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Intramolecular dissipation has recently been invoked by S&lag, Grotemcyer and Levine to interpret dynamical processes in 
highly excited large molecules. In such problems there is diffusive motion in the presence of a potential. In addition, there are two 
(or mom) reaction processes which proceed at a finite rate. We present the solution of the Smoluchowski equation for the yields 
(branching fractions) of the reactions and consider its various limiting forms. When reaction is much faster thaa diffusion, the 
result of S&lag et al. is recovered. In the opposite limit the reaction yield corresponds to that obtained from a simple kinetic 
scheme. The two limiting forms also correspond to “kinetic control” and “thermodynamic control” of physical organic chemistry. 
The derivation is equally valid if the source of dissipation is intermolecular. 

1. Introduetlon 

The analytically explicit expression for the yield 
(or branching ratio) to be derived below is of par- 
ticular interest to us because of its implications to 
intramolecular dynamics. The derivation is however 
sufficiently general that it can also be applied to in- 
termolecular processes. We further discuss our me 
tivation in section 2 and turn now to a technical in- 
troduction, To derive a simple result one needs, of 
course, to strip away many important aspects of the 
problem. Since most of these can be reintroduced at 
the price of a less analytically tractable theory, we 
believe that the simplest approach followed herein is 
not without its own interest. 

The following essential physicochemical ingredi- 
ents are retained in our approach. We consider a one 
dimensional (or spherically symmetric three dimen- 
sional) motion along a reaction coordinate r in a po- 
tential V(r). This motion is strongly coupled to other 
degrees of freedom and we mimic this coupling by 
a friction. It can be argued that as long as only the 
motion along r is of interest this can always be done 
[ 1 ] by a suitable choice of the spectral power density 
of the other degrees of freedom. If the other degrees 
of freedom are internal, we have an intramolecular 
problem. If they represent the effects of a true en- 

vironment (e.g., interactions with a solvent) then 
the source of the friction is external. Often, both will 
be relevant. 

Our interest is primarily in the limit of high frio 
tion and so the Smoluchowski equation is used to 
represent the motion in phase space [ 2,3]. It is pos- 
sible to use the more realistic Kramers [ 41 equation 
[ 5,6] and to obtain Smoluchowski-based results in 
the high friction limit [2]. 

The boundary conditions (see ref. [7] for a re- 
view) on the solution of the motion along r are im- 
posed at the two ends of a (finite or infinite) inter- 
val. Specifically, we specify the finite rates of exit at 
the two end points. (This is known as radiative 
boundary conditions [ 8 ] .) Special limits of these 
boundary conditions include taking the rate to be ex- 
ceedingly high when one has the more familiar [ 2] 
absorbing boundary condition and taking the rate to 
be vanishingly low whereby one obtains the reflect- 
ing boundary condition. There is a very extensive lit- 
erature [ 2,5-191 on these special limits. Early ref- 
erences include refs. [ 18,191 and more recent 
references can also be found in ref. [ 201. The es- 
sential point is that here the rates at the two end 
points are finite [ 15 1. It is this which enables us to 
cover the range between the high dissipation (as 
compared to the reaction rate) and low dissipation 
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limits. Between the two end points the motion is not 
a free diffusion but is subject to a potential. It is this 
which enables us to go to the limit [ 18-201 where 
the effects of the potential are dominant. 

2. Motivation 

Schlag et al. [ 201 discussed the motion of an elec- 
tron just below or above the ionization threshold of 
a large molecule. The density of electronic Rydberg 
states is then so very high that failure of the Born- 
Oppenheimer approximation is extreme. For a large 
molecule, the density of rovibrational states is also 
very high so that they effectively provide a heat bath 
coupled to the motion of the electron. There is there- 
fore a facile exchange of energy (and angular mo- 
mentum) between the Rydberg electron and the nu- 
clear degrees of freedom. One can therefore describe 
the dynamics of the high Rydberg electron as being 
dissipative in the presence of the electron-core po- 
tential. If the electron gets too near, it is very effec- 
tively captured while if it gets very far it will be ir- 
reversibly ionized. The experimental data on the yield 
of ionization in large molecules were analyzed [ 201 
under the assumption of absorbing boundary con- 
ditions at both ends. One of our aims is to check the 
validity conditions for this assumption. Another is 
to develop the theory towards additional applica- 
tions. There is a wide range of physicochemical phe- 
nomena [ 2 1 ] which can be described within the 
framework of the model. It is therefore of interest to 
know, for example, how important is the potential; 
what are the conditions when it dominates and when 
is its role negligible compared to the diffusion; how 
fast need the reaction rates, at either end, be to dom- 
inate the yield, and what is the result in the inter- 
mediate regime, when no single effect is overwhelm- 
ing, and what are the dimensionless parameters that 
govern its value. 

