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Abstract

Modern laser-chemistry techniques allow the preparation of initially correlated pairs as precursors to electron or

atom exchange in solution. We obtain a rigorous analytic solution for the two coupled �backward� diffusion equations
describing the survival and reaction probabilities. Investigating its long-time asymptotic behavior reveals a transition

from monotonic to non-monotonic approach to equilibrium, usually unexpected for elementary single-step reactions.

We suggest the synthesis of �detachable bifunctional compounds�, that may undergo peculiar kinetics as described
herein.

� 2003 Elsevier Science B.V. All rights reserved.

1. Introduction

While classical bimolecular chemical kinetics

deals with homogeneously distributed reactants

[1], modern laser techniques of chemical physics

enable the preparation of reacting (geminate) pairs

at close proximity. Examples include ion (or ion–

molecule) pairs created by excited-state (ES) elec-

tron [2] or proton transfer [3,4], and radical [5] or
radical-ion pairs [6] prepared by femtosecond

photo-dissociation.

The most common reaction that such pairs

undergo is irreversible geminate recombination

[5,6]. This has been observed by pulse-radiolysis
since many years, and it played a seminal role in

the study of diffusion-influenced reactions [7].

Reversible geminate recombination, of the type

C$ Aþ B, has been observed in ES proton-

transfer to solvent [8–10]. A spherical-symmetric

diffusion model proved extremely useful in de-

scribing these reactions, possibly because fast ro-

tational diffusion �smears� the proton binding site
on the surface of a sphere. Analytical solutions to

this model were obtained [11,12]. When the ES

lifetime of the reactant (C) and products (Aþ B) is
the same, there is no fundamental difference be-

tween the excited- and ground-state reaction. The

probability of observing the bound state, C, decays

to zero with power-law asymptotics.

A somewhat surprising discovery was made,
theoretically at first [13,14], in the case of different

ES lifetimes. The C$ Aþ B reaction exhibits a
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transition between two types of asymptotic time

dependencies: power-law (as above) and exponen-

tial. Interestingly, this kinetic transition has re-

cently been verified experimentally [15]. Previously

it was recognized that complex solution-phase re-

actions, obeying non-linear chemical kinetic
equations, may exhibit rich phase-diagrams [16],

but this was unexpected in an elementary single-

step reaction obeying a linear diffusion equation.

Notwithstanding the above developments, a

dissociation–recombination reaction comprises

just one of two fundamental types of bimolecular

reactions [17]. The other is a reversible exchange

reaction, written symbolically as

Aþ B¢
k1

k2
CþD: ð1Þ

We call this, for short, the �ABCD reaction�. It
may depict energy transfer (Aþ B� $ A� þ B)
[18,19], electron transfer, or atom transfer

(Aþ BC$ ABþ C) in solution (e.g., SN2 reac-
tions). For the laser-induced geminate pairs men-

tioned above, such reaction channels should also

be feasible. For example, when I�2 þ I is prepared
by I�3 photolysis [6], one can envision fragment
collision inducing electron transfer (to form

I2 þ I�). Likewise, a ground-state acid–base pair
(A� þ BH) prepared in an ultrafast ES reaction
between an excited AH and a B� molecule [4], may

undergo subsequent proton-exchange in the

ground electronic state. Moreover, an ensemble of

isolated A–B pairs will tend to a true equilibrium

state, unlike the geminate C$ Aþ B reaction in
which C disappears with time. It could be expected

that the concentrations of reacting species in the

ABCD reaction will approach their equilibrium

state monotonously. Indeed, known exceptions to

monotonic behavior involve composite reactions,

such as non-linearly coupled reactions leading to

oscillatory behavior [16], but not elementary (sin-

gle-step) reactions.
Here we obtain a rigorous analytic solution for

the diffusion-influenced kinetics of the geminate

bimolecular reversible exchange reaction. Surpris-

ingly, the approach to equilibrium is monotonic

only when the diffusivity ratio for reactants/prod-

ucts, D1=D2, is small. When D1=D2 increases above
a certain threshold (which is larger than unity), the

kinetics change, showing a maximum in the

product concentration prior to the ultimate ap-

proach to equilibrium. This peculiar behavior is

analyzed below.

