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The residence time of a diffusing particle in a prescribed spatial region recently finds an increasing num-
ber of applications in physics and chemistry. A partial differential equation for the residence time
moments is derived, as a generalization of the ordinary differential equation for the first passage time
moments. When one seeks to calculate only the mean residence time and not its full distribution, this
‘‘residence time equation” constitutes a significant simplification over the conventional Feynman–Kac
approach. We demonstrate this for a ball in d-dimensional space with an infinite observation time.
The present approach may be useful also for other Brownian functionals.

� 2010 Elsevier B.V. All rights reserved.
How much time (s) does a random walker spend in a prescribed
volume V in space, when monitored up to time t? This ‘‘occupation
time” is a fundamental quantity in the mathematical theory of ran-
dom walks [1–9] since the early work of Lévy [1]. After its intro-
duction into the physical literature, under the name of ‘‘residence
time” (RT) [10], there has been growing interest in its application
for various problems: ‘‘normal” diffusion [11–17], anomalous dif-
fusion, diffusion on networks, spin glasses and quantum dots [2].
One reason for the recent enhanced activity is the development
of single-molecule spectroscopy [18]. Consider, for example, a sin-
gle fluorescent particle diffusing under the objective of a confocal
microscope [19]. Every time it enters the focus of the laser beam
it is excited and emits photons. Thus the total number of emitted
photons is proportional to hsi, the mean residence time (MRT) of
the molecule in the cross-section of the laser beam.

The conventional route for calculating the MRT employs the
Feynman–Kac formula, involving a partial differential equation
(PDE) for the double-Laplace transform (LT) of the RT density as
a function of s, t, and r – the initial location of the particle [2]. This
route may be tedious, particularly if one is interested only in the
moments. The RT, in turn, may be considered as a generalization
of the first passage time (FPT). The latter is the time until the first
exit from a prescribed domain, whereas the RT encompasses
multiple exits and re-entry events. This is analogous to the gener-
alization of an irreversible reaction to a reversible diffusion-influ-
enced reaction [20]. For the FPT, there is a well-known ordinary
differential equation for calculating its moments [21–23], which
has found numerous applications [24,25]. An analogous equation
for the RT moments would be as fundamental as the FPT equation,
generalizing it to the case of multiple exits from (and re-entries
into) the domain V. Here we derive the appropriate PDE (in both
ll rights reserved.
t and r) for the RT moments, showing how it reduces to the known
FPT equation.

Denote by FsðtjrÞ the probability density for RT s within V, for
trajectories started at r 2 Rd (the d-dimensional Euclidean space)
and monitored for a duration t. Evidently, it is normalized so thatR t

0 FsðtjrÞds ¼ 1. This is the zeroth RT moment. Its n’th moment is
given by

hsn
V ðtjrÞi ¼

Z t

0
FsðtjrÞsn ds; ð1Þ

where h�i denotes averaging over an ensemble of random trajecto-
ries. Two such trajectories are depicted schematically in Figure 1:
One starting inside V and another starting outside it. Define the
LT of FsðtjrÞ with respect to s by SkðtjrÞ �

R t
0 FsðtjrÞ expð�ksÞds, not-

ing that the upper limits may be replaced by1, because FsðtjrÞ ¼ 0
for s > t. As t ! 0 also s ? 0, and the last integral tends to the nor-
malization condition, so that Skð0jrÞ ¼ 1 ¼ S0ðt j rÞ.

The n’th RT moment is now given by [11]

hsn
V ðtjrÞi ¼ ð�1Þn @nSkðtjrÞ

@kn

� �
k¼0
: ð2Þ

Kac has shown [3] that SkðtjrÞ is the survival probability for diffu-
sion with a uniform depletion rate constant, k, within the domain
V (see also Refs. [2,6–9]):

@SkðtjrÞ
@t

¼ ½DDd � kHV ðrÞ�SkðtjrÞ; ð3Þ

where Dd is the d-dimensional Laplacian in the initial variable r, and
HV ðrÞ �

R
V dðr0 � rÞdr0 is the characteristic function of the domain V,

which equals 1 if r 2 V and 0 otherwise [dðzÞ is the Dirac delta func-
tion]. Combining Eqs. (2) and (3) yields a PDE for the n’th RT
moment:

@hsn
V ðtjrÞi
@t

¼ DDdhsn
V ðtjrÞi þ nHV ðrÞhsn�1

V ðtjrÞi: ð4Þ
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Figure 1. A schematic depiction of two random trajectories monitored up to some
time t, which have a finite residence time within the domain V. One trajectory
(green) starts inside V, exits and enters several times and eventually escapes to
infinity (arrow). Another starts outside V (red), and then continues in a similar
fashion. For each of the two starting points, r, a different PDE is solved (indicated),
and then the solution and its derivative are matched on the surface of V. (For
interpretation of the references in color in this figure legend, the reader is referred
to the web version of this article.)
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Its initial condition is hsn
V ð0jrÞi ¼ 0. It is solved iteratively, starting

from n = 1 and using hs0
V ðt j rÞi ¼ 1. One solves the equation sepa-

rately inside and outside V (see Fig. 1), and then the solutions and
their spatial derivative are matched on its surface, @V .

This ‘‘residence time equation” (RTE) is a central result of the
present communication. Its derivation is simple, once one is aware
of its existence. Remarkably, it has been overlooked apparently by
all contributors to this field, although the simpler equation for the
FPT moments does play a pivotal role in the literature [21–25].
Here the focus has traditionally been on the Feynman–Kac equa-
tion for the full distribution. Of course, once the distribution is
known, one can obtain the moments from it, but the equation to
be solved is usually more complicated (see below). Hence, the
RTE becomes useful in cases (such as the single-molecule diffusion
discussed above) when only the moments are required (and partic-
ularly, when focussing only on the first moment).

Moreover, the Feynman–Kac equation (3) can be avoided alto-
gether in the derivation of Eq. (4), by starting from the probability
density, pðr0; tjrÞ, for a particle initially at r to be at r0 by time t. It is
the Green’s function for the corresponding diffusion equation in r0

and of Kolmogorov’s ‘‘backward diffusion equation” in r:

@pðr0; tjrÞ
@t

¼ DDdpðr0; tjrÞ; ð5Þ

with the initial condition pðr0; tjrÞ ¼ dðr0 � rÞ. For example, the MRT
within V # Rd is then defined as [10]

hsV ðtjrÞi �
Z

V
dr0
Z t

0
pðr0; t0jrÞdt0: ð6Þ

In the above expression, the infinitesimal RT dt is averaged with re-
spect to the probability of residing in V between t and t þ dt, which
is
R

V pðr0; tjrÞdr0 ¼ @hsV ðtjrÞi=@t. Thus, when pðr0; tjrÞ is known, the
calculation of the MRT is a problem in integration. However, one
can perform the integrations on Eq. (5) first, to obtain a PDE for
the MRT:
@hsV ðtjrÞi
@t

¼ DDdhsV ðtjrÞi þHV ðrÞ: ð7Þ

This is identical to Eq. (4) for n ¼ 1.
As t !1, the RT moments diverge if the random walk is recur-

rent (finite diffusion space, or an infinite space of dimensionality
d 6 2). However, when the walk is transient, the particle spends
only finite time within V before wandering away. In such cases
hsn

V ð1jrÞi <1 and @hsn
V ðtjrÞi=@t ! 0 as t !1. This means that

for r R V the RT moments at t ¼ 1 obey the Laplace equation
Ddhsn

V ð1jrÞi ¼ 0. For r 2 V , they are obtainable recursively from:

DDdhsn
V ð1jrÞi ¼ �nhsn�1

V ð1jrÞi: ð8Þ

This is isomorphic with the well-known equation for the FPT mo-
ments (e.g., Eq. (46) in Ref. [21], Eq. (3.2.18) in Ref. [22] or Eq.
(8.15) in Ref. [23]), when an absorbing boundary condition is im-
posed at @V . In contrast, the RT solution is matched on @V with
the non-zero solution of Laplace’s equation outside V. Thus FPT
can be viewed as a special case of the RT problem in which not only
the observation time is infinite, but also the solution outside V is
zero.

