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A variational principle where the Lagrange multipliers of a trial distribution are used as variational parameters is discussed 
as an efficient. practical route to the determination of the distribution of maximal entropy. 

1. Introduction 

The determination of a probability distribution of 
maximal entropy is of interest in many areas of physics 
and chemistry [ 141. The required maximum is typi- 

cally subject to stibsidiary conditions (“constraints”) 
on the distribution. The solution of the constrained 
maximum problem is traditionally formulated using 
the Lagrange multipiiers procedure [ 1,2.4]. One is 

then faced with the need tr, solve implicit, non-linear, 
equations in order to determine the numerical value 
of the Lagrange multipliers. Whenever more than two 
constraints need be imposed, the numerical problem 
is non-trivial. 

It was recently pointed out [5] that the distribu- 
tion of maximal eutropy cm be obtained as the solu- 
tion of an alternative variational problem (“the priu- 
ciple of least dissipation” [S]). In contrast to the meth- 
od of Lagrange multipliers where the probabilities them- 
selves are varied, it is the (far fewer) Lagrange multi- 
pliers that are subject to variation in the alternative ap- 
proach** _ This letter points out that the variational 
principie using the Lagrange muitipliers as variational 
parameters offers a practical and efficient computa- 

* Work supported by the US-rsrael Binational Science Foun- 
dation, BNSF. Jerusalem, Israel. 

** In ref. [.5] is was pointed out that one can also regard the 
magnitudes of the constraints as variational parameters. In 
this letter we confine ourselves to the problem of determin- 
ing the distribution forgiven magnitudes of the constraints. 

tional procedure for the determination of the distribu- 
tion of maximal entropy. 

The key element of the discussion is the demon- 
stration that the “work function”, W [5] is au every- 
where concave function of the Lagrange variational 

parameters with a unique minimum for the set of 
Lagrange multipliers which correspond to the distri- 
bution of maximal entropy_ Starting with any initial 
guess for the Lagrange parameters the concavity of W 

ensures a rapid convergence of an iteration procedure 
for the location of the minimum. A computer program 
(with flow charts) is available from the authors upon 
:equest [6]. 

In order to simplify and motivate the theoretical 
discussion we shall present it as a route to obtaining 
au upper bound on the entropy of the distribution of 
maximal entropy. An extension of the theory to quan- 
tal density operators will be published elsewhere [7] _ 

2. Theory 

We seek a probability distribution (i.e. a set {pi) 

i= 1 , . . . . N of non-negative? numbers that sum to unity) 
whose entropy S [p] , 

S[p] =-Cpi~pi 
i 

L 

1 In practice, we demand that pi > 0, because it is not possi- 
ble to express a zero probability by the maximal entr&py 
form (5). 
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is maximal subject to given magnitudes of one or more 
constraints 

CA,) = cpiA,(i), I-= 1, ___,M, M<N- 1 _ (3 
i 

Here A,.(i) is the magnitude of the constraint A, in the 
state i. Given the magnitude of the constraints (CA,), 
<A, 1, etc.) it does not necessarily follow that there 
exists* any probability distribution that is consistent 
with the constraints, i.e. that satisfies (2) for r = 1,2, 
etc. If only one constraint is imposed then it is fairly 
obvious that such a distribution exists if and only if 

min {A(i)} < <A ) < max {A(i)) _ (3) 

Here min{A(i)) is the minimal magnitude that A(i) 
does assume and similarly for max{A(i)) _ The corre- 
sponding result when several constraints are imposed 
is obtained below (eq. (25)). 

We shall reserve the letter 4 to denote any distribu- 
tion consistent -with the constraints. For any such dis- 
tribution CSi), 

(A,) = CqiAJi), r = 1, _.., M , (4) 
i 

where the magnitudes (A,> are the same in (4) and (2). 
The particular (unique [1,2], see below) distribution 
which is of maximal entropy among all distributions 
consistent with the constraints will be denoted by p_ 

To determine the distribution of maxima! entropy 
we introduce a trial distribution of the form 

(5) 

the number (M) of variational (T for trial) parameters 
XT _._ AT is the number of constraints that are im- 
plied ofke distribution (cf. (2)). The parameter g 
is a function of the other M variational parameters as 
is evident from the condition 

’ Often, the nature of the problem will ensure that such a dis- 
m%ution exists. This will be the case, for example, when the 
L4Js are computed as averages over an experimental distri- 
bution. When the magnitude of the constraints is obtained 
from a variety of different considerations one can encounter 
a set of magnitudes of constraints for which no distribution 
exists [8]. 

that the distribution is normalized. 
From the ubiquitous identity [4] 

(7) 

with equality if and only if qi cp: we conclude that 

S[q] = - cqilnqi =G - CQnp~ 
i i 

In particular, for the distribution {pi3 of maximal en- 

tropy 
M 

For any set of M trial parameters, AT, . . . A&, (8) pro- 
vides an upper bound on the entropy of the distribu- 
tion of maximal entropy. An alternative way to write 

this bound is as 
M 

\ I 

with equality if and only if pi E PT. FV can also be con- 
sidered as a measure of how closely the trial distribu- 
tion pi’ approximates the distribution pi [9,10]. 

