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Abstract

By fitting time-resolved measurements to models of diffusion influenced reactions it is possible to determine only parameters with no
spatial dependence. The original set of distance-dependent parameters is reduced to a set of distance-independent parameters, and only
these can be determined by fitting the model to the data. The present work demonstrates this point for reversible geminate recombination
in one and three dimensions, showing how the reduced set of parameters is found by utilizing dimensional analysis or known analytic
solutions. It is applied to the kinetic detection of proton-wires in the green fluorescent protein.
� 2005 Elsevier B.V. All rights reserved.
1. Introduction

The kinetics of fast bimolecular reactions in solution are
commonly tracked by transient spectroscopy methods
(absorbance, fluorescence), which follow the evolution of
the total population of one of the chemical species with
time (t). When the reaction is fast, the role of diffusion is
pivotal, hence such data are typically fitted to the solution
of an appropriate model for the diffusion influenced reac-
tion under consideration [1,2]. To achieve the fit, the
molecular parameters of the model need to be adjusted.
In recent years there is interest in the question whether
all of the molecular parameters can be (reliably) recovered
from such fits [3–5]. The above-mentioned studies consid-
ered fitting the Smoluchowski theory [6,7] to fluorescence
quenching data. In this case it is possible to recover all of
the physical parameters with difficulties which are technical
in nature. The present communication explains why for
geminate recombination this is in principle impossible.

The difficulty lies in the fact that the spectroscopic meth-
ods track only the time course of the population of some
chemical species, P(t), and not the probability density,
p(r,t), of the reacting partners as a function of their separa-
0009-2614/$ - see front matter � 2005 Elsevier B.V. All rights reserved.

doi:10.1016/j.cplett.2005.10.058

* Fax: +972 2 6513742.
E-mail address: agmon@fh.huji.ac.il.
tion r. Such measurements contain no spatial information,
and thus cannot determine any of the distance dependent
parameter (e.g., the diffusion constant, D, the association
rate constant, ka). These must be supplied by another mea-
surement. In fluorescence quenching the quencher concen-
tration is evidently determined when the solution is
prepared, and it provides a distance scale. Geminate
recombination of isolated pairs corresponds to the limit
of vanishing concentrations, so there is no distance scale
outside the microscopic parameters that one hopes to
determine from the kinetic fit. In this case one can recover
only a reduced set of r-independent parameters. We dem-
onstrate how this set is determined in the case of reversible
geminate recombination.

The field of diffusion-influenced reactions in solution has
traditionally dealt with irreversible reactions [1], but in the
last two decades the treatment has been expanded to deal
with reversible reactions, such as

C �! �kd
ka

Aþ B. ð1Þ

In this scheme, an isolated parent molecule, C, dissociates
with a rate constant kd. The products, B and C, diffuse with
a relative diffusion constant, D, or (re)associate with a rate
constant ka following their collision at a critical distance,
r = a. Thus the physical parameters defining the system
are D, kd, ka and a (except in one-dimension, where a ” 0).
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The simplest diffusion model for this problem assumes
spherical symmetry and the �back-reaction� boundary
condition [8] at r = a. It has first been solved in in
one-dimension [8], and subsequently the kinetics of more
complicated reaction schemes were solved both in one
[9–11] and three [12–17] dimensions. Yet the general case
with an interaction potential requires a numerical solu-
tion [18,19]. A user-friendly Windows application has
been developed for this purpose [20]. In the numerical
program one inserts values for all of the physical param-
eters. With a good choice an agreement with experiment
can be achieved, and this may create the false impres-
sion that the parameter recovery problem has been
solved.

Correcting this impression is important, because the dif-
fusion model for reversible geminate recombination is rou-
tinely applied in experimental studies, particularly of
excited-state proton transfer (ESPT) [21]. The three-dimen-
sional version of the model [18] successfully describes solu-
tion-phase ESPT under a variety of conditions [21], e.g.
with added salt, acid, proton scavenger; in binary solvent
mixtures, and inside reverse micelles [22]. In these cases
the physical parameters were usually recovered, simply
because the diffusion constant was introduced from an
external source. Without this added information, the
recovery problem would not yield a unique solution.

Recently it was found that one dimensional diffusion
describes ESPT within the green fluorescent protein
(GFP), and this was ascribed to proton migration along
a specific hydrogen-bond network (�proton wire�) [23].
Since the diffusion constant for a proton along a proton-
wire is unknown, the recovery problem could not be solved
(to yield D or ka), despite the excellent fits to the experi-
mental data. Rather, one obtains only the reduced param-
eter set from these fits. The present communication
discusses the recovery problem for the simplest examples
of reversible geminate recombination in one and three
dimensions, showing how the reduced parameter set is
found in each case.

