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A variant of a new empirical method, enables one fo express a collinear triaromic potential energy surface as a 
Family of Morse curves along “natural” bond order coordinates orthogonal to the reaction coordinate. The procedure 
depends on a single adjustable parameter which is related to the barrier-s height. Because an analytical expression for 
the number of vibrational states of a Morse oscillator is available, one has an analytical approximation for the 
number of states along the reaction coordinate. The extrema in the number of states are utilized in various versions of 
classical microcanonical variational transition state theory (among which is a new version, which is in better agree- 
ment with dynamical results), to estimate the probability of a coliinear reaction, as a function of the total energy. The 
analytical expressions are also used to analyze the origins orthe maximum and minima in the number of stares. 

1. Introduction 

In the classical version of the microcanonical 
variational transition state theory (VTST) [l, 2] one 
seeks a dynamical justification for classical transi- 
tion state theory (TST) [3]. For simplicity, let us 
deal here with a collinear atom-transfer reaction 

A+BCdAB+C, (1) 

whose potential energy surface (PES), V(R,, R,), as a 
function of the two bond lengths R1 = R,c and 
R, E RAB is supposed to be known. For a reactive 
collision at a given total energy E, the classical, 
microcanonical TST reaction probability, PTsT, is 
the ratio of the flux 

F E 2 [2p(E - V(S))]“~ ds, (3) 

as evaluated along a curve C connecting two equi- 
potentials V = E, and passing through the iaddle 
point in the potential, to the flux Fd as evaluated 

* Work supported by the Oflice of Naval Research. 

along a line normal to the reaction coordinate (RC) 
in the reactants region. When a mass skewed 
coordinate system is used [4, S] the reduced mass ,u 
is unity everywhere. 

Because such a ratio of fluxes is always an upper 
bound to the true reaction probability, VTST aims 
at improving this bound by evaluating F,, the value 
of (2) for a curve of minimal flux: 

pvm(E) = F,Wk(E). (3) 

For high energies E this curve no longer passes 
through the saddle point but is always a curve traced 
by a periodic trajectory (i.e., a trajectory oscillating 
between the two equipotentials V = E) [?I. To apply 
the VTST for a given PES, one has (by solving the. 
equations of motion for trajectories starting on the 
equipotential V = E) to find all periddic trajectories, 
evaluate (numerically) the integral (2) along these .- 
curv&s and determine the curve for which the flux is 
minimal. Additional statistical theories, which relate 
extrema in F to the reaction probability are dis- 
cussed in the appendix. 
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250 IV. Agnrorr/Nrrmbrr o/stores along the reaction coordinute 

By the WKB approximation [6], F (in units of h) 
is equal to N + f, where N is the quantum number 
for vibration along the curve C. Let us suppose that 
the potential V along such a curve can be described 
by the Morse potential function [7] as a function of 
the deviation r = R - R, from the”equilibrium“ 
bond length R, 

V(r) = D,[exp ( -2Ifr) - 7 exp ( - /+)I. (4) 

D, is the depth of the potential well at the equihb- 
rium bond length R,. and /I is related to the force 
constant_ For such a case. Schriidingeer‘s equation 
can be solved anaIyticAly [S] to give the energ 
spectrum 

Es = 0,: 1 - [I - (N -i- f)@/(2&)‘!‘]‘). (5) 

Es are discrete energy levels depending on the index 
N and measured from the bottom of the well. In a 
classical approximation_ however, N is taken to be a 
continuous positive parameter where we also replace 
Es by the continuous function E(N)_ A solution of 
E(N) = E would give us F = N + $ as a function 
of E_ Therefore. instead of integrating (1). one can fit 
Morse curves normal to the steepest descent path of 
a PES. Such a procedure has been applied by 
Garrett and Truhlar [9]: It consists of a numerical 
search for the steepest descent path in mass skewed 
coordinates (which furnishes R, and D,) and a Iit to 
the Morse function (4) normal to it in the same 
skewed coordinates (which furnishes B)_ This 
procedure is to be considered more approximate in 
relation to the integration of (7) along the periodic 
trajectory curve: First_ a Morse function would 
seldom lit the potential exactly and second, the fit is 
done along straight line segments_ and not along the 
curvilinear periodic trajectories_ On the other hand. 
it furnishes N i f all along the RC, not only its 
extrema. 

