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Slater’s covalent radii agree nicely with experiment when the effective principal quantum number and
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expression to ionization energies in isoelectronic series. This establishes a simple connection between
the two prominent periodic properties of atoms, namely, their radius and (effective) ionization energy.
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1. Introduction

The atomic radius is a fundamental concept that is included in
most General Chemistry textbooks as a vivid example for periodic
properties. However, the radius of an isolated atom is (todate) not
a measurable quantity. In contrast, interatomic distances in mole-
cules are measurable, e.g. using X-ray diffraction. Consequently
Bragg, the pioneer of X-ray crystallography, has suggested using
interatomic distances for defining the ‘‘covalent radius’’ (rA) of an
atom A [1]. He has shown that such radii are approximately addi-
tive, so that bond distances in molecules can be predicted from the
sum of the radii of the two constituting atoms.

To obtain an operationally useful list of atomic radii, one could
start with an atom, A, that makes covalent bonds with a large num-
ber of other elements in the periodic table. Its radius can be defined
as half the average A–A distance in compounds containing the A–A
single bond. Suppose an atom B makes a single bond with A. Its
radius will be calculated as the average A–B distance in compounds
containing this bond, minus the A radius. Continuing in this fash-
ion one could generate a list of radii, which would then be itera-
tively refined. For some elements the radius may further depend
on their hybridization state (e.g., carbon sp2 vs. sp3), their
oxidation state (e.g., Fe(II) vs. Fe(III)), or coordination number
(e.g., tetra- vs. hexa-coordinated Cu(II)).

The Bragg list of covalent radii has been extended and refined
by Slater [2]. Pauling has discussed various approaches to atomic
radii in his celebrated book on the chemical bond [3]. Recently,
covalent radii were revisited and updated by Alvarez and cowork-
ers [4], who have used over half a million crystallographic struc-
tures, deposited in the Cambridge Structural Database (CSD) and
the Karlsruhe Inorganic Database, to obtain the most consistent
values. This is then a suitable opportunity for checking the useful-
ness of various theoretical assessments of covalent radii.

Early on, Slater has proposed a simple theoretical model for rA,
which he has defined as the maximum of the radial distribution
function of the outermost valence orbital [5]. The (multi-electron)
wavefunctions were approximated by (single-electron) hydrogen-
like orbitals, with an effective principal quantum number, n�, and
an effective nuclear charge,

Zeff ¼ Z � S; ð1Þ

where Z is the actual nuclear charge, and S is the ‘‘screening con-
stant’’. This produced a deceptively simple formula

rA ¼ rH
ðn�Þ2

Zeff
; ð2Þ

where we take rH as the radius of the hydrogen atom in covalent
compounds, which is typically smaller than the Bohr radius,
a0 = 0.529 Å.

In addition, Slater proposed empirical rules for estimating n�

and S [5], and calculated rA from Eq. (2) with rH ¼ a0. The ensuing
values were recently updated by Ghosh and Biswas [6,7]. Although
showing qualitatively correct periodic trends, the variation of this
rA within a row of the periodic table is much too large (see Figure 4
below). Slater must have been aware of this, because his later work
[2] makes no use of Eq. (2), but rather advocates the atomic radii
obtained from (relativistic) Hartree-Fock calculations [8]. Efforts
to put forward a reasonable theoretical definition for atomic radii
have continued ever since (e.g., Refs. [9–11]).

An alternative procedure [12] for estimating n� and S from
experimental ionization energies (IEs) was based on the effective
ionization energy, I�, of a hydrogen-like atom:

I�ðZÞ ¼ IH
Z2

eff

ðn�Þ2
: ð3Þ
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Table 1
List of experimental [4] vs. calculated covalent radii, using the listed effective
principal quantum numbers and screening factors [12] in Eq. (2).

Q Neutral atom A n� S rA (Å) rA (Å)
[12] [12] Eq. (2) [4]