2. Theory

2.1. The diffusion model

The mathematical depiction of the diffusion model for
reversible geminate recombination utilizes the d-dimen-
sional spherically symmetric Smoluchowski Eq. (1)

opðr; tÞ
ot

¼ Dr1�d
o

or
rd�1e�V ðrÞ

o

or
eV ðrÞpðr; tÞ ð2Þ

for the probability density, p(r,t), of the geminate pair
(A–B) to be separated by a distance r P a at time t. Here
V(r) is the A–B interaction potential in units of the ther-
mal energy, kBT, and D is the diffusion coefficient for the
relative A–B distance, which is assumed to be r-indepen-
dent. Without loss of generality, when d = 1 one may set
a = 0.
Experimentally, it is not possible to determine p(r,t), but
only the population of the C-state (its normalized concen-
tration), obtainable by integration:

P ðtÞ ¼ 1� cd

Z 1

a
pðr; tÞrd�1 dr. ð3Þ

Here cd = 1, 2p and 4p for d = 1, 2 and 3, respectively. This
�binding probability� is expected to obey a kinetic equation

dP ðtÞ=dt ¼ kapða; tÞ � kdPðtÞ ð4Þ
with the association reaction occurring only for A–B pairs
at the contact distance a.

This kinetic equation is equivalent to the �back-reaction�
boundary condition [8] for p(r,t) at r = a:

cda
d�1De�V ðaÞ

o

or
eV ðrÞpðr; tÞjr¼a ¼ kapða; tÞ � kdP ðtÞ. ð5Þ

Indeed, by integrating Eq. (2) over r, inserting Eq. (4) and
assuming zero flux at infinity, one obtains the boundary
condition of Eq. (5). It is supplemented by an initial condi-
tion. For simplicity, we consider an initially bound pair

P ð0Þ ¼ 1; pðr; 0Þ ¼ 0. ð6Þ
We note that this model can be applied as is to a reaction
occurring in the excited-state, provided that the decay rate
constants of C and A + B are identical, k0. The probability
of observing the excited C molecule, P 0(t), will then be gi-
ven by

P 0ðtÞ ¼ P ðtÞ expð�k0tÞ. ð7Þ
It thus suffices to consider the ground-state reaction in this
case. Alternately, when there are two different excited-state
rate constants, k00 6¼ k0, the unimolecular decay terms,
k00pðr; tÞ and k0P(t), have to be included explicitly in Eqs.
(2) and (4), respectively. This more difficult problem has
been treated in detail elsewhere [15–17].
2.2. Dimensional analysis

It is instructive to begin the discussion of the above
equations by a dimensional analysis. First, one may easily
find the units of the parameters D, kd and ka. From Eq. (2),
D has units of r2/t irrespective of d. Since P(t) is a pure
number, Eq. (3) implies that p(r,t), has units of r�d. Finally,
Eq. (4) implies that kd has units of 1/t whereas ka has units
of rd/t. With this in mind, we rewrite the equations using r-
independent quantities.

One dimension.When d = 1, the contact distance a drops
out of the equations because, without loss of generality, the
boundary may be shifted to the origin. Hence the model
involves only two r-dependent parameters, D and ka.
Therefore j � ka=

ffiffiffiffi
D
p

is the unique combination of these
two parameters that is independent of r. The reduced
parameter set is then kd and j.

We can now scale the dependent and independent vari-
ables, r and p(r,t), by either

ffiffiffiffi
D
p

or ka. Suppose we scale
both by

ffiffiffiffi
D
p

to obtain the r-independent quantities
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q � r=
ffiffiffiffi
D
p

and pðq; tÞ �
ffiffiffiffi
D
p

pðq; tÞ, then the above equa-
tions become:

opðq; tÞ
ot

¼ o

oq
e�V ðqÞ

o

oq
eV ðqÞpðq; tÞ; ð8aÞ

o

oq
eV ðqÞpðq; tÞjq¼0 ¼ jpð0; tÞ � kdP ðtÞ ¼

dP ðtÞ
dt

. ð8bÞ

Alternately, we may scale both variables by ka to obtain the
r-independent quantities q ” r/ka and p(q,t) ” ka p(q,t),
then the above equations become:

j2 @pðq; tÞ
@t

¼ o

oq
e�V ðqÞ

o

oq
eV ðqÞpðq; tÞ; ð9aÞ

1

j2

o

oq
eV ðqÞpðq; tÞjq¼0 ¼ pð0; tÞ � kdP ðtÞ ¼

dP ðtÞ
dt

. ð9bÞ

It is left as an exercise to the reader to scale one variable byffiffiffiffi
D
p

and the other by ka. Either way, there are only two
parameters in this set of equations, kd and j, irrespective
of the interaction potential. Unless one measures the com-
plete density profile, p(r,t), it is impossible to extract D and
ka from the time course of P(t).