The above mentioned investigations [ 1,2,9] 
show an interesting behavior of N(E) along the RC: 
When the energy E is just above the saddle point 
energy. N(E) has a single minimum at the location of 
the barrier. As E is increased. a maximum grows: It 
splits the minimum into two minima. which move 
towards reactants and products_ (This is not ah%~ys 
true for ref. [9]_ where a large maximum is some- 
times found also at low energies). What is the origin 
of this behavior? The minimum, most evidently 

stems from the maximum in the energy profile along 
the RC. But what about the maximum, and why 
does it grow with E? 

The above methods, being numerical, are not 
suited to answer these questions. Suppose one has 
an explicit expression for the PES based on Morse 
curves perpendicular to the RC, then an analytical 
connection can be established between N(E) and the 
potential, by the aid of which one may hope to get a 
better handle on such problems. Such representa- 
tions for PES which have been known for quite a 
while [IO], are not in very good agreement with 
more accurate calculations [ 1 I]_ A recent interpola- 
tion function [ 121 gives, however, a very good 
agreement with the ab initio results for H, [I I]. One 
of its possible variations is just such a potential from 
which N(E) can be analytically calculated. 

The idea is to introduce a ~natural” distance 
coordinate G (section 1) perpendicular to the RC. 
along which the reduced potential is invariant for 
any cohgguration along the RC (section 3). This 
simple -law of corresponding states” type of expres- 
sion for the potential yields a dependence of the well 
depth and the force constant on the RC. When 
coupled with an expression for the effective reduced 
mass ~1, for the motion along G, it suffices for 
deriving the desired rest&s (section 4). These are 
presented as figures describing N(E) along the RC 
and the reaction probability determined from it by 
various statistical approximations (section 5). The 
appendix discusses a new statistical approximation, 
the multi-transition-state theory (MTST) which, for 
the three systems for which periodic trajectories 
fluxes have been eahzulated [2], is in better agree- 
ment with exact classical dynamics reaction 
probability, P,,,.,? than other available statistical 
theories. Fin&y, in the discussion (section 6) we see 
how the maximum in N(E) originates from the 
curvature in the RC. 

2. The coordinate system 

In a recent work [ 121 it was suggested to define 
an orthogonal curvilinear coordinate system (the 
-natural bond-order coordinates”) for a collinear 
exchange reaction of type (1) by the following 
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procedure: First define a set of curves which are 
parallel to the RC by 

177 + 77, = 171. (6) 

n1 and 772 are the bond orders (BO) for B-C and 
A-B, respectively. They are related to the bond 
lengths RI and R1 by [13]: 

ri E Ri - Rei = --0 In IQ, i = 1,2. (7) 

Here Rci is the equilibrium bond length and a is an 
empirical parameter_ Although it is possible that a 
varies somewhat with the bond considered [12,14c, 
e] we shall, in this work, take a to be a universal 
constant equal to its value 0.514 au for Hz_ The 
parameter n7 in (6) is any real positive number, 
smaller than Zz= 1 exp (R&t). III = 1 is the RC as 
defined in the bond energy bond order (BEBO) 
method [14]. The curves with 171 < 1 are on the 
attractive side of the RC, while those with 117 > 1 are 
on its repulsive side. 

A family of curves orthogonal to those of (6) is 
easily found to be [E]: 

l/n, - l/n, = c. (8) 

The values of c = -cc, E)C and 0 correspond, 
respectively, to reactants, products and to the 
bisector (r, = rz) of the rl, rl coordinates. These 
families of coordinates are shown in fig 1 for the 
symmetric H, f H reaction. 

Any collinear configuration (r,, 7-J corresponds 
to a unique pair of BO 777 and IL_ by (7). Alternative- 

O- 
O- I- 2. 3. 9. 5. 