It is gratifying that the result to be derived reduces 
correctly to all known limits including the fast dif- 
fusion limit known to physical organic chemists as 
that of a “thermodynamically controlled” yield [ 22 1. 

3. Derivation 

We consider motion along a radial coordinate r in 
a potential V(r) with a diffusion constant D. For 
simplicity the diffusion constant is taken to be in- 
dependent of the position r. The theory starts with 
the probabilityp( r’, c 1 r) dr’ to find the system in the 
position between r’ and r’tdr’ at the time t, given 
that the initial position was at r. Say that charge re- 
combination occurs when the motion reaches r’= tr, 
while ionization occurs at r’ = R where R > a Then 
the fraction @(t, r) of systems which ionized up to 
the time t is given by the time integral of the flux of 
p( r’, t 1 I) at r’= R. It is possible to show [ 2,9] that 
this fraction itself satisfies an equation of motion 
which is the adjoint to that satisfied by p( r’, t 1 r). 
The total yield of systems that ionize is g(r), the t-co 
limit of $( t, r). This generalizes the notion of the 
“escape probability” to systems of finite size. Ad- 
ditional technical details are given in the Appendix. 

Since @(t, r)/at+O as ~-+co, it follows [2,9,18] 
that g(r) is the stationary solution of the (adjoint) 
equation of motion 

L+@(r) ~0, a<rfR , (1) 

where L is the operator for displacing P(r’, tl r) in 
time). Here we take L to correspond to the spheri- 
cally symmetric Smoluchowski equation in three di- 
mensions, so that its adjoint is 

Lf=Dr-2exp[j?V(r)] 

(2) 

Here /I= l/k,T as usual and D is a coordinate-in- 
dependent diffusion constant. The essential techni- 
cal point is the specification of the boundary con- 
ditions on e(r). These can be obtained from the 
“radiation” boundary conditions of p ( r’, t 1 r ) , which 
constitute a physical statement about the emerging 
fluxes at the boundaries r’= cr and r’= R [ 81, 

(3a) 
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r’=R 

= -hp(R, tl r) . (3b) 

Here the K are the corresponding rate constants and 
the subscripts r and i allude to our original moti- 
vation, namely “recombination” and “ionization”, 
respectively. In the special case that K,+m and Ki+ 
co, these reduce to absorbing (“Smoluchowski”) 
boundary conditions at both ends, p(u, t] r) = 
p(R, tl r) ~0. Care is necessary in determining the 
boundary condition for the yield at r=R, since Q is 
defined as the time integral of the flux at r’=R. Fol- 
lowing ref. [ 171, we have 

(da) 

(4b) 

In the special case that rc+ce and Ki+COy we regain 
the absorbing boundary conditions at both ends [ 2 1, 
o(a)=0 and $(R)=l. One notes the lack of sym- 
metry between the boundary conditions at the two 
ends: While that at r=u, eq. (4a), follows in a 
straightforward manner from eq. (3), the boundary 
condition at r=R has 1 -$(R) rather than -g(R) 
on its rhs. A full justification of eq. (4b), starting 
from the definition of the yield in terms of the prob- 
ability density, is given in the Appendix. 