2. Theory

Let us consider the two possible states for the

reaction (1): i ¼ 1 which denotes Aþ B, and i ¼ 2
denoting CþD. We are interested in the state
probabilities P1ðtÞ and P2ðtÞ. These are the spatial
integrals of the corresponding probability densi-

ties, over the A–B and C–D distances, respectively.
Although it is possible to formulate the theory for

the probability densities themselves [20], when

considering the kinetics it is simpler to restrict our

attention to the initial-coordinate dependence of

these state-probabilities.

Suppose that the pair initially in state i was
separated to a distance ri, where ri P ai and ai is
the distance of closest approach (the �contact dis-
tance�). The initial-coordinate dependent state

probabilities are denoted by PiðtjriÞ. These depict
the probability of observing state i, having started
from the same state. The complementary proba-

bilities are denoted QjðtjriÞ 	 1� PiðtjriÞ, where
j 6¼ i. The Pi�s obey a pair of coupled reaction–
diffusion equations of the �backward� Kolmogorov
type (i.e., in terms of the initial variables, ri). In
d-dimensions with spherical symmetry, these

equations are

oP1ðtjr1Þ
ot

¼L1P1ðtjr1Þ � ½k1P1ðtja1Þ � k2P2ðtja2Þ�

 dðr1 � a1Þ
cd r

d�1
1

; ð2aÞ

oP2ðtjr2Þ
ot

¼L2P2ðtjr2Þ þ ½k1P1ðtja1Þ � k2P2ðtja2Þ�

 dðr2 � a2Þ
cd r

d�1
2

; ð2bÞ

where the diffusion operators,

Li 	 Di r1�di

o

ori
rd�1i

o

ori
;

describe the relative diffusive motion of the A–B

(or C–D) pairs in the spherically symmetric case.
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Judging from the example of ES proton-transfer to

solvent [8–10], it is expected that a spherically

symmetric diffusion model should also be useful in

the ABCD case. In Eqs. (2a) and (2b), k1 and k2 are
the rate constants of depletion of the states 1 and
2, respectively. The delta-functions allow the

transfer reaction to occur only at the distance of

closest approach. This assumption of contact re-

activity is valid in the atom-transfer case, whereas

for electron- or excitation-transfer it may some-

times be a rough approximation. The geometric

factors are: cd ¼ 4p, 2p and 2 for d ¼ 3, 2 and 1,
respectively.
Let us proceed by using Laplace transforms,

~ff ðsÞ ¼
R1
0
expð�stÞf ðtÞdt. One can write ~PPiðsjriÞ in

terms of the non-reactive Green function GiðaijriÞ,
which satisfies

ðs�LiÞGiðaijriÞ ¼
dðri � aiÞ
cd r

d�1
i

ð3Þ

with the reflective boundary condition, oGiðaijriÞ=
orijri¼ai ¼ 0. The backward stochastic trajectories
start at t < 0 from some ri and end at t ¼ 0.
Without loss of generality, suppose that they end
in state 1, so that

P1ð0jr1Þ ¼ 1; P2ð0jr2Þ ¼ 0: ð4Þ
These �final conditions� are the analogue of the
initial conditions of the more customary forward

equations.