R2 tR.U-I 

ly, such a configuration can be uniquely specified by 
the pair (nz, c)_ The fact that the.transformation 
(t-t, r-J + (tn, c) is 2 l-l transformation is evident 
from fig. 1 where it is seen that the curves do not 
intersect (unlike other delinitions of “natural 
coordinates” [ 153, where the curves normal to the 
RC are straight lines which intersect at a finite 
distance from it)_ 

In the present context, however, we would like to 
stress the idea of BO as describing an intermediate 
configuration between reactants and products. 
Therefore, every conliguration shall be specified by 
the value of 777 [cf. (6)] and the corresponding [cf- 
(LX)] value n( 1) E nz( 1) for the BO along the RC, 
which can be calculated by solving 

l/n,(r72) - l/77,(777) = 1/77,(l) - l/nJl), (9) 

where +I) stands for the BO as calculated from ri 
via (7) whereas 7dl) stands for the BO at the point 
on the RC which is linked to (rl, r2) by 2 curve of 
the c-family (8). 

Next, along any curve of the c-family define 2 
distance coordinate r~ by 

(10) 

where the “weights” oi are delined by wi = 17Jt17 
[they normalize to unity along any 777-curve (6)]. 
This coordinate shall play 2 major role in the 
potential. At the reactanrs (ol = 1, w2 = 0) and 
products (wl = 0, o1 = 1) do simplifies to dr, and 

BOND IYRMR 2 

Fig. I. Natural BO coordinates. The left pane1 shows the coordinates in the (R,, RJ plane. The curves parallel to the RC 
(which is denoted by a bold line) belong to the m-family [cE (6)], with a factor 2 between the value of no for adjacent curves. 
The orthogonal c-family [cf. (S)] . IS s h own for c c 0. The value of u = 0.514 au [cr. (7)] is chosen to give a BO of l/2 for the 
location of the barrier. R* = 1.757 au, as determined by the ab-initio calculation [ll]. The right panel shows the same 
curves in the (n,, nz) plane. 
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dr, respectively. Also for the bisector (wr = o2 = $) 
dt-= $(dr, + dr,) = dr, = dr,, is the symmetric 
stretch coordinate [ 161. Setting G = 0 on the RC 
yields on integration 

G = --Q in Ii2 = ri(JJZ)_ (11) 

In the last equality (which follows by putting $2: = JJZ 

in (7)). I-#JI) stands for the asymptotic distance 
between the curves Xi JJi = m and xi 11~ = 1 (which 
defines the RC) for either reactants or products. 

3_ The potential 

In this section we shall come to realize the 
important role of the nattiral BO coordinates (JJI, c) 

and the distance coordinate G in a simple. though 
reliable approximation for the potential by Morse 
curves. In the present approach such Morse curves 
are taken not along straight lines, as done elsewhere 
[9. IO]. but along the curvilinear family of the 
c-coordinates (8). The basic assumption is that when 
the distance along these c-curves is measured by the 
distance coordinate D [cf- (1 l)], the reduced Morse 
potential 

F*(G) = exp [ -?,!@)G] - 2 eXjJ [ - p(JJ)G], (13 

has the same form (12) for any locdtion II on the RC 
(from now on we shall denote for brevity n( 1) by II). 
For a symmetric reaction one has p(nj = fll = pl. 
where p, and pr are the values of 3 for reagents and 
products respectively. Then one truly has a Yaw of 
corresponding states- [i-e, an invariant form for 
V*(G)] for all conligurations along the RC. For a 
non-symmetric reaction we choose to interpolate 
between the /Iis by 

(13) 

(where Z&r ni = 1 and II = ~1~). The reason that we 
prefer (13) over a linear interpolation between the 
/&%, for example, is ?hat b-r has a dimension of 
length, which makes (13) more consistent with the 
definition of cr, eq. (10). This is only cosmetics: The 
main reason for the widening in the PES in the 
region of large curvature in the RC is seen to be the 
jacobian of the transformation from the (r,, I-?) to 
the (n, G) coordinates, which has the effect of 

“stretching” the asymptotic diatomic potentials to 
yield the potential for the interaction region. 