Three dimensions. When d = 3 there are three r-depen-
dent parameters in our equations: D, ka and a. By measur-
ing P(t), we will be able to determine only two
dimensionless combinations of these three. However, from
a dimensional analysis we cannot say which two, because
there are many possible combinations. Thus we recourse
to analytic solutions.

2.3. Analytic solution

The equations admit an analytic solution for V(r) ” 0 (or
for a linear potential in one dimension). It is amusing that
all the known solutions [8–14] may be written compactly as

P ðtÞ ¼ �
X3

i¼1

kiðkj þ kkÞ
ðkj � kiÞðkk � kiÞ

Xðki
ffiffi
t
p
Þ; ð10Þ

where the function X(z) is defined by

XðzÞ � expðz2ÞerfcðzÞ; ð11Þ

and erfc(z) is the complementary error function of a com-
plex variable, z. In this notation, i 6¼ j 6¼ k are the three
integers 1, 2 and 3. The �ki are three roots of a cubic poly-
nomial, and the different cases treated in the literature [8–
14] differ only in the way the ki connect with the physical
parameters of the problem at hand.

One dimension. This is a degenerate case for which
k3 = 0 in Eq. (10), and hence [8]

P ðtÞ ¼ 1

k2 � k1
½k2Xðk1

ffiffi
t
p
Þ � k1Xðk2

ffiffi
t
p
Þ�; ð12Þ

where the two roots are [8,9]

2ki ¼ jþ ð�1Þi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 � 4kd

p
. ð13Þ
Note that these two roots are complex conjugate, k2 ¼ �k1.
However, since erfcð�zÞ ¼ erfcðzÞ, hence Xð�zÞ ¼ XðzÞ, it fol-
lows that P(t) is real:

PðtÞ ¼ Im½k2Xðk1
ffiffi
t
p
Þ�

Imðk2Þ
; ð14Þ

where Im(z) is the imaginary part of z. The product and
sum of the ki are

k1k2 ¼ kd; k1 þ k2 ¼ j; ð15Þ
and this agrees with our dimensional analysis above: The
function P(t) contains information only on kd and
j ¼ ka=

ffiffiffiffi
D
p

.
The asymptotic long-time solution, in the regime that

jarg(ki)j < 3p/4, can be obtained from that of X(z) [24], as
[19]

PðtÞ � j

kd
ffiffiffiffiffi
pt
p . ð16Þ

It is interesting to note that in going to this asymptotic
behavior we lose yet one more independent parameter.
The result depends only on the ratio, j/kd, of the two (re-
duced) parameters.

Three dimensions. In this case the solution is given by
Eq. (10) [cf. Eq. (3.13) in [12] and Eq. (24) in [14]], and
the three roots satisfy the following three identities:

k1k2 þ k2k3 þ k3k1 ¼ kd;

k1 þ k2 þ k3 ¼ ð1þ ka=kDÞ=
ffiffiffi
s
p

;

k1k2k3 ¼ kd=
ffiffiffi
s
p

; ð17Þ

where the diffusion-control rate-constant and time-con-
stant are defined by

kD � 4pDa; s � a2=D. ð18Þ

Of these three roots, one is real and two are complex con-
jugate. Nevertheless, P(t) is real as it should be. From the
three ki it is possible to determine kd, s and ka/kD, but it
is impossible to determine D, a or ka independently. How-
ever, if one of these is known from an external source, the
other two follow.

When the interaction potential does not vanish there is
no analytic solution, so we cannot determine the parame-
ters in the reduced set. Approximately one may expect
the same set as above, but with kaexp[�V(a)] replacing ka
and an effective radius instead of a [6].

3. Example: proton-wires in GFP

As an experimental example for the one-dimensional
solution in Eq. (12), we consider ESPT in GFP. This rigid
protein has found extensive biotechnological applications,
because its fluorescence arises from an internally synthe-
sized chromophore, so that no prosthetic group is required
[25]. This chromophore (state C) ejects a proton when
photoexcited, leaving behind a bright green anion (state
A + B). At long-times, it decays exponentially with a rate
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constant k0, which is assumed to equal to that of the acidic
state, C. Time-resolved fluorescence [23] at the acidic-form
frequency, P 0(t), was multiplied by exp(k0t) and depicted in
Fig. 1 as gray circles.