Now, by taking the Laplace transform of Eqs.
(2a) and (2b) and applying Eq. (3), we find that

~PP1ðsjr1Þ ¼ s�1 � k1 ~PP1ðsja1Þ
h

� k2 ~PP2ðsja2Þ
i
G1ða1jr1Þ;

ð5aÞ

~PP2ðsjr2Þ ¼ k1 ~PP1ðsja1Þ
h

� k2 ~PP2ðsja2Þ
i
G2ða2jr2Þ: ð5bÞ

The 1=s term in Eq. (5a) originates from the final

condition, P1ð0jr1Þ ¼ 1. Setting ri ¼ ai in the above
equations, we can write PiðsjaiÞ in terms of

giðsÞ 	 GiðaijaiÞ. Re-substituting into Eqs. (5a) and
(5b) we get

~QQ2ðsjr1Þ ¼
1

s
� ~PP1ðsjr1Þ

¼ 1
s

k1G1ða1jr1Þ
1þ k1g1ðsÞ þ k2g2ðsÞ

; ð6Þ

where Q2ðtjr1Þ is the probability of finding the
system in the product state 2, having started from

a reactant A–B pair separated to distance r1. We
call it the �reaction probability�. So far our results
are independent of dimensionality.
We now turn to the three-dimensional case,

which is physically the most interesting. The re-

flective Green function in three dimensions is well

known [21]. Its Laplace transform is given by

GiðaijriÞ ¼
ai
ri

exp �
ffiffiffiffiffiffiffiffiffi
s=Di

p
ðri � aiÞ

� �
kDi ð1þ

ffiffiffiffiffiffi
ssi
p Þ ; ð7Þ

where ri P ai. It is customary to define si 	 a2i =Di

and kDi 	 4pDiai, the diffusion control time-scale
and rate-constant, respectively. In particular,

giðsÞ�1 ¼ kDi ð1þ
ffiffiffiffiffiffi
ssi
p Þ, so that the solution in Eq.

(6) depends on the ratios ki=kDi , and not on ki and
kDi independently.

We continue by inserting Eq. (7) into Eq. (6),

obtaining

~QQ2ðsjr1Þ ¼
k1a1
skD1r1

 ð1þ
ffiffiffiffiffiffi
ss2
p Þ exp½�

ffiffiffiffiffiffiffiffiffiffi
s=D1

p
ðr1 � a1Þ�ffiffiffiffiffiffiffiffi

s1s2
p ð ffiffi

s
p þ rþÞð

ffiffi
s
p þ r�Þ

;

ð8Þ
where �r� are roots of the quadratic polynomial
appearing in the denominator of Eq. (6),

r� ¼
1

2
l1

�
þ l2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1 � l2Þ

2 þ k
q 


; ð9aÞ

li ¼ ð1þ ki=kDiÞ=
ffiffiffiffi
si
p

; ð9bÞ

k ¼ 4k1k2=ðkD1kD2
ffiffiffiffiffiffiffiffi
s1s2
p Þ: ð9cÞ

By inverting the Laplace transform in Eq. (8)
we finally obtain

Q2ðtjr1Þ ¼ Q2ð1jr1Þ erfc
r1 � a1ffiffiffiffiffiffiffiffiffiffi
4D1t
p

� ��

þ r�ð1�
ffiffiffiffi
s2
p

rþÞ
rþ � r�

W
r1 � a1ffiffiffiffiffiffiffiffiffiffi
4D1t
p ; rþ

ffiffi
t
p� �

� rþð1�
ffiffiffiffi
s2
p

r�Þ
rþ � r�

W
r1 � a1ffiffiffiffiffiffiffiffiffiffi
4D1t
p ; r�

ffiffi
t
p� �


;

ð10Þ
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where the ultimate (t!1) reaction probability is

Q2ð1jr1Þ ¼
a1
r1

k1=kD1
1þ k1=kD1 þ k2=kD2

: ð11Þ

The function W ðx; yÞ is ubiquitous in diffusion
theory [21], being defined as W ðx; yÞ ¼ expðy2þ
2xyÞerfcðxþ yÞ, whereas erfcðzÞ ¼ 1� erfðzÞ is the
complementary error function.
The long-time asymptotic behavior for the re-

action probability in Eq. (10) can be obtained

analytically,

Q2ðtjr1Þ
Q2ð1jr1Þ

� 1þ
ffiffiffiffi
s1
p þ ffiffiffiffi

s2
p � r1=

ffiffiffiffiffiffi
D1
p

� 1=rþ � 1=r�ffiffiffiffiffi
pt
p : ð12Þ

The sign of the t�1=2 term depends on the param-

eter

a 	
ffiffiffiffi
s2
s1

r�
þ k1kD2
k2kD1

�
a1
r1
� 1

�
þ k1
kD1

�
kD2
k2

: ð13Þ

Thus when a < 1, the t�1=2 term is negative, so that
Q2ðtjr1Þ increases monotonically to Q2ð1jr1Þ.
However, when a > 1, it first goes through a

maximum and only later decays to equilibrium.