1 H 1.000 0.00 0.42 0.31
2 He 0.996 0.65 0.31 0.28
3 Li 1.980 1.71 1.28 1.28
4 Be 1.976 2.31 0.97 0.96
5 B 1.961 3.36 0.98 0.84
6 C 1.954 4.09 0.84 0.76
7 N 1.952 4.82 0.73 0.71
8 O 1.934 5.83 0.72 0.66
9 F 1.930 6.57 0.64 0.57
10 Ne 1.930 7.32 0.58 0.58
11 Na 2.865 8.78 1.55 1.66
12 Mg 2.851 9.46 1.34 1.41
13 Al 2.849 10.70 1.48 1.21
14 Si 2.835 11.40 1.30 1.11
15 P 2.814 12.13 1.16 1.07
16 S 2.797 13.10 1.13 1.05
17 Cl 2.770 13.88 1.03 1.02
18 Ar 2.737 14.68 0.95 1.06
19 K 2.688 17.28 1.76 2.03
20 Ca 2.537 18.43 1.72 1.76
21 Sc 2.495 19.40 1.63 1.70
22 Ti 2.555 20.07 1.42 1.60
23 V 2.475 21.09 1.35 1.53
24 Cr 2.494 22.17 1.43 1.39
25 Mn 2.500 23.00 1.31 1.39
26 Fe 2.438 24.02 1.26 1.32
27 Co 2.331 25.20 1.27 1.26
28 Ni 2.539 25.54 1.10 1.24
29 Cu 3.246 26.20 1.58 1.32
30 Zn 3.169 27.01 1.41 1.22
31 Ga 3.403 27.87 1.55 1.22
32 Ge 3.394 28.61 1.43 1.20
33 As 3.339 29.41 1.30 1.19
34 Se 3.470 30.16 1.32 1.20
35 Br 3.489 30.97 1.27 1.20
36 Kr 3.451 31.63 1.14 1.16
37 Rb 2.988 35.27 2.17 2.20
38 Sr 2.625 36.48 1.90 1.95
39 Y 2.614 37.34 1.73 1.90
40 Zr 2.759 38.11 1.69 1.75
41 Nb 2.738 38.99 1.57 1.64
42 Mo 2.836 39.94 1.64 1.54
43 Tc 2.800 40.85 1.53 1.47
44 Ru 2.713 41.86 1.44 1.46
45 Rh 2.696 42.79 1.38 1.42
46 Pd 2.660 43.68 1.28 1.39
47 Ag 3.229 44.50 1.75 1.45
48 Cd 3.113 45.49 1.62 1.44
49 In 3.074 46.82 1.82 1.42
50 Sn 2.843 47.90 1.62 1.39
51 Sb 2.734 48.80 1.43 1.39
52 Te 2.756 49.78 1.44 1.38
53 I 2.691 50.70 1.32 1.39
54 Xe 2.579 51.45 1.10 1.40
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Here IH ¼ 13:605 eV is the Rydberg constant (the IE of the hydrogen
atom). The notation I� emphasizes the dependence on the effective
parameters Zeff and n�, whereas I denotes an experimental IE. This
differs from Slater’s approach [5], who has not used Eq. (3). Rather,
he defined the IE as the energy difference between the parent atom
and the cation produced by its ionization. He has calculated the en-
ergy of each species as the sum of orbital energies, utilizing the
appropriate n� and S values for each electron as deduced from his
rules. Because there is one electron less in the cation, the mutual
screening of its valence electrons is smaller, leading to orbital relax-
ation, and resulting in IEs that are not due just to the outermost
electron.

For a multi-electron atom, the approximate Eq. (3) can be justi-
fied from Koopmans’ theorem [13], which neglects orbital relaxa-
tion occurring upon change in the number of electrons.
Alternatively, one may derive both Eqs. (2) and (3) from the exact
results for a ‘‘hydrogen-like’’ atom, replacing everywhere Z and n
by Zeff and n�, respectively. This approach is summarized in Section
2 below.

According to Slater’s rules, S and n� (for the outermost electron)
depend only on the total number of electrons, Q. Thus in an isoelec-
tronic series (IES), where Q is fixed, one obtains a quadratic depen-
dence of I on Z [14]. For example, the Q ¼ 3 IES consists of Li, Be+,
B2+, C3+, etc., and the corresponding IEs are then the 1st IE of Li, the
2nd IE of Be, the 3rd of B, and so forth. Hence, in each IES, Z as-
sumes the values Q ;Q þ 1;Q þ 2, etc.

Slater’s two parameter model generalizes the Rydberg expres-
sion for the atomic lines of alkali atoms [15]. The latter assumes full
screening by the core electrons, so that S ¼ Q � 1 or Zeff ¼ 1 for the
neutral atom in the IES. The effective quantum number, n� ¼ n� d,
is written in terms of the ‘‘quantum defect’’, d, whose Z dependence
can be calculated from the experimental IEs via Eq. (3):

dðZÞ ¼ n� ðZ � SÞðIH=IÞ1=2
: ð4Þ

For example, for the (ground state) sodium atom (Q ¼ 11) Rydberg
would have S ¼ 10 and d ¼ 1:37, whereas the Slater rules give
S ¼ 8:8 and d ¼ 0 [5]. In the Q ¼ 11 IES, Rydberg’s dR decreases shar-
ply [16], whereas Slater’s remains constant, dS ¼ 0. If Slater’s theory
reproduces the experimental IEs for this IES then, by subtraction,
dRðZÞ ¼ ðSR � SSÞ½IH=IðZÞ�1=2 (here SR � SS ¼ 1:2), showing that the
Rydberg quantum defect is indeed a decreasing function of Z.

In both approaches S is obtained from an ad hoc assumption.
The ‘‘modified Slater approach’’ [12] replaces such assumptions
by fitting the experimental IðZÞ=Z2 values to Eq. (3). These fitting
parameters, SðQÞ and n�ðQÞ, for IES with Q ¼ 1� 54 electrons, are
summarized in Table 1. Alternatively, linear fits to ½IðZÞ=IH�1=2 per-
form equally well, yielding a slope 1=n� and intercept �S=n� [17].
As noted before, the agreement is best for the higher members of
the IES, deteriorating as Z decreases [18]. For large Z the effective
one-electron model improves because the inter-electronic repul-
sion decreases in relative significance. The main goal of the present
Letter is to show that using the IES SðQÞ and n�ðQÞ values (Table 1)
in Eq. (2) gives surprisingly good agreement with experiment. This
is presented in Section 3 below.