IV= Cpih(pilp~j=-S[p]+h;+C q(A,G=O, 
i r=l c91 

The stationary point of FV is determined by the con- 
ditions 

arvlax;f = 0, r = 1,2, ___, M _ (13) 

From (9) these conditions are equivalent to 

-ax;f/a%T =(A,), r= 1,2, ._., M. (11) 

The latter are the well known [ 1,2,4] conditions of 
the Lagrange multipliers method which ensure that the 
distribution pT of the functional form (5) be consis- 
tent with the magnitudes of the constraints*_ In &he 
next section we verify that the conditions (11) specify 
the unique minimum of the function W. 

At the minimum of W, p: E pi_ The distribution of 
maximal entropy (subject to constraints) is thus of the 
form (5) with the Lagrange multipliers determined as 
the particular set A,, ___, AM for which W is minimal. 

The discussion in this section assumed that in the 
absence of constraints the distribution of maximal en- 

* This interpretation of (11) can be readily verified by differ- 
entiating both sides of (6) with respect to A: (cf. (14) below). 
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tropy (the so-called “prior” distribution) is uniform for the average value in-d&ted in the previous line. 

(Pi= constant 111 I)_ When this is not the case one simply We now need to prove that-for linearly independent 

need to replace (5) by constraints the matrix M, 

l-iere $ is the prior distribution. With this modifica- 
tion the definition of W, eq. (9) remains unchanged 
[5], except that S[p] need be replaced by DS [p] , 
the entropy deficiency, 

m[P] = CPiNpi/P~)-, (13) 
i 

and the formalism provides a lower bound on the en- 
tropy deficiency, 

M 

3_ The concavity of W 

We now prove that for any set offi tria1 parame- 
ters AT, ___ fif, XT W is a concave function. When the con- 
straints are linearly independent, FV is strictly concave. 
it follows that the minimal vaIue of W is unique. 

it is convenient to define L4,>T as the magnitude 
of the constraint A, for the trial distribution 1~:) . 
Using (5) 

(A,)= = ?$A$) 

A direct computation of ajv/aq using (9) and (14) 
provides 

aw(aAT= (A,_) -<A,)= (:5) 

and 

a2wfahTahT=-aL.4 r s r 9faxT =-au s s )T/axT r 

= c$ [A,(i) - (A,>T] [A,(i) - <A,)=] (16) 
i 

= <(A, - (L~,)~)(A, - L4s)T)lT . 

Here the last line of (16) is just a shorthand notation 
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(17) 

is positive defiiite, i.e. that for any column vectorx _ 
(x # O), xtMx> 0. To do so we introduce B,(i) by 
B,(i) = A,(i) - (A,jT and note that M,, = (B,, B,)T_ 

Furthermore one. can regard M, r as the “scalar prod- 
uct” of the two constraints B, Ad B,, 

Mr,, T ~p~2Ji)BJi) . 
i 

cw 

Here pf is the “weight function” and one readily veri- 
fies that &K,r r does satisfy the axioms that define the 
scalar product [12]. 

To prove [hat M is positive deftite we need to evalu- 
ate SMx. Using the properties of the scalar product, 

=‘Cx,B,, C*rB,)T=~C,C~T>O. (19) 
S r 

Here C is the constraint C= C,x B, and for any non- 
sr- zero C, the sctIar product (C, C) 1s positive definite. 

(This follows from (18) since p: >O.) Equality ob- 
tams in (19) if and only if Cc 0, i-e_ when for every i 

r.$ xrAr(i) - (5 x,(A,)~~ = 0 , 
r=I 

or 

nf 

c x,A,(i) = 0 . 
f=O 

(20) 

(21) 

Here Ao(i) = 1 and x0 is a coefficient equal to-the sec- 
ond term in (20). 

M is positive definite for any set of trial parameters 
and so W is everywhere a concave function of the A;f’s 
except when the condition (21) obtains. (21) is the 

statement that the constraints Ao, A 1, ._., AM (viewed 
as vectors) are linearly dependent_ In this case the dis- 
tribution of maximal entropy is stiIl unique but the 
magnitudes of the Lagrange parameters cannot be 
uniquely determined [2,13]. The practical* reason 

* The theoretical reason is that only line&y independent con- 
straints provide a basis for the unique expansion of hpp 
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for this non-uniqueness is evident from (21). If C= 0 
one can add any arbitrary multiple of C, say rC, to 
lnpi without changing the magnitude of pP Yet the 
Lagrange parameters would change (from X, to X,. + 

YX,). 
When the constraints are linearly dependent one 

can always eliminate one or more constraints until the 
remaining set is linearly independent and the set of 
Lagrange parameters is unique. 

