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Abstract 

The isomorphism between electrostatics and diffusion is discussed and utilized to develop a Brownian dynamics algorithm 
for solving the Poisson equation near dielectric interfaces. The electrostatic potential behaves as if carried by noninteracting, 
randomly moving pseudo-pa~cles whose residence time in a given region of space is proportional to the electrostatic 
potential there. By applying random numbers from the exact solution for diffusion near a planar discontinuity, the Brownian 
motion of these particles can be propagated for large time steps, independent of spatial grids or artificial boundary conditions. 
The applicability of the Brownian algorithm is demonstrated in simple illustrative calculations. © 1997 Elsevier Science 
B.V. 

1. Introduction 

Electrostatic interactions play a major role in 
determining the shape and function of biologi- 
cal macromolecules (proteins, nucleic acids) and 
lipid membranes [ 1,2]. Continuum models of bio- 
electrostatics [3-5] treat the organic residues as a 
low-dielectric medium embedded in a high-dielectric 
solvent (water). Electrostatic potentials near dielec- 
tric interfaces deviate substantially from Coulomb's 
law. Within the framework of continuum electro- 
statics, an accurate description requires a numerical 
solution of the (linear) Poisson equation or (if  mo- 
bile ions are treated by mean-field assumptions) the 
nonlinear Poisson-Boltzmann equation near dielectric 
interfaces. 

l Permanent address: Department of Physics, State University 
of Moldova, Mateevici Str. 60, MD-2009, Chisinau, Republic of 
Moldova. 

The most popular procedure for solving these equa- 
tions is the Finite Difference Method (FDM) [6-12].  
While rapid convergence techniques have been devel- 
oped, they are restricted by the inherent mapping of 
the continuum problem onto a finite grid. This restric- 
tion has several consequences. First, boundary condi- 
tions for the electrostatic potential on the surface of 
the simulation grid have to be defined. Simple guesses 
for boundary conditions might be zero or Coulomb po- 
tentials. This requires making the grid box sufficiently 
large so that the electrostatic potential indeed assumes 
these asymptotic forms on its surface. By enlarging 
the box the grid spacing becomes larger, making it dif- 
ficult to represent the fine details of  the dielectric in- 
terface. These two conflicting requirements are some- 
times addressed by the focusing method [ 8 ]. However, 
it is easy to imagine physical situations (such as pro- 
teins embedded in lipid bilayers) where the interface 
becomes so tortuous that a realistic finite-difference 
description exceeds the computational memory lim- 
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its. Finally, on a grid the description of potentials for 
point charges close to interfaces becomes inaccurate. 

In the case of two constant dielectrics of compli- 
cated geometry, more accurate methods for computing 
electrostatic potentials include the finite element [ 13 ] 
and boundary element methods [ 14-17]. The latter 
replaces image charges by an appropriate charge den- 
sity on the interface, represented by a mesh of ele- 
ments or patches with corresponding charge densities. 
Boundary element methods are attractive in that more 
accurate representations of complicated surfaces can 
be achieved. Additional boundary conditions are not 
required, but errors may arise in the calculation of the 
self-polarization term of a patch. While memory re- 
quirements are reduced as compared with FDMs, the 
number of nondiagonal terms in the matrix can be 
considerably larger due to pair interactions between 
patches, making this method time consuming. 

Consequently, although efficient methods for solv- 
ing the Poisson equation exists today, it might be 
of interest to develop an off-grid approach to elec- 
trostatic calculations, that is free from the above 
restrictions. The present work presents a Brownian 
Dynamics (BD) approach that exploits an amusing 
isomorphism between the Poisson equation and the 
time integral of a diffusion equation: The electro- 
static field behaves as if carried by pseudo-particles 
("Poissonons"), whose residence time in a given re- 
gion of space [ 18 ] is proportional to the electrostatic 
potential there. For a spatially variable dielectric co- 
efficient, e ( r ) ,  there are two representations for this 
isomorphism. In the "Fick representation" e(r)  plays 
the role of a spatially variable diffusion coefficient, 
whereas in the "Smoluchowski representation" it is 
an equilibrium distribution for Poissonons moving in 
a field of force [ 19]. The second representation is 
particularly useful near a dielectric interface because 
it admits an analytic solution for planar discontinu- 
ities in the field of force i.e., in e(r) .  This solution is 
used as the fundamental propagator of the short-time 
Brownian motion [20-23] as described below. 