By the above assumptions, the collinear PES is 
given by 

Wl, r-2) = D,(n) v*(G), (14) 

where D,(n) is the well-depth along the RC. (-D,(n) 
is the energy profile along the RC, as measured from 
the dissociation plateau.) Instead of regarding (14) as 
iMorse potentials along the c-curves (8), one can 
think in terms of the alternative JJI-~uN~.~ (6) picture. 
For a symmetric reaction V* is constant along an 
nr-curve (IV*] = 1 is maximal for the RC) where the 
only term which varies is the energy profile D,(n). 

A useful expression for D,(n) is generated [17] by 
interpolating between the well depths D,, and De2 
of the diatomic reagent and product: 

D,(n) = f JZiDei - i&&l). (13 
;=I 

The “mixing’ term [ 171 M is given by 

hf(Jl) = - i JIJh JZJ, (16) 
i=1 

a form suggested by Marcus [lS] from a Taylor 
approximation to the BEBO [ 141 reaction profile. 
In the above expressions E$, JlJ = I, JJ E JJ2 = n,(l), 

and L is an empirical parameter (with dimension of 
ener,T), which is expected to be constant for a series 
of homologous reactions [I?, 17, IS]. This is the only 
parameter to appear in the expression for the 
number of states. (The parameter a of eq. (7) is taken 
here as a universal constant.) 

From (15) and (16) one can also find an exprcs- 
sion for the location of the potential energy barrier, 
n$. along the reaction coordinate 

rrt = [ 1 + exp (AD&)] - 1 (17aj 

and for its height (as measured from the reagents), 

A,Y’- m DC1 - D=(JI~) = -i.ln(l - $). (17W 

In these expressions -AD, = DC1 - D,, is the 
reaction’s exoergicity and the notation n; is meant 
to distinguish (17a) from n*, which we reserve for 
the location of the maximum in the number of states. 

The above scheme for the potential is recognized 
as a Morse approximation to a successful empirical 
potential function [ 121, which fits the ab initio H3 
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PES [l I] \?rith an rms deviation of 0.59 kcal/mol. 
The utility of the pre!ent approximation is limited 
mainly by the fact that the horse function (4) is not 
always very successful in iitting diatomic potentials: 
Especially for R c R, , but aIso for intermediate 
values of R, -z R -c 00 (see appendix A in ref. [12]). 

- -’ 

-J&l) = (,a& + .&n: + p&l&)/(12; -in:)“. pn 
The direction (2l’) is nornial & the I&in the. .- 

nnskewed coordin&s, whereas other approaches 
C2,9j evaluate the flux for a dividing curve which is. 
normal to the Rd in the mass-skewed coordinates. 
The probleti is that the potential has a simple form 
in th6 (rl, r2) plane, unlike the kinetic energy term, 
which is diagonalized-in the mass-skewed coor- 
dinates [5]_ Transferring fo these coordinates will 
introduce considerable complications with only a 
small benelit: The variation in the direction of the 
curve C (cf. ref. [2]) with respect to the RC pre- 
sumably introduces a smaller error than the fact that 
it is taken as a straight line (cf. ref. [9]) instead of as 
a curvilinear periodic trajectory curve (CF. ref. [2])_ 
This also does noi change the relative values for the 
flux F,(E) through the reagent’s region, nor for the 
flux F,(E) through the product’s region. However, if 
we use (20’) there will be a scale factor of sin’0 
between our results for the number of states and 
those of Garrett and Truhlar [P], for example. This 
is because (2(Y) reduces asymp:otically to p, and p,, 
while the reduced masses of the diatomic 
reagent and product are p, sin2 0 and p2 sin’ 0, 
respectively. Therefore, although we shall not trans- 
form to mass-skewed coordinates, we put our 
results on the same scale as others by multiplying pm 
by sin’& 

4. The effective reduced ma5s 

So far we have expressions for D, and for /I along 
the RC. In order to’derive an expression for the 
number of states along the RC, we need to know the 
effective reduced mass for the motion along G, &I). 
For a motion where only G varies, one has for the 
kinetic energy K 