Integrating eq. ( 1) once over r leads to 

r*exp[ -pV(r)]$b/ar=f. (5) 

The integration constant 1, which has the dimensions 
of length, will be identified below as our generali- 
zation of the concept of “reaction radius”, i.e. the 
effective length of the sinks at the two ends. Inte- 
grating ( 5 ) from cr to r specifies @(r) in terms of two 
integration constants, 1 and #(a), 

o(r)=g(u)+/j r’-*exp[BF(r’)] dr’. 
0 

(6) 

Eq. (6) is the general solution of the problem we 
posed. All that remains is to determine the two in- 
tegration constants using the two boundary condi- 
tions (4a) and (4b). 

In the special case of the “absorbing” boundary 
conditions at both ends [2,11], @(a) =0 and 
6(R) = 1, I has the value IO, 

R 

1;’ = I r-2exp[/31’(r)] dr. (7) 
0 

Inserting these values in (6 ) we have for absorbing 
boundary conditions 

&(r)=lo 1 r’-*exp[/3F(r’)] dr’. (8) 
c 

The length l,, is known as the reaction radius [ 8 1. 
The one-dimensional analogue of this result is given 
in eq. (5.2.190) of ref. [2]. 

To our knowledge, the more general case of radia- 
tion boundary conditions at both ends, eqs. (4a) and 
(4b), has been considered only for the case of free 
diffusion, V(r) = 0 [ 17 1. Introducing /$= u* x 
~a;~-/3V(o)]~r and kieR2eXp[ -BV(R)]Ki, we 

Dl=U(a), (gal 

Df&[l-Q(a)-&] ) (9b) 

where lo is defined by eq. (7). Substituting into eq. 
(6)) we get as a final explicit result 

e(r) = 
otk;J:r’-*exp[/3F(r’)] dr’ki 

(k+k)D+kikl10 

l+bW) 
= lt1* t?t,/Ai ’ (10) 

where we have introduced the dimensionless, re- 
duced rate parameters I, =,&JDl,, and Ji =4/D&,. 
As is also the case for a single reactive boundary [ 211, 
eq. ( 10) shows that it suffkes to know the solution, 
&o(r), for two absorbing boundaries. The depen- 
dence of q(r) on A, and Ai is shown, for two values 
of 49, by the contour plot of fig. 1. 

4. Discussion 

4.1. DijjWon versus reaction control 

If absorbing boundary conditions are imposed at 
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Fig. 1. The variation of the yield $ of reaction i (“ionization”), 
with the (reduced) rates 1, and lt of the reactions at either end. 
See eq. ( 10) and the definitions of the reduced rates there. Con- 
tour plots are shown in the (A, &)‘plane for two different values 
of e&,0: (a) &=O and (b) dc,=0.5. Case (a) corresponds to r=u 
and depicts d(u)=(l+J,tr2,/rli)-1. The limit of Schlag et 
al. (201 is approached at large values of li. For a (screened) 
Coulomb potential, eq. (19), case (b) occurs when I= 
rJln{ [exp(rJu)+exp(rJR)]/2}, see co. (20b). For a vanish- 
ing potential and large R this reduces to r=2u. Note that while 
oc is the yield of reaction i in the limit of very fast reactions at 
both ends, d can exceed & when li > I,. The contour plot for q+ 1 
(i.e. r=R) can be gotten from that of q+O by interchanging Q 
with I-@and&with&. 

Q (corresponding to very fast recombination, &+oc)) 
but not at R, eq. ( 10) reduces to 

(11) 

where o,,(r) is given by eq. (8). If the absorbing 
boundary conditions are imposed at R (i.e., Ai+m) 
but not at CJ we get 

1 +oo,(~) O(r)= l+A - 

I 

(12) 

In particular, for reaction starting at contact, 
#(a)=(l+&)-*. Whenever 1,%1, $(u)zA;‘K 
lo, which is equivalent to the approximation em- 
ployed by Schlag et al. [ 201. It follows from ( 11) 
and ( 12) that in the “diffusion control” limit both 
rli and A, need to be larger than unity in order for 
$(r) to be well approximated by $o( r). 