4. Practice 

Given a set ofM constraints one chooses a set of 
M trial Lagrange parameters, AT, . . . XL, determines 
c via (6) and defines a function F(XT, (A,)) by 

M 

F(A=, (A.)) = W + S[p] = $ + rs A;(A,) - (22) 

The function? F differs from W by a constant_ Hence 
as a function of the XFs F(like W) is also concave and 
has a unique minimum (where FequalsS[p], the entropy 
of the distribution of maximal entropy subject to the 
magnitude of the constraints). Because F is concave 
and can be explicitly computed one can take large 
steps in an iterative descent to its minimal value. Con- 
vergence is typically very rapid. Dete rmining the set 
of A,,% for which F is minimal offers an attractive al- 
ternative ro the usual procedure [ 1,2,4] of solving a 
set of implicit non-linear equations (i-e_ (11) for the 
X,‘S. 

Fig. 1 shows F versus XT for a distribution subject 
to one constraint {A(i)) _ (The magnitude of the con- 
straint (A) is different in the different panels.) The 
linear dependence of F or. XT in the asymptotic region 
is readily understood. As XT * +- one term in the sum 
(6) that defines g becomes dominant. When XT + 00 
this is the term with the minimal magnitude ofA(q_ 
Hence, as XT --, -, x;f + -XTmin{A(i)) while as X + 
--m, g + -XT max{A(i)) _ Thus 

F(XT, (A)) + XT((A) - min{A(i))), XT + +=; 

(23) 
+XT(L4)-max{A(i))), XT--+--_ 

t The function F = h; + Egl A;F( A,) is defined even when 
there is no distribution consistent with the given magnitudes 
(A 1), <&) etc. In this case however F has no minimum 
value. 

F 
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Fig. 1. F = $ + XT(A ) versus AT for different magnitudes cf 
(A > (given for a distribution over twenty states with A(i) = i)- 

The magnitu,ies of (A) are, from top to bottom, 21.5, 16, 
10&S and -0.5, respectively. In the fust and last panels 
(Al >maxA(z>=ZOand<A> <minA(z~= 1 andhenceFis 
concave but has no minimum, cf. (3). 

Since F is concave, the necessary and sufficient condi- 
tion that it passes throu&:1 a minimum as XT varies 
from --03 to +m is that its derivative changes sign (from 
negative to positive)_ Using (23), the condition that F 

has a minimum is thus just the condition (3), previous- 
ly obtained on intuitive grounds. 
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Fig. 2. The hT and ?$ dependence of F for a problem with 
two constraints. The contour map was computed for a distri- 
bution over 20 states withAl = i,Aa(i) = i2 and CA r) = 2.20, 
~42) = 6.69. The minimum of F is at h, = 0.2, h = 0.06. 

The asymptotic argument can be generalized to 
more than one constraint_ Fig. 2 shows the dependence 
of F on AT and AT, as a contour map. To determine 
the asymptotic behaviour we consider the case ofM 
constraints, and investigate the limiting form of F 

along the lines 

)(rT=Ar+pm,, r= 1,2,_...M. 

Here I-( is a variable parameter common to all the AF’s 
and the numbers ml, _.. rnM specify the direction in 
the space ofM constraints. Cy the same argument that 
led to (23) 

F(xT, (A,_) j 

Here the minimum (and maximum) are over 
i (as also the case in (23)). 

fi-++oo; 

(24) 

jlc1-t --m_ 

the index 

There will be a minixnurn for i; if along any direc- 
tion m 

,,&I,, < Aix(~ ,Ir(i)) _ 

(25) 
(25) is a necessary and sufficient conditjon for F to 
have a minimum and hence for the existence of one 
or more distributions which are consistent with the 
magnitudes of the constraints_ Note also that when 
(25) obtains there is no m (m # 0) for which XrCo 
m+,(i) = 0. It follows that (25) also ensures that the 
constraints are linearly independent. 

In practice we work with the constraints B,(i) = 

A,(i) - (A,) for which (B,) = 0 so that F = A$, 

$ = in (c-p[-z ATB,.(i)] ] . 
i 

In our computer program [6] there are two addi- 
tional preliminary stages. The fmt verifies (using tech- 
niques of linear programming [14]) that the constraints 
are !inearly independent and that a distribution con- 
sistent with the magnitude of the constraints does ex- 
ist. The second stage checks for near linear dependence 
of the constraints. 
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