The RTE can be solved analytically for cases of spherical symme-
try, when one of the following explicit forms for the spherically
symmetric Laplacian should is adopted

Dd ¼ r1�d @

@r
rd�1 @

@r
ð9aÞ

¼ r1�d=2 @2

@r2 þ
1
r
@

@r
� 1

r2 1� d
2

� �2
" #

rd=2�1: ð9bÞ

Here r � jrj is the norm of the vector r. In particular, Eq. (7) then
provides a convenient direct route for obtaining the MRT.

As a demonstration of the utility of Eq. (4), we obtain the first
two moments of the RT within a ball Bd of radius R (centered on
the origin of Rd) for an infinite observation time. These moments
are expected to be finite when d > 2. The case d ¼ 3 has been pre-
viously calculated [11] starting from Eq. (3) with the spherically
symmetric Laplacian of Eq. (9a). It was first solved for t !1 in
terms of Euler polynomials, and then differentiated to obtain the
moments. Most of these tedious manipulations can now be
avoided.

The Laplace equation [with the Laplacian of Eq. (9a)] is first
solved outside Bd. Only its non-constant solution obeys the bound-
ary condition at infinity, hsn

V ð1 j rÞi ! 0 as r !1 (and, unlike the
FPT with instant trapping outside Bd, it cannot be zero for all r � R).
Hence when r P R, hsn

Bd
ð1jrÞi ¼ Anr2�d, where An is a non-zero con-

stant to be determined from the continuity conditions. For r 6 R
we perform double integration in Eq. (8): first from 0 (where the
first derivative vanishes) to r, then from r to R (where
hsn

Bd
ð1jRÞi ¼ AnR2�d). For the first two moments this gives

2D sBd
ð1jrÞ

� �
¼ R2

d� 2
� r2

d
; ð10aÞ

2dD2 s2
Bd
ð1jrÞ

D E
� sBd

ð1jrÞ
� �2

� 	
¼ R4

ðd� 2Þ2
� r4

dðdþ 2Þ ; ð10bÞ

whereas for r P R the solution reads

D sBd
ð1jrÞ

� �
¼ 1

dðd� 2Þ
R
r

� �d

r2; ð11aÞ

D2 s2
Bd
ð1jrÞ

D E
¼ 4

dðdþ 2Þðd� 2Þ2
R
r

� �ðdþ2Þ

r4: ð11bÞ

For d ¼ 3 these results reduce to Eq. (3.16) in Ref. [11]. The present
solution is not only more direct but, since it is valid for any d > 2,
the nature of the divergence as d! 2þ is explicitly revealed.
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It is interesting to compare Eqs. (10) with the mean and vari-
ance of the FPT obtained by solving Eq. (8) for r � R with an absorb-
ing boundary at r ¼ R. Elementary integrations give ðR2 � r2Þ=ð2DdÞ
and ðR4 � r4Þ=½2ðDdÞ2ðdþ 2Þ�, respectively. This solution is obtain-
able from Eqs. (10) by a ‘‘dimensional mapping” of the terms
involving Rm: d� 2! d and ðd� 2Þ2 ! dðdþ 2Þ. Thus, the FPT mo-
ments are always smaller than the corresponding RT moments [as
expected for a process stopped at the first crossing of r ¼ R], and
they do not diverge for any d > 0.

In conclusion, we have derived a PDE for the RT moments,
which allows to circumvent the more involved Feynman–Kac ap-
proach. We have demonstrated how this could facilitate RT mo-
ment calculations in one simple example. As RT problems
emerge in various areas in the natural sciences and beyond, such
as the single-particle diffusion discussed above, the more pedes-
trian RTE approach could pave the road for more extensive applica-
tions to experiment. The equation may be generalized to abnormal
diffusion as well as to other Brownian functionals [2] by replacing
HðrÞ with the relevant (positive) function of r.
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