Hence there is a kinetic transition when a ¼ 1. For
reacting partners initially at contact (r1 ¼ a1), this
parameter simplifies to

a ¼
ffiffiffiffi
s2
s1

r
� kD2

k2
: ð14Þ

Hence when the initial population is in state 1, and

a2 ¼ a1, the transition (a ¼ 1) occurs when

D1 > D2. As k2 !1 it moves toward equal dif-

fusivities, D2 ¼ D1. For r1 > a1, D1=D2 must be
even larger in order for the transition to occur, see

Eq. (13), and then it depends also on k1.

3. Results

The transition into the non-monotonic regime is

demonstrated in Fig. 1 for an A–B pair initially at

contact and realistic diffusion constants. We have

checked our analytic solution numerically, using

the SSDP application for solving the Spherically

Symmetric Diffusion Problem [22], finding agree-

ment to within the numerical accuracy for all tes-

ted parameters. Keeping the other parameters

constant, Fig. 1 shows the kinetics for increasing

values of D1. According to Eq. (14), the transition
occurs in this case when D1=D2 ¼ 1:44 (bold

curve). For smaller D1 values there is a monotonic
increase to equilibrium, whereas for larger ones a

peak appears in Q2ðtja1Þ. At the transition, Q2ðtja1Þ
becomes flat already at finite times, whereas in all

other cases (when a 6¼ 1) the long-time approach
to equilibrium follows the t�1=2 law.
The asymptotic behavior for the Aþ B$

CþD reaction is thus fundamentally different

than that of the Aþ B$ C reaction, which fol-
lows the t�3=2 asymptotics in three dimensions. The
latter reflects the probability of return of a random

walker to the origin of its random walk (A–B pair

at contact), whereas the behavior of the ABCD

reaction resembles the irreversible case. Indeed, as

the product CþD pair separates, the probability

for the reverse reaction diminishes, so that as-

ymptotically it becomes similar to an irreversible
reaction.

Fig. 1. Transition in the approach to equilibrium for the re-

action probability in Eq. (10). Realistic molecular radii and rate

parameters were chosen for this demonstration: a1 ¼ a2 ¼
r1 ¼ 5 �AA, k1=ð4pa21Þ ¼ k2=ð4pa22Þ ¼ 100 �AA=ns, corresponding to

1:9 1010 M�1 s�1. Diffusion constants assume reasonable ex-
perimental values: D2 ¼ 1 10�5 cm2=s, whereas D1 (in

10�5 cm2=s) varies as indicated in the figure. The case of equal

diffusivities is shown by the dash–dot line, whereas the transi-

tion is depicted by the bold line.
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Fig. 2 depicts the manifold in parameter space

on which the transition occurs [a ¼ 1 in Eq. (13)],
as a function of one distance, one diffusion and

one rate parameter. To the left and above of this

surface there is only monotonic approach to

equilibrium. However, to the right and below the
surface the approach is through a maximum. Thus

the transition into the non-monotonic regime is

promoted by conditions which enhance the for-

ward reaction at short times (small r1=a1) and
the backward reaction at longer times (large