The full line shows that an excellent fit is obtained to Eq.
(12) upon varying only two parameters, kd and j ¼ ka=

ffiffiffiffi
D
p

.
There are less adjustable parameters here than in a bi-expo-
nential fit, yet the solution agrees with the data on all time-
scales: from the initial rise to the final t�1/2 power-law
decay. This is a rather convincing evidence that the proton
ejected from the GFP chromophore is executing one-
dimensional motion, most likely along an extended
proton-wire within this protein. Indeed, well-formed
proton-wires were recently identified [26] from the X-ray
structure of GFP.
Fig. 1. Time-resolved emission from wt-GFP in a 30% (v/v) glycerol-
water solution at 147 K, after correcting for the excited-state decay using
k0 = 0.34 ns�1 (gray circles). Excitation was at 390 nm and detection at
450 nm (acid-form emission peak) using a time-correlated single photon
counting detection system. k0 was determined independently from the
anionic fluorescence decay at 510 nm. Line is the solution to Eq. (12) with
kd = 28 ns�1 and j = 2.4 ns�1/2, after convoluting with the (measured)
instrument response function. Upper panel shows the result on a linear
scale at short times, whereas the lower panel shows the long-time behavior
on a log–log plot. Dash–dot line is the asymptotic behavior in Eq. (16).
Adapted from [23].
4. Conclusion

For fast chemical reactions in solution the coupling
between the diffusive transport of the reactants and their
reaction is essential. Nevertheless, transient spectroscopy
does not yield sufficient information for an independent
determination of all the physical parameters. Specifically,
the distance-dependent parameters are replaced by a
reduced set of distance independent parameters, which
can be recovered from the transient data.

In the present communication this point has been dem-
onstrated by reversible geminate recombination in one- and
three-dimensions. Irreversible geminate-recombination is
discussed in Appendix. It was shown that when the model
contains only two r-dependent parameters (the d = 1 case),
they are replaced uniquely by a single parameter following
simple dimensional arguments. When there are more than
two such parameters in the model (the d = 3 case), one can-
not find the appropriate reduced parameter set from a
dimensional analysis. In this case one needs to actually
solve the differential equations analytically, which is possi-
ble only in the absence of an interaction potential.

In three dimensions the contact radius, a, is one of the
physical parameters. It is roughly the sum of the radii of
molecules A and B. Thus by adopting a reasonable number
for it, the other physical parameters can be resolved. This
property is not shared by the one-dimensional problem,
which is devoid of the distance-scale a. In addition, the dif-
fusion constant in bulk solvents is known from other
sources more readily than for one-dimensional structures
such as �proton wires�. Separating out D and ka in these
cases can become a real problem.

On the other hand, comparison with experiment benefits
from the fact that there are less adjustable parameters, ren-
dering agreement with the functional form in Eq. (10) or
(12) more conclusive. For example, only two parameters
determine the non-exponential kinetics for one-dimensional
systems. In comparison, a bi-exponential contains three
adjustable parameters (and cannot reproduce the power-
law tail). In fitting data to the numerical solution of this
equation, it is advantageous to switch first to Eqs. (8) or
(9), which require to explore the effect of only two adjust-
able parameters. The solution exhibits distinctive diffusive
features in its power law tail, and thus a good fit can serve
as convincing evidence for an underlying diffusive mecha-
nism, such as the example of ESPT kinetics in GFP at
low temperatures. It also provides the most accurate route
to the determination of the dissociation constant, kd.

The question remains, how to find the reduced family of
independent parameters in the presence of an interaction
potential or, more generally, in cases where no analytic
solution exists. As demonstrated herein, knowledge of the
reduced parameters defines the information content of
the data and allows for more efficient fitting of the numer-
ical solution to the data at hand. Thus the general treat-
ment of the parameter reduction problem may be worthy
of further consideration.
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Appendix. Irreversible geminate recombination

Here we discuss the analytic solution for irreversible
geminate recombination in three dimensions without inter-
actions, showing that it follows the same principles. The
diffusion equation to be solved is

opðr; tÞ
ot

¼ D r�2
o

or
r2

o

or
pðr; tÞ; r P a; ð19Þ

with the boundary and initial conditions:

pða; tÞ ¼ 0; pðr; 0Þ ¼ dðr � r0Þ=ð4pa2Þ. ð20Þ
The absorbing boundary describes an infinitely fast recom-
bination reaction occurring once A–B reach r = a. The ini-
tial distribution depicts A and B pairs separated, initially,
to a distance r0. The well-known solution for the recom-
bined fraction is [1]:

P ðtÞ ¼ a
r0
erfc

r0 � affiffiffiffiffiffiffiffi
4Dt
p

� �
; ð21Þ

where P(t) is defined by the integral in Eq. (3). This prob-
lem has three distance-dependent parameters, D, a and r0,
but the integrated solution depends on only two distance-
independent combinations of these three.
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