ZK = P& i- j~,Pf + ~L,~I=~I=~ = &d”. (18) 

The dots in (IX) denote differentiation with respect 
to time, and dr,/dr, should be evaluated tangent to 
c-family curves, eq. (8). The pi’s are related to the 
masses of A, B and C by [4,5]: 

p, = I11&8 i- n&-)/M, (19a) 

PL, = Ill&lA i t&J/M, (I9b) 

/L,~ = 2(~1#1 cos 0 = 2rn,ritJM, (19c) 

where M is the total mass lnA + I+, + IQ and 0 is 
the angle of the “skewed” coordinate system 

COS’Q = rll~~I~l&rI, + Iq-) (m, i nz#-). (194 

Inserting definition (IO) in (18) gives 

(20) 

where the oi are defined as in (lo), and 

dr, jdr2 = wI/wz, (21) 

defines the tar.gent to the curves (8). We notice that 
,uU depends not only on the location 11 a!ong the RC, 
but also on the location t perpendicular to it. 
Because we prefer to solve the Schr6dinger equation 
for the motion along G for a system with a constant, 
rather than a varying mass, we shall approximate 
j&r, G) by P.&Z, G = 0). This is done by evaluating all 
the above expression% at the RC: 

dr,/dr, = tl,/nz (21’) 

The final result for the number of states is 
derived from (5) 

N(n; E) + f = [Z&I) sin’OD,(n)]lJzfl(iz)-’ 

x (1 - C0.l - E>lD.<nW”‘1, (22) 

where B(n): ‘, D,(n) and &n) are given by (13), i 15) 
and (20’). 

5. Results 

Fig. 2 shows the number of states and various 
reaction probabilities for five reactions_ The input 
for the caIcuIation are the Morse parameters Dci and 
fli for the diatoms [21], the masses and the “intrinsic 
barrier” [I81 AVO* = a In 2, which determines the 
barrier’s height and location (cf. (17)). Some 
characteristic data for our PES is given’in table l_- 

The left panels in Iig. 2 show t’he dependence of. 
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WIND ORDER 

Fig. 2. The number of vibrational states along the RC Deft pannels, cf. (Z)] and the probability for collinear reaction as a 
function of the total energy (right panel). The diatomic reagent and product are identified in the upper left and upper right 
corners. respectively. of each left panel. See text for additional details. 

the number of states, N + 4, on the BO of the 
products (cf (22)). for different values of the total 
energy (E = 0 for reagents). The highest curve is for 
E = i.5 eV and they diKer in energy by 0.1 eV. The 
triangles mark the maxima (n*(E), F*(E)) whereas 
the stars mark the local minima (H-~(E), F&% 
and (n+ &E), F+ p(E)). The arrow indicates nZ 
(cf. (17a)) which coincides with n, when‘E = AV”. 
For E < AV’. N + $ becomes negative_ 

The right panels show the dependence of the 
reaction probability on the total energy E, up to an 
energy of 1.5 eV above the reagents’ valley. The three 

curves calculated from the extremal values of N + ) 
of the left panels, are (top to bottom): P&E) 
(cf. (3)), P,ITs, (E) and P,@)). The various statistical 
approximations, including fhe newly introduced 
“multi-transition-state theory” (MTST) and the 
lower bound (LB) of Pollak and Pcchukas [2], are 
discussed in the appendix. The arrows indicate the 
barrier’s height AV’ (cf. (17b)); which clas&lly 
equals the threshold energy E, at which P(E) = 0. 
For E < AV’, P(E) becomes negative, which is a 
math&atical co&eqbe&e of the negative number :-: 
of states for n where E -C Av(‘(n) obtains. _. _- 



Table 1 
Dara for fig 2 

Rcxrion AV- ALgb’ Al”” Cpl PES=’ 

Hz i H 0.0 9.1 9.1 [la] [KU] 
CI-iHD +2.9 6.0 7.6 c91 
BrH •t H - 19.0 6.0 0.9 PO1 C19el 
H F z-i- -312 9.1 I.1 [ra,c] [19b]” 
Cl =-FH -48.7 13.0 1.35 Pcl C194 
-- - 
=' Endocreicity in kcrtl/moi. 
” “Intrinsk btlrrier- i. In 1 (CT. (15)) in kr&‘mol. 
” Barrier height (cf (176)) in kcal/mol. 
” Rcfcrence for the chssi~l trajectov calculation 
<’ Refcrcncc for the PES on which the classicai trajectories 

have btvn carried out. 
” The prrramerers for this surface are given in reT. [ 19c]. 