D1 and k2).
Fig. 3 shows that the largest non-monotonic

effect actually occurs quite close to the transition
line. Within the non-monotonic regime, this figure

depicts the height of the maximum in Q2ðtja1Þ,
denoted by Qmax, for r1 ¼ a1 as a function of the
other two parameters in Fig. 2. It is seen that the

non-monotonic behavior is most conspicuous un-

der conditions that are close to reversibility,

k2 � k1 (the peak in Fig. 3). If we let k2 increase
further, the maximum in the reaction probability
becomes less pronounced. To understand the origin of the non-monotonic

kinetics, one may mimic reaction (1) for r1 ¼ a1 as
a composite reaction

Aþ B 
k0D1
A � � �B¢

k0
1

k0
2

C � � �D!
k0D2
CþD; ð15Þ

where the primed rate constants appearing in this

scheme are proportional to the un-primed rate-

constants used above. As an approximation to the

complete diffusion-influenced problem solved
above, one may solve the chemical kinetic equa-

tions corresponding to the kinetic scheme in Eq.

(15) by similar methods [20]. Starting with A � � �B,
the total product concentration, ½C � � �D� þ
½CþD�, also shows a transition. However it al-
ways occurs when D1 ¼ D2, and the ultimate ap-
proach to equilibrium is exponential, rather than

going as t�1=2. For r1 > a1 there is a delay in the
growth of Q2ðtjr1Þ, which cannot be described even
qualitatively using the kinetic scheme (15).

4. Conclusion

The elementary diffusion-influenced reaction

(1) shows a transition between two types of time

Fig. 2. Surface in parameter-space upon which the transition

occurs, a ¼ 1 in Eq. (13), color coded (in gray shades) according
to the values of r1=a1. Fixed parameters are a1 ¼ a2 ¼ 5 �AA,

D2 ¼ 1 10�5 cm2=s and k1 ¼ 100 �AA/s.

Fig. 3. The height of the peak of the non-monotonic kinetics,

Qmax 	 max Q2ðtja1Þ, as a function of the same parameters as in
Fig. 2.
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dependencies. Monotonic approach to equilibrium

is observed in one kinetic regime, and non-mono-

tonic behavior in another. Such a behavior is not

self-evident. For example, an analogous derivation

in one-dimension [20] shows no transition, only

monotonous approach to equilibrium. Kinetic
transitions were previously predicted [13,14] and

observed experimentally [15] for the geminate

Aþ B$ C reaction in its ES, but there a true

equilibrium state does not exist because the ulti-

mate fate is irreversible decay to the ground elec-

tronic state. In contrast, the ABCD reaction

approaches a true equilibrium state, and is not

required to proceed in an excited electronic state to
show the transition. The interesting question is,

therefore, whether it could possibly be observed

experimentally.

Consider, as a specific example, an acid–base

reaction of the type

AHþ B¢
k1

k2
A� þ BHþ: ð16Þ

For a low concentration of an excited AH acid,

with excess of base (B) molecules which are ini-

tially uniformly distributed, it was recently dem-
onstrated [3,4] that this reaction (in its irreversible

limit) follows the classical prediction of the

Smoluchowski theory [7]. Thus diffusion can have

a profound effect on the time-course of such re-

actions. For demonstrating the results of the

present theory, we would need a mixture of AH/B

pairs which are initially at close proximity. Acid/

base moieties within a single �bichromophoric�
molecule have been studied quite intensively re-

cently [23,24]. Molecules which are photo-detach-

able into two radicals (e.g., through a S–S bond)

were also investigated [5]. In polar solvents, the

fragments can separate and undergo geminate,

diffusion influenced recombination. An interesting

synthesis effort could therefore involve �detachable
bifunctional compounds�, which are separated by
light into an acid–base pair. If the two fragments,

AH and B, have fairly close acidity (pKa) con-
stants, yet the diffusion of the ionic products in

reaction (16) is slower than that of the neutral

reactants, non-monotonic behavior could appear.

The faster the reaction, the smaller the kD2=k2 term
in Eq. (14), and hence a smaller difference in dif-

fusivities will be required to see the effect. Such

detachable bifunctional compounds may not only

undergo peculiar kinetics, as described herein, but

could also have interesting technological and bio-

logical applications.
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