At the other extreme, when diffusion is very fast 
(A,<< 1 and Ai<< 1) one obtains the “reaction con- 
trol” limit 

(13) 

whereKD=(cr2/R2)exp{-p[I’(a)-I/(R)]}isthe 
“equilibrium constant”, established by diffusion 
alone between the two end points at u and R, re- 
spectively. In a more general context one must allow 
for a possible change in the density of states of the 
“other” degrees of freedom of the system as r varies 
from g to R. The required generalization is to re- 
place, in Ko, the potential energy by the free energy 
change between u and R. 

That ( 13 ) is the result expected from chemical ki- 
netics follows upon consideration of the following 
scheme 

KD ZX=yZ* (14) 

When equilibrium between X and Y is established 
much faster than depletion by recombination or ion- 
ization, [X] ( t)/ [Y] (t) x K,, one has approxi- 
mately (up to terms of the order of rc, [ X ] or Ki [Y ] ) 
that 

d( [Xl + PI )ldt= --~iWl --KJXI , 
(ltKn)d[Y]/dt=-(KitKnKr)[Y] s (15) 

Taking the situation at t = 0 to be at equilibrium and 
the total concentration to be unity, [Y] (0) = 
(1 t&,)-I and one finds 

,,=,q P’l(t)dt= A, 
0 

D I 
(16) 

in agreement with eq. ( 13 ). 
In the general case, when neither diffusion nor re- 
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action dominates, the solution, eq. ( 10 ) , is still sim- 
ple: O(r) is a linear combination of Q&,,, which is, cf. 
(13), its value as D-m and of &o(r), eq. (B), the 
value of 4 (r) for fast reactions, 

(17) 

where xr&$,. When diffusion is very rapid x+0 
and we recover eq. ( 13 ) . When reaction is fast x-+ oc, 
and g(r) -+ qk, ( r) . In general, if lo is low then a higher 
value of x is needed before g(r) is well approxi- 
mated by d,-,(r). 

In connection with the application of ( 17) we wish 
to reiterate that #(r) is the yield of products that exit 
at r’= R (or are formed from Y in the kinetic scheme 
( 14) ) given that initially the process started at r. In 
our motivation [ 20],@(r) is the yield of ionization. 
The first term in ( 17) is just #(a) since, by deft- 
nition &,o( a) ~0. Hence (1 +x)-r& is the yield of 
products at the R end (e.g., from Y) given that the 
process is initiated at the c end (i.e. at X). Similarly, 
4(R) = (x+&,)/(x+ 1) is the yield of products at 
the R end given that the process was initiated at that 
end. Note that l-o(R)=(l+x)-‘(l-&J is the 
yield of products at u starting from R, showing the 
symmetry of the results towards the two ends. 

The result ( 17) for $(r) is equivalent to ( 10) even 
though it looks like an interpolation formula. In 
physical organic chemistry one often discusses the 
two opposite cases of “thermodynamic” control as 
one extreme and “kinetic” control as the other [ 221. 
Our result ( 17) provides the general case. To see this 
recall that thermodynamic control corresponds to the 
yield being determined by the equilibrium constant, 
i.e. $(r) -& [ 221. The physical interpretation usu- 
ally offered is that repeated fast recrossings of the re- 
action coordinate connecting X and Y establishes an 
effective equilibrium. Kinetic control #l corresponds 
to slow diffusion or, in the limit, to no recrossings. 
Our results are in accord and furthermore provide a 
general solution, eq. ( 17), in the intermediate case. 

s1 Note two, not quite identical, uses ofthe term “control” in the 
literature. By “reaction control” one means the limit where dif- 
fusion is fast, hence the rate limiting step is that of reaction. By 
“kinetic control” one means a slow conversion of X and Y, hence 
the yield is controlled by the rates in eq. (14). This corresponds 
to the limit where diffusion is slow. 

4.2. The e&t of the potential 

The dependence, eq. (IO), on the reduced rate 
coefficients also reflects the competition between the 
deterministic motion due to the potential and the 
drift due to diffusion. The potential determines the 
linear dimension &, (often known as the “reaction 
radius”). For the usual case of R-m, 401, is the 
rate constant under diffusion controlled conditions 
[ 9- 111. In the absence of a potential l,-, then coin- 
cides with a, the contact distance. In the presence of 
an interaction potential which vanishes at infinite 
separations, I0 is an “effective radius” which is al- 
ways positive, such that lo> u for attraction, V(r) < 0, 
and 1e< B for repulsion, V(r) >O. It should also be 
remembered that the actual reaction rate constants 
are the K’S of eq. (3), and that the k’s incorporate the 
effect of the potential, e.g., /+a*exp[/3V(/(a)]rc,. 