V [e(r)V~b(r)] =-4~rp(r). (1) 

It determines the electrostatic potential, q~(r), gener- 
ated at point r by the charge distribution p(r) .  This 
equation is to be solved subject to the requirement 
that the electrostatic potential, $ ( r ) ,  tends to zero at 
infinity. 

The solution of Eq. ( 1 ) can be also represented by 
the volume (V) integral 

ok(r) = f p(ro)O(r,  ro) dr0, 
v 

(2) 

where the Green function, ~b (r,  r0), satisfies the Pois- 
son equation with a delta-function charge distribution, 
p(r)  = 8(r - to), namely 

V [e(r)V~b(r, r0)] = -41rS(r - ro). (3) 

It therefore suffices to develop the theory for 0 (r ,  r0). 
The central idea of the present exposition is that 

~b (r)  can be written as the time integral of the solution, 
p(r ,  t), for a time-dependent diffusion equation. In 
particular, 0 ( r ,  r0) is the time integral of p(r ,  tlr0), 
the Green function for diffusion. According to the role 
that dielectric permittivity plays in the corresponding 
diffusion equation, we recognize the following two 
representations. 

2.1. The Fick representation 

Here the dielectric permittivity becomes a coordi- 
nate-dependent diffusion coefficient, D( r) =_ , (  r),  
leading to the following Fick equation: 

OpF( r, tlro) 
Ot 

= v [,(r)X7pF(r, tl, 'o)], (4) 

which is to be solved subject to the initial condition 
that 

pF(r, Olro) = 8(r - to) (5) 

2. Electrostat ics  as a diffusion problem 

The fundamental equation of electrostatics in a spa- 
tially varying dielectric medium (dielectric permittiv- 
ity e ( r ) )  is the Poisson equation [24] 

and subject to the requirement that it vanishes as ei- 
ther r or ro tend to infinity. Since e(r)  /> 1, the 
probability density will decay everywhere to zero, 
limt-.oopF(r, tlr0) = 0. Subsequently, the time inte- 
gral ofEq. (4) with the initial condition (5) leads to 
Eq. (3), provided that one identifies 
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O 0  

~l,(r, ro) = 4zr / pv(r, tlro) dt. (6) 
¢ /  

0 

This mathematical isomorphism might be interpreted 
by saying that the electrostatic potential is carried 
by noninteracting pseudo-particles ("Poissonons"), 
which are released at t = 0 from the point charge 
located at r = r0. They execute a random walk 
with diffusivity e(r) ,  ultimately escaping to infinity. 
Their mean residence time [ 18] in the infinitesimal 
volume element surrounding any point r equals to 
the electrostatic potential there. Thus, for a charge 
near a dielectric interface in the Fick representation, 
equi-potentials do not penetrate deeply into the low 
dielectric side because of the low diffusivity of the 
Poissonons there. 

2.2. The Smoluchowski representation 
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for Gauss' law. Denote by V any finite region of space, 
surrounded by a surface S whose normal is n(r). By 
integrating the diffusion equation say, the Fick repre- 
sentation, over the volume element V one obtains an 
equation 

a fv Pv( r, tlro ) dr 
= I n ( r )  • e(r)~TpF(r, tlro) dS, 

~gt J 
s 

(9) 

whose time integral is just Gauss' law. However, 
Eq. (9) admits a simple probabilistic interpretation: 
The Poissonon flux out of the surface S equals its 
population change within the surrounded volume, 
V. Thus, within the framework of diffusion theory, 
Gauss' law is a statement of probability conservation. 
In both representations, flux continuity guaranties 
probability conservation. 

Here the dielectric permittivity plays the role of the 
equilibrium distribution for a coordinate-dependent 
potential, U(r). Thus e x p ( - U ( r ) )  = e(r) ,  where 
U(r) is in units of thermal energy. This leads to the 
following Smoluchowski equation: 

dps(r,t]ro) _ V [e( r )V (ps(r,  tlro) ~ ] 
at \ - ~  )/ j , (7) 

obeying the same initial condition as in F_zl. (5). 
Integrating Eq. (7) again leads to the Poisson equa- 

tion (3), only that now 

OO 

O(r, ro) = ps(r, tlr0) dt. (8) 

0 

The Smoluchowski Poissonons diffuse with a diffu- 
sion coefficient of unity, but they encounter a spa- 
tially varying interaction potential, - l n ~ ( r ) .  Their 
residence time is the electrostatic potential scaled by 
e(r) .  Thus in the Smoluchowski representation the 
electrostatic field lines do not penetrate deep into the 
low dielectric phase because the Poissonons encounter 
a "potential" jump at the dielectric interface. 