The pluses in the right panels mark the classical 
trajectory results, P+,(E). These are shown in order 
to give a general idea of the behavior of the 
dynamical results: Our PES (section 3) is different 
than those on which the trajectories were run L-191, 
and the fluxes are for straight lines normal to the RC 
in the (rl_r2) plane and not for periodic trajectory 
paths. Therefore it is not suprising that the upper 
bound property of Psrm and the lower bound 
property of P,, do not hoid with respect to P+, 

(compare t?g_ 4). Still. our statistical resuIts are in 
agreement with P,,,,(E) for lows energies, because 

then N(.E) is dominated by .;he barrier heights, 
which we choose (table l), to equal those of ref. [19]_ 

Fig. 3 compares the extrema in N(n; E) as 

calculated by the three different methods: 
(a) Integrating (2) along periodic trajectories 

(Pollak and Pechukas [z] -denoted by PP). 
(b) Fitting Morse curves perpendicular to the 

steepest descent path of a given PES (Garrett and 
Truhlar [9] -denoted by GT). 

(c) Using our analytical model for D&l), p(n) and 
/.~,(n) (present work - denoted by PW). 

From fig. 3 it can be seen that the major differ- 
ences are in the values for the maximal flux, F*. 
This is because (with the exception of some energies 
for H. + H) the minima in N(n; E) are near 
reactants and products (Le., I&E) zz 0 and 
H&E) z 1) therefore+ the values of F&E) and 
F=,(E) are near those for reactants and products 
(see fig. 2), on which all three procedures,agree. On 
the other hand tz’(E) is normally near &7 so that 
F’(E) is very much infIuenced by the details of the 
potential in the interaction region and by the 

’ This implication is actually the contents of Hammond’s 
, postulate [??a]_ 
7 Note that the energy for which a maximum first appears 