For finite r and in the absence of a potential we 
have [2] 

4(r)= s 
and d(r) is gotten by inserting go into eq. (10) or 
(17). This agrees with Appendix B of ref. [ 171. In 
the case of a potential, one needs to perform the in- 
tegral in eq. (8). In view of its special role [ 201, we 
present explicit results for the screened Coulomb 
potential 

V(r)= P exp(-rcDHr)z rctl/r-KDH) 

B . 
(19) 

Here r, E z1 z2e2P is the Onsager radius [ 18 ] which 
is negative for attraction ( z,zz < 0) and positive for 
repulsion, and 1 /K~" is the Debye-Htickel screening 
length. Then, using the approximation on the rhs of 
eq. ( 19) one gets 

&/lo = exp ( - KDH rc ) 

x [exp(r,la)-exp(r,lR)l , (20a) 

$00(r)= 
exp(rcl@-exp(rclr) 
ew(r&) -exp(rJR) ’ (2Ob) 

Eq. (20b) reduces to Onsager’s result [ 181, 
&(r)=exp(rJr), if acr<R. For r,dO it reduces 
to eq. (18). For a strongly repulsive potential, r,> 0, 
this dependence may be quite different. If, like Schlag 
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et al. [ 201, one assumes an absorbing outer sphere 
but a partially absorbing inner sphere, cf. eq. ( 12), 
the dissociation yield starting at contact may be ap- 
proximated by 

1 
“(“)=l+n,= Dr, 

Di-, +K,02 ’ (21) 

Thus in this limit the dependence on r, becomes 
linear rather than exponential. In obtaining the 
rhs of eq. (2 1 ), we have set rZ,= kJDlo and assumed 
exp( r,/a) ~exp(r,/R). Thus the R dependence was 
eliminated. In general, $( CJ) does depend on R. We 
investigate this dependence below. 

4.3. Size effects 

One motivation for the present analysis is to dis- 
cuss reactive yields from finite (rather than infinite) 
systems. We obtain the dependence of the ionization 
yield on the outer radius, R, in the special case that 
the process is initiated at u. As above, we start from 
O(o) = (1 t&)-l. Remembering that &e kJDl,,, 
with lo(R) given in eq. (7), we find that 

DR2exp[ -Jv(R)]$b(@)/aR=-k&(o)' . (22) 

Here Q(a) depends parametrically on R through the 
absorbing boundary condition, $ (R ) = 1, imposed 
on g(r). Eq. (22) is an ordinary non-linear differ- 
ential equation for determining the dependence of 
$(a) on R, given the “initial” condition that $(a) = 1 
at R=a. It is reminiscent of the Riccati equations 
derived in the more customary case of a single re- 
active inner sphere [ 241, 

For an outer absorbing boundary, eq. (22) shows 
that the (ionization) yield at the outer sphere de- 
creases monotonically with increasing size. This re- 
flects the decrease of l,(R) with increasing R. In the 
more general case of eq. (4a), fj(a)=(lt&t&/ 
Ii)-‘. The rhs of eq. (22) is then multiplied by 
1+ (D/q) [/W’(R) -2/R]. For a system of size R 
for which this quantity vanishes maximal yield is 
achieved. It is amusing to wonder if this pertains to 
the finite size restrictions of living cells, in which 
material substances need to diffuse from inside or- 
ganelles to the outer cell membrane [ 251. 