2.3. Gauss law 

The isomorphism of electrostatics with diffusion 
theory provides a simple probabilistic interpretation 

3. The Brownian propagator for dielectric 
interfaces 

3.1. General philosophy 

At first sight the mathematical isomorphism offers 
no computational benefit because of the need to solve 
partial (instead of ordinary) differential equations, 
then integrate the solution over time. The benefit of 
the diffusion representation lies in the duality with the 
stochastic trajectory (Langevin) method [19]. The 
probability density can be computed by actually prop- 
agating a large ensemble of Poissonons, then averag- 
ing over the ensemble. Since only their coordinates 
are kept in memory, there is no need to restrict their 
motion by artificial boundaries. 

There are two strategies for running stochastic tra- 
jectories. "Monte Carlo approaches" use the infinites- 
imal propagator on a grid. Thus in the simplest case of 
free diffusion, particles move with equal probabilities 
to neighboring grid points. This method is still tied to 
a spatial grid and small time steps, even for particles 
located far away from an interface. A more sophisti- 
cated strategy is applied in Brownian dynamics (BD) 
[20-23]. Suppose the exact analytic solution for dif- 
fusion was known, then particles could move using a 
random number out of this solution [25]. The time 
step would be unrestricted, the spatial step continuous 
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and the solution (averaged over a sufficiently large 
ensemble) exact. This observation becomes useful in 
cases where a global analytical solution is unavailable, 
yet a local solution can be obtained for a restricted 
time period. This solution may serve as a "Brown- 
ian propagator" for picking random numbers used to 
move particles around. 

The simplest Brownian propagator is a Gaussian 
distribution, 

' ( -x~ ) 
f t ( x ) -  ~ e x p  ~ . (10) 

the solution for "free diffusion". Thus particles remote 
from the interface, propagated with Gaussian random 
numbers [25], could move in large hops instead of 
many infinitesimal steps. This holds because of the 
path-integral property of the diffusional Green func- 
tion 

+ t21r0) = f p ( r 2 ,  t2]rl)p(rl ,  tl Ir0) drl. p(r2,  tl 
L I  

Vl 
(11) 

E+ 

/ 
Fig. l. Plane geometry: a point charge with two semi-infinite 
dielectric media (dielectric permittivities e+ ) delimited by a plane. 
The electrostatic potential at point P due to a charge q is the sum 
of two Coulombic terms: One due to the actual charge and the 
other due to the image charge, q' ,  see Eq. (12a). 

where 

However, in order for a BD algorithm to be useful, 
particles should execute large hops also in the more 
complex regions of interest e.g., near dielectric dis- 
continuities. If one could find an analytic solution for 
diffusion near a planar interface, it might serve as a 
suitable propagator for Poissonons located near inter- 
faces of more general shapes. 

3.2. Electrostatics and diffusion near a planar 
interface 

Suppose an analytic Brownian propagator near a 
planar interface can be found. Its time integral must 
be proportional to the solution of the corresponding 
Poisson equation, Eq. (3),  for the same geometry. Let 
r = (x, y, z ), where x is the coordinate perpendicular 
to the plane. Set the interface at x = 0 and let e(x  < 
O) -- e_,  e (x  > O) -- e+ and xo > 0 (Fig. 1). 
The well known solution for the electrostatic potential 
of a unity point charge located at ro = (xo,Yo, zo) 
as obtained, for example, by the method of images 
is [24] 

~b+ ( r )  e± 

r+ _---- V/(X - Xo) 2 + (y - y0) 2 + (z - zo) 2, 

r _  ~ % / / ( I x l + x 0 ) 2 +  (y--yo)2+(Z --ZO) 2, 

(12b) 

(12c) 
~+ --  ~_  

a ~ - - .  (12d) 
e+ + e_ 

Thus, if the medium at x > 0 has a larger dielectric 
constant than for x < 0 (e+ > e_) ,  a charge atx0 > 0 
would be repelled from the interface whereas a charge 
at x0 < 0 would be attracted to it. 