The above equations also establish a connection between atom-
ic radii and IE. Indeed, inserting Eq. (3) into (2) gives two such
relations:

rA

rH
¼ n�

ffiffiffiffiffi
IH

I�

r
ð5aÞ

¼ Zeff
IH

I�
: ð5bÞ

These allow putting other work in perspective. There has recently
been renewed interest in relating atomic radii to IEs [19,20]. The
suggested relations could be viewed as special cases of Eq. (5a).
For example, Ref. [19] derives Eq. (5a), with I� ¼ I and n� ¼ 1, from
the large distance exponential decay of the electron density [21],
overlooking the fact that it has a rb pre-exponential [22]. Ref. [20]
suggests that n� ¼ n while I� is the average of the sequential valence
ionization energies.

Eq. (5b) gives yet another physical interpretation of atomic ra-
dii. Setting, for simplicity, rH ¼ a0 and I� ¼ I, and converting to
atomic units (primed quantities), in which r0 ¼ r=a0 and
I0 ¼ I=ð2IHÞ, this equation is rewritten as:

Veff ðr0AÞ � �Zeff =r0A ¼ �2I0: ð6Þ

Hence, at r0A, the effective potential felt by the electron is twice the
IE. (For an effectively single-electron atom this potential is simply
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Figure 1. (Color online) Dependence of the quantum defect on atomic number in
the 11-electron IES, for three values of the screening constant: Rydberg’s value
S ¼ 10 (black squares), Slater’s value S ¼ 8:8 (red circles) and a smaller value S ¼ 7:6
(blue triangles). Experimental Na-like IEs [24] were converted to quantum defects
using Eq. (4). Black line indicates the large Z limit of 0.105. Because for the Na IES
the best-fit S is essentially identical to Slater’s, the black line also shows that
(excepting Z ¼ 11 and perhaps 12) Eq. (3) provides an accurate representation for
this IES.
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Coulombic.) Previously, the equation Veff ðr0BÞ ¼ �I0 has been used to
define the ‘‘boundary radius’’, r0B, usually compared with the atomic
van der Waals radius [10,11]. This radius is the classical turning
point of the outer electron, where its kinetic energy vanishes and
its total energy, �I0, equals the potential energy. Eq. (6), which
resembles the virial theorem, suggests that rB � 2rA, a relation that
would be tested in this sequel.

This Letter is thus structured as follows. First we review the
‘‘modified Slater theory’’ (Section 2). Then we use it to calculate
covalent radii from IEs in IES, and compare with the Slater rules
and Hartree-Fock calculations (Section 3). We find that the present
approach, which we call IES for short, is in considerably better
agreement with experiment, and that the scaled boundary radius,
although originally not intended for covalent radii, produces the
second best results. In the Appendix, we compare with the other
approaches for obtaining covalent radii from IEs.

2. Modified Slater theory

This section presents rigorous results for the radial wavefunc-
tions and eigenvalues of hydrogen-like atoms. These constitute
the first (Q ¼ 1) IES: H, He+, Li2+ and so on. The results are used
to motivate the simultaneous use of Eqs. (2) and (3) for IEs and
atomic radii.

The hydrogenic radial wave function, Rn;lðrÞ, is given by [23]

Rn;lðrÞ ¼
ðn� l� 1Þ!
2nðnþ lÞ! a3

� �1=2

ðarÞl L2lþ1
n�l�1 arð Þe�ar=2; ð7Þ

where r is the distance of the electron from the nucleus, n and l are
the principal and azimuthal quantum numbers, a � 2Z=na0; where
a0 is Bohr’s radius, and Lq

pðxÞ denotes the associated Laguerre poly-
nomials in the variable x. These polynomials are responsible for the
n� l� 1 nodes in Rn;lðrÞ. When l achieves its highest allowed value,
l ¼ n� 1, the radial function becomes nodeless. Using Lq

0ðxÞ ¼ 1, one
obtains

Rn;n�1ðrÞ ¼
a3

2nð2n� 1Þ!

� �1=2

ðarÞn�1 e�ar=2: ð8Þ

For n ¼1–4, this is the radial wavefunction of the orbitals 1s, 2p,
3d and 4f. It is Slater’s starting point for deriving Eq. (2) [6]. In ret-
rospect, some justification for using this one-electron theory for
obtaining a property of a many-electron atom is the large r behav-
ior of the many-electron wavefunction that has the same func-
tional form as above, and even the same value of a [see Eq. (2) in
Ref. [22]].

Eq. (8) has a maximum only for n > 1. Therefore Slater sug-
gested to define the atomic radius as the maximum of the radial
charge density, ½rRn;n�1ðrÞ�2 / r2n expð