the collecting domain diminishes until eventually it becomes com-
pletely useless. When, in addition, br0 !1, one obtains Js ¼ jreq,
Eq. (19), which is independent of the collecting domain. Thus col-
lection from the surface is unimportant if k� br0.

Proton antennae may indeed be operating in the limit of small
br0 values. Table 2 of Ref. [16] suggests that for proton-transfer
reactions br0 � 5
 10�4. Fig. 6 shows fabsðbRÞ for br0 ¼ 10�3 on a
log–log scale. Because here also bR� 1, we are in the small argu-
ment limit of the modified Bessel functions. Utilizing the limiting
values of IiðzÞ and KiðzÞ for z! 0 [26] in Eq. (12), and noting that
when R=r0 > 3 the second term in the numerator and the second
term in the denominator of fabsðbRÞ may be neglected, we obtain

fabsðbRÞ � I1ðbRÞK1ðbr0Þ
K1ðbRÞ 	 bR2

2r0
: ð26Þ

This approximation is shown as the dashed line in Fig. 6, and it is
evidently an excellent one in the range considered. Thus for small
br0, the geometric factor is far from its limiting plateau, and then
it increases quadratically with the radius of the collecting domain.

Inserting the above result into Eq. (11) produces a remarkably
simple expression for the through-surface SS rate coefficient

ks 	 pR2konr0: ð27Þ

Thus for bR� 1; ks is just proportional to the association rate con-
stant per surface receptor, kon, times the number of receptors on
Fig. 4. The dependence of the geometric factor for an absorbing boundary at the
orifice, Eq. (12), on the outer radius of the finite collecting domain, in the range
bR P 1, for the four indicated values of br0. Dashed line is the limiting behavior
when both br0 !1 and bR!1.

0 0

approximation of Eq. (26), which on a log–log scale appears as a straight line.
the collecting domain. For the radiation boundary condition, we
use Eq. (18) to generalize this result to

Js ¼ jreq
ðbRÞ2

2kþ ðbRÞ2
: ð28Þ
4. Conclusions

Sometimes binding of ligands to a surface-bound target can be
enhanced by two-dimensional diffusion on a ligand collecting do-
main surrounding the target [2]. In the present work, a simplified
analytical solution to this problem was derived. In the spirit of
the adiabatic elimination of fast diffusive modes [22–25], we have
replaced the dynamics of the supposedly fast bulk diffusion by rate
coefficients which enter into Eq. (4) for the slower surface diffusion
mode. Here the SS rate coefficients of Eq. (2a) were utilized, depict-
ing adsorption to (and desorption from) isolated circular receptors
(uniformly scattered on a planar surface). The underlying approx-
imation is that the SS flux to a single receptor can be utilized in



Table 1
The various limiting forms of the reactive flux for the proton collecting domain. Given
are equation numbers for the four combinations of collector size (finite vs. infinite)
and boundary condition at the orifice (radiation vs. absorption), and their corre-
sponding limiting forms for small br0.

Boundary
condition

Size

Finite Infinite

Radiation (18) ? (28) (24) ? (25)
Absorption (12) ? (26) (21) ? (22)
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the more complex scenario of multiple receptors which inter-
change particles. In particular, the concentration of these receptors
should not be too high, so that they do not overlap or influence one
another by modifying the surrounding SS distribution. For proton
antenna considered here, this may not be a bad assumption since
the distances between protonable groups on the surface of e.g.,
proteins, can be over 10 Å.

A possibly better approximation may be obtained by replacing
the SS rate coefficients by effective ones, which could then be
determined by a self-consistent procedure, such as the one used
in the Self-Consistent Relaxation Time Approximation (SCRTA)
for reversible bimolecular diffusion-influenced reactions [34].
However, when this elementary reaction was made more complex
by having the reactants and products in their excited states, the
RTA was applied with the SS rate coefficients to give the ‘‘Unified
Smoluchowski Approximation” [35], noting that it reproduces all
the physically viable limits. A similar situation may hold here, as
we showed that the general solution for the reactive flux in Eq.
(11), with the geometric factor from Eqs. (12) and (18), appears
to reduce correctly in the various limits investigated herein.

With the above employed approximation, the problem could be
solved under more general conditions than typically considered in
the literature [2–5,15,16]. The two most significant generalizations
are (i) to a finite (annular) collecting domain (rather than an infi-
nite one), and (ii) to a finite (rather than infinite) reaction rate at
the center of this domain. The latter was achieved by extending
the absorbing boundary condition on the perimeter of the orifice
to the so-called ‘‘radiation boundary condition” [19]. Although
the solution under these more general conditions encompass all
the other special cases, we have discussed these cases explicitly
and derived the various limiting forms for the SS reactive flux. A
‘‘road-map” to these various limiting cases is given in Table 1. It re-
fers to the equations depicting the four combinations of collector
size and orifice reactivity. In addition, we showed how these re-
duce for small br0, which may represent the experimental situation
for a working ‘‘proton antenna”. Together, Table 1 summarizes
eight different limiting behaviors.

A third generalization, to include the saturation of the proton-
able groups on the collecting domain, results in the rather trivial
modification to b, which now includes the term konc0, see Eq.
(6b). This modification, however, ensures that as c0 !1, the reac-
tive flux never exceeds jr0, where j is the reactivity at the orifice
and r0 the surface concentration of protonable groups.

Due to the recent observation [18] that GFP may have an ex-
tended proton collecting apparatus on its surface, which funnels
protons into an orifice at Glu5, a continuum diffusion model ap-
pears to be more relevant to experiment than previously antici-
pated [11–14]. However, the question remains whether such an
apparatus is indeed useful and efficient? Here we found a condi-
tion for having an efficient collector, k� br0, which can be written
more explicitly as

j� 2pr0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dsðkonc0 þ koff Þ

q
: ð29Þ

A question of interest is whether the proton collector in GFP works
in this regime, and which of the limiting scenarios in Table 1 is actu-
ally important? If proton entry rates into GFP could actually be
measured, the answer may be obtained by selectively knocking
out surface carboxylates that appear to be relevant for the collecting
apparatus. When such a proton collector becomes really efficient,
Eq. (27) may hold, implying that the SS rate coefficient is simply
the sum of the rates over all the protonable groups on the collector.
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