The fact that the solution of Poisson's equation 
for a planar interface has such a simple form, does 
not imply that the corresponding time-dependent dif- 
fusion equation necessarily shares this property. The 
Fick representation, Eq. (4),  does not seem to ad- 
mit a close-form solution, which is available only as 
a rather complicated integral [26]. In contrast, the 
Smoluchowski representation, Eq. (7),  does admit a 
simple analytic solution, obtained by replacing every 
1/r term in Eq. (12a) by a corresponding Gaussian 
function, Eq. (10). It is easy to check that the density 
function 
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p s ( r ,  tlro) = [ f t ( x  - xo) + a f t ( I x ]  + x0)] 

x f t ( y  - y o ) f t ( z  - zo), (13) 

with f t ( x )  given by Eq. (10), is the solution of 
Eq. (7) fulfilling the required continuity conditions 
across the planar interface for (i) p s ( r ,  t l ro ) / e±  and 
(ii) XTps(r, tlro). It thus has a jump e+/e_  at the 
dividing plane, p s ( r ,  tit0) serves as our Brownian 
propagator near dielectric interfaces. Since it is a prod- 
uct of functions of the three Cartesian coordinates, 
the motion in these three directions is independent. A 
particle makes a Gaussian move in z and in y, and a 
move in the x direction using a random number from 
the function f , ( x  - xo) ± af,(Ixl + x0). The result 
is independent of the moving order. 

4. Illustrative calculations 

(viii) 

(vi) To perform the time integration, the ROI is di- 
vided into bins (small boxes). In the present 
implementation, all bins have the same size. 

(vii) Within the ROI, A t is restricted so that the prob- 
ability of hopping across a whole bin in a sin- 
gle step remains low. Outside the ROI, At can 
increase provided that the probability to reach 
the ROI or the interface in a single hop remains 
small. 
A particle which resides in a given bin for a 
duration At contributes A t / N  to the integral in 
Eq. (8),  N being the total number of particles 
(trajectories). This evaluates the integral up to 
average time, T, for leaving the outer box. 

(ix) The remainder, from T to oo, is evaluated as- 
s u m ~ o n g - t i m e  Gaussian form. Thus we add 
1/x/~'e2T to ~b, e = (e+ + e _  ) /2  for planar dis- 
continuity or e = eout for spherical discontinu- 
ities. 

4.1. The Brownian algorithm 4.2. Two examples 

We have coded a BD algorithm for solving the Pois- 
son equation near interfaces with the following gen- 
eral characteristics: 

(i) Particles are initially placed at the location of the 
point charge and moved with finite time steps, 
At. Each step, At is increased by a constant fac- 
tor (here 1.05) subject to restrictions discussed 
below. 

(ii) A particle is moved from r0 to r using either 
a Gaussian random number from Eq. (10) or 
(close to the interface) by a random number 
from the Brownian propagator, Eq. (13). 

(iii) The interface is surrounded by two virtual lay- 
ers [23] : within the outer layer At is restricted 
to make it improbable to reach the interface in 
one hop. In the inner layer we also switch prop- 
agators. 

(iv) For nonplanar interfaces we use the tangential 
plane perpendicular to the shortest vector from 
r0 to the interface. 

(v) The "region of interest" (ROI), where one 
wishes to obtain the potential, is enclosed within 
a larger box (typically 5 times in diameter) 
from which the probability of return to the ROI 
is negligible. A trajectory is terminated when it 
leaves the outer box. 

We have tested the BD algorithm for two simple 
geometries, for which the Poisson equation admits an 
analytic solution. These involve planar and spherical 
dielectric interfaces with a jump of 10 in e and a point 
charge in the high e side of the interface. The calcula- 
tions have also been performed using a popular finite- 
difference program (DelPhi [8] ), on a 323 grid with 
and without focusing. 