is somewhat higher for the PW (e.g._ H2 + H and 
HZ -I- F). 

~~~~~~~~ 

G 0.5 I 0 0.5 I’ G 
.r‘ 

0.5 I G 3 5 
Efe.v.1 Ekv) 

Fi=_ 3. f,&Eb nnd F*(E)_ in units of PLncKs constant for four collinear reactions as calculated by the three methods: 
PP_ GT and PW (see text for details). In the case of H + Cl,. the crossing of the curves for F=, and F,, is responsibIe Tar 
rhe break in the curve of in PvTa (see Iis. Z and 4). 
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particular method of calculation. Thus F*(E) as : 
.calculated by GT is larger than that of PP, which is 
due to the approximation of the periodic trajectory 
paths by straight lines. (This is especially conspicu- 
ous for a PES such as Hz + F [19b], which widens 
very much where the curvature in the RC is maxi-. 
mal.) Except for H + Cl,, F*(E) by PW is lower 
than that of PP: The fact that our model potential 
widens less where the RC turns the corner from the 
reagents’ into the products’.valley [12], is probably 
more effective in diminishing F, than the approxima- 
tion of straight lines is in increasing it 

independent data for a PES is not needed All that is 
required is the knowledge of spectroscopic constants 
for the asymptotic bonds and one adjustable 
parameter, the “intrinsic barrier” Al/,=. The value of 
this parameter can be chosen, for example, by 
demanding that AVi generated by (17b) be of a 
reasonable value compared to the Arrhenius energy 
of activation. 

As a result of the above discussion, we expect 
that the reaction probability as calculated by theo- 
ries which use only the minima in F (e.g., TST and 
VTST) would be quite similar for the three methods, 
whereas for theories which use also F* (e.g., UST, 
MTST and LB) there may be a significant difference 
(indeed, compare lig. 2 with fig. 4 in the appendix). 

The utilization of the present model as a tool for 
generating numerical results via a simple numerical 
procedure, is only one aspect. The other useful 
property is that the analytical nature of this model 
enables us to analyze the seemingly complicated 
behaviour of the number of states along the RC. Let 
us consider the three a-dependent factors in (22). 
B(?t)- ’ is simply a linear interpolation of 8; ’ and 
BZ’, and therefore does not contribute to the 
existence of extrema in N(n). D,(n) has a minimum at 
the location nyZ of the barrier in the potential. The 
“effective reduced mass” &u) is a quotient of two 
functions which have a minimum. In order to find 
the extrema of &()I) analytically, one has to find the 
roots of a third order polynomial [the derivative of 
(20’)]. Numerically we find that p&z) has a single 
maximum for all five cases. This maximum is in the 
vicinity of )I = 0.5, except for the case of Cl1 + H, 
where it is at IZ = 0.3 1. (This is because in this case 
the atom transferred is heavy, so that there is a large 
difference between pr and pZ in eq. (20’)) The 
maximum in p,(n) is due to the fact that in the 
vicinity of the maximal curvature in the RC, dr, and 
drl become similar in magnitude (the normal to the 
RC is then near the bisector). Therefore this maxi- 
mum may be thought of as a result of the curvature 
in the RC. 

6. Discussion 

In this work we have proposed an analytical 
model for the number of states along the RC of a 
collinear PES, to be used for various statistical 
models for the reaction probability. When com- 
paring our results with those obtained by other 
methods, as done above, some points should be 
recalled: First, our empirical interpolation method 
for generating PES [12] does not necessarily lead to 
surfaces identical to the semi-empirical surfaces used 
as a basis for the other calculations. Second, we have 
approximated the surface by Morse functions, for 
which an analytical solution of the Schriidinger 
equation is available. Third, we have approximated 
the curvilinear coordinates G (or, more precisely, the 
periodic trajectories, which need not coincide with G) 
by straight line segments normal to the RC, so that 
we would have a constant effective mass p,_ Last the 
normal was taken in the (R,, RJ plane, not in the 
mass-skewed coordinate frame (which would have 
complicated our analysis considerably)_ In spite of 
the above observations, the agreement with the 
other methods is sometimes more than qualitative_ 

An advantage of the present approach is that 

The behaviour of N(n) is now seen to be an 
interplay of the minimum in D,(n) and the maximum 
in p,(u). At low energies the term 1 - [(D,r -E)/ 
4(41 “’ in (22) is nearly zero. AS a result N + 9 is 
small, but is also more sensitive to variations in this 
term than in p,(n).-Therefore D,(n) is dominant in 
determining the properties of N(n), which has a 
minimum, whose location is at rzc for 
E = D,, - D&)_ As & + D._l the above mentioned 
term approaches unity. As a result N + f increases, 
but its n-dependence is now more sensitive to p,(n) 
and has a maximum For intermediate energies the. 
growth of this maximum splits the minimum.into 