5. Concluding remarks 

An explicit result for the yield of products at one 
end of an interval when reactions at finite rate are 
possible at both ends has been derived. The result 
allows for diffusion in the presence of potential be- 
tween the two ends. Special attention was given to 
the competition between the finite rates of diffusion 
and reaction and to the role of the potential. 
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Appendix 

The probability of exit through a particular end of 
an interval has been discussed by Gardiner [ 2 ] for 
the case of two absorbing boundaries on the line. This 
Appendix generalizes these results to two partially 
absorbing spheres in ddimensions, leading (ford= 3 ) 
to the boundary conditions (4a) and (4b). This fills 
in technical gaps in ref. [ 17 1. For completeness, we 
begin by recalling the basic definitions. We consider 
spherically symmetric diffusion in d dimensions in 
the presence of a potential of interaction, governed 
by the Smoluchowski equation [ 2,3] 

a&J, tlr)/&=l,p(r’, tlr) , (A-1) 

where L,, is the Smoluchowski operator in the initial 
coordinate r’, 

L,=Dr’-d$exp[ -jW(r)]rd-’ 

x ~explPv(r)l . (A.21 

Other quantities are defined as in section 3. We as- 
sume that diffusion occurs between two concentric 
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spheres, a< r& R, with the radiation boundary con- 
ditions (3a) and (3b) imposed at the two ends. The 
initial condition is that of a delta function, 

y/-‘p(r’,OJr)=@r-r’), (A.3) 

where yd is the d-dimensional geometric factor (e.g., 
411 for d= 3). Hence p( r’, tl r) is the Green function 
for diffusion. 

The accumulative probability for exiting at the R 
end by time t is the appropriate time integral of the 
flux at that end. Using the boundary condition (3b) 
imposed there one has that [2] 

$( r, t) = ~~Rd-‘Ki 
I 

p(R, t’l r) dt’ . (A.4a) 
0 

One may similarly define the probability of exiting 
through the 0 end by time t, obtaining 

I 

qY(r,t)=yd&‘K, p(a,t’Ir)dt’. I (A.4b) 
0 

The ultimate exit probability at R (i.e. the ionization 
yield) is thus 

$(r)=lim @(r, t) , (A.5) I-m 

and similarly for 4’(r). Evidently, as t-m the pop- 
ulation between the spheres vanishes so that 
#(r)+@‘(r)=l. 

As is well known [ 21, the density obeys the back- 
ward (“Kolmogorov” ) equation 

ap(r’, tlr)/&=Lfp(r’, fir) (A.6) 

in the initial variable r. Lr is the adjoint 
Smoluchowski operator 

Lf=Dr1-dexp[/3V(R)] 

xiexp[-/3V(r)]rd-‘%, (A.7) 

and the boundary conditions, eqs. (3a) and (3b), 
transform accordingly [ 26 1, 

a 

Dcp(r’, tlr) Ir=R=-KiP(r’, t/R) . 

(A.8a) 

(A.8b) 

By integrating (A.6) over time, setting r’=R and us- 
ing eq. (A.4a) one finds that [ 21 

@(r, t)/at=Lf$(r, t) , rcR. (A.9) 

For r=R there is an additional term on the Ihs, 
-KiS(r--R), arising from the initial condition (A.3). 
A similar equation may be obtained for @‘(r, t). 

The only new point requiring attention is the de- 
termination of the boundary conditions for 4, since 
we may not substitute r’= Q in eq. (A.8a) nor r’= R 
in eq. (A.8b). Indeed, a Green function undergoes 
a discontinuous jump when both its variables are 
equal. One way to circumvent this problem is to set 
r’=R in (A.8a), and use (A.4a) to obtain 

D ata t) ( ) ar r=n 

=wv4 t) ’ (A.lOa) 

Similarly, setting r’=o in eq. (A.Sb) together with 
eq. (A.4b) gives 

= -Ki@‘(R, t) (A.lOb) 

The momentary yield, $(r, t), is the observable in 
time-resolved experiments. In steady-state experi- 
ments only the ultimate yield, 4(r), is monitored. 
Since iI@(r, t)/at+O as t+cu, eq. (A.9) reduces to 
eq. ( 1). In the boundary conditions we let t-+co. As 
expected, eq. (A. 1 Oa) reduces to (4a). Finally, in 
order to obtain eq. (4b) we set q’(r) = 1 -@(I) in 
(A.lOb). 
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