The planar geometry, Fig. 1, is the geometry for 
which our Brownian propagator, Eq. (13), is exact. 
Fig. 2 shows the potential along two cuts through 
the charge, perpendicular and parallel to the plane. In 
the perpendicular direction, the potential has a dis- 
continuity in its slope such that exT~b is continuous. 
The BD calculation (diamonds) yields accurate re- 
sults near the charge and less accurate results further 
away, where the statistics is poorer. Enhanced sam- 
pling techniques could rectify this problem. The finite 
difference calculation (DelPhi) using a single grid 
with zero potential at the boundary of the ROI gave 
poor results (dashed curve). The ROI is not suffi- 
ciently large for this assumption to hold. About 10 
focusing iterations were needed to obtain the more ac- 
curate results (triangles). Although the FDM is about 
100 times faster than the BD calculation shown, the 
need for focusing makes it only 10 times faster (not 
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Fig. 2. The electrostatic potential for a point charge at distance 
d = 0.8 from a planar dielectric interface. The full line is the 
exact analytical solution. Eq. (12a); O: BD simulation with 4500 
stochastic trajectories, 32 x 32 x 32 bins in the ROI shown in 
Fig. 1. Dashed line: computation using the DelPhi package [8] 
for the same grid. A: the same with 10 focusing steps. 

counting the time for manually adjusting the grids). 
The spherical geometry, with an off-center (unity) 

charge inside a dielectric sphere, is depicted in Fig. 3. 
The analytic solution is now given by [24] 

1 (ein -- 8:OUt) 
~ i n ( r )  = - -  + 

~in rt gin 
oo l + 1 air t 

× P/(cos 0) ,  ( 14a) 
/ein + (l + 1)eout R 2t+l 

l=0 

1 (eout -- ein) 
~bout(r) = ~ + 

~out r~ t~out 
oo / a /  

Pl ( COS O ) , (14b) X 
/~:in + (l + 1)~out I"/+1 I--O 

Fig. 3. A point charge inside a dielectric sphere of radius R and 
dielectric permittivity 8in. Outside the sphere the permittivity is 
8Out • 

where a and r are the distances from the sphere center 
to the charge and to the point at which the potential 
is evaluated, respectively. 0 is the angle between the 
two corresponding vectors, r '  = r - a, R is the sphere 
radius and Pt(cos 0) are the Legendre polynomials. 

In the BD approach, we have applied the planar 
Brownian propagator for particles inside the spheri- 
cal shell Ir - RI < 0.1R and free diffusion otherwise. 
The time step near the sphere surface was restricted by 
3 ~  < Ir - RI. Fig. 4 shows that the planar prop- 
agator can generate accurate potentials for nonplanar 
geometries. 

5.  C o n c l u s i o n  

Electrostatics can be described as a diffusion pro- 
cess of  virtual particles whose residence time deter- 
mines the magnitude of  the electrostatic potential. In 
addition to providing a new view point on the Pois- 
son equation, this mathematical isomorphism may be 
turned into a viable numerical algorithm for membrane 
electrostatics. The accuracy of  the method stems from 
a representation in which the corresponding diffusion 
problem admits a simple analytic solution for a pla- 
nar dielectric discontinuity. This solution then serves 
as a Brownian propagator from which random num- 
bers are picked and used to move the particles around. 
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Fig. 4. The computed electrostatic potential of a point charge 
inside a dielectric sphere, Fig. 3. 8in = 1 0 ,  ~-out = I ,  sphere of 
radius R = 1.4 centered at (0.8,0,0). The full line is the exact 
analytical solution, Eq. ( 14a); ~): BD simulation (5700 stochastic 
trajectories, 32 x 32 x 32 bins); A and dashed line: DelPhi 
calculations with and without focusing, respectively. 

The promise o f  the method lies in the elimination of  
(memory  intensive) spatial grids and boundary con- 

ditions. 
The drawback of  BD, like similar Monte Carlo 

algorithms, is its slow convergence that scales like 
the square root of  the number of  stochastic trajec- 
tories. Nevertheless, the replacement of  memory re- 
quirements by CPU demands could actually be han- 
dled efficiently on parallel  machines. Additionally,  a 
small number of  trajectories might be sufficient for 
generating initial guesses for the boundary conditions 
needed in grid methods. The BD method might prove 
useful for calculating other electrostatic attributes. For 
example, a recent BD work simulated the solution of  

a steady-state diffusion equation (with constant e) for 
calculating the capacitance of an arbitrarily shaped 
object [27] .  The method becomes more efficient for 
the calculation of  self-energies, when only local fields 
near a charge are required. The number and length 
of  stochastic trajectories may then be drastically cur- 
tailed. For electrostatic forces [ 11 ] the program could 
average directly the fluxes between every pair  o f  bins. 
In conclusion, we envision BD not as an alternative to 
grid methods in bioelectrostatics but rather as a com- 
plementary approach. 
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