zss N. &oron/Ntonber o/srares along rhe reacrion coordinore 

two local minima, which move outwards toward 
reactants and products_ 

Our analysis can be concluded by stating that the 
functional form of the number of states along the 
RC is dominated by the barrier in the potential at 
low energies and by the curvature in the RC at high 
energies. 

I thank Drs. MS. Child, R.D. Levine and E. 
Poliak for many useful discussions. 

.Appendis: Statistical theories and the muki- 
transition-state theory 

At iow energies there is usually a single minimum 
in F whence the VTST is in good agreement with 
both TST and dynamical calculations [ 1. ?I_ At high 
energies multiple minima usual!y appear. One has 
then a minimum F=, on the reactants‘ side, and a 
second minimum F=, on the products- side, and a 
maximum F* in between. For such energies the 
TST reaction probability, P,,(E)_ increases and 
eventually becomes greater than unity_ P,.&E) is 
better behaved. By its delinition (3) it can never 
exceed unity. but it usually tends to unity, while the 
dynamical reaction probability, P,,_,(E), exhibits a 
maximum. then decreases for higher energies. 

A theory which attempts to improve the agree- 
ment of statistical theories with P,,,(E) is Miller-s 
unified statistical theory [73a]+_ P&E) is an upper 
bound which in most cases has a maximum as a 
function of E. We propose here a simple extension of 

the VTST, which shows a somewhat better agree- 
ment with P&E) than does the UST. Let us call 
this version the “multiple-transition-state theory” 
(MTST). 

Suppose that the extrema in N(n) + $ are 
FRF,RF’F+P and Fp, at the values of 0 ~t+an*n=~ 
and 1 for the BO nz(l). By the logic of VTST, the 
probability of a reaction with the configuration neR 
as products is F,,/F,. The probability that a 
configuration )I,~ would evolve into n* is then unity 
(the -bottleneck” for reaction is whenever there is a 
decrease in the number of state& Once we get tlj’ 
as products, we can apply the same logic again for 
the second TS n+r_ On condition that we started 
from reagents and reached II*, the probability that 
I+ would now be formed from II* is FJF*. 
Finally, the probability that nsp converts to 
products is again unity. Taking all these four stages 
to be (ideally) independent events. one has 

P >,-rsr(E) = [F,dE)/F,(E)I [F~dE)/F=(E)]- (A-I) 

Eq. (A-I), which should be similarly generalized for 
cases with more than two minima in N, is actually a 
first order approximation to UST [?3,3b]_ But 
whereas by the UST. (A-1) represents only reactive 
trajectories which reach the products with a single 
crossing of the dividing surfaces, according to 
MTST it is the total number of reactive trajectories_ 
Therefore Ps,rsr(E) G P,,(E). Comparing PhIrsr(E) 
with P vm( E ), the origin of the maxima in the former 

’ %I? ak0 section I1 in ret [Zb]. The basic idea originated 
in ref. [Zb]. 

i This is actually an upper bounh: Some of the trajectories 
can return from II= to atR, making this transition 
probability smaller than unity. 

0 I 

Fig 4_ Reaction probability versus energ as calculated from periodic trajectory lluxcs [2b,c] by various statistical theories: 
VTST (upper curve). UST and MTST_ which in al1 three cases gives the best upper bound to the dynamical results [?I. which 
are &noted by circles. For H, i H also the LB is shown. 
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becomes apparent: P.(E) is equal to P,,,(E) 
multiplied by the factor max (F,,, F&/F*, which 
is < 1. 

The three variational the&-ies, V&ST, UST and 
MTST, differ only for the energies higher than that 
where the maximum in N(n; E) first appears (see fig. 
4). This maximum can be thought of as a “complex”, 
or an intermediate, whose existence is due to the, 
curvature in the RC, rather than to a minimum in 
the potential along the RC. The difference in the 
physical point of view between LIST and MTST is in 

the limit where this “‘complex” is very stable 
(F’ + w). By the logic of UST, any such complex 
must eventually disintegrate with an equal proba- 
bility to give reactants or products. The probability 
to leave the interaction region to products tends, 
therefore to 4. By the logic of MTST, the total 
energy E is. dispersed in the “complex” between a 
large number of vibrational states where, in order to 
cross the barrier in the exit valley, the energy has to 
reconcentrate in ti much smaller number of states. 
Therefore, the complex formation acts as a trap: the 
more stable the complex, the smaller the aperture in 
the trap through which the trajectories can escape, 
so that the probability of leaving the interaction 
region to products (on condition that the trajectory 
originated from the reactants) tends to zero. 

The various statistical theories are summarized 
by the expressions below: 

P m = FOZ;YFR, 

P vm = FJF,, 

P,, = (F,.F,dFd(FsR + F=p - F+&+dF+), 

PM, = (F+ ,tlFR) b=s plF*). 

P LB = (FSR f F+P - F’)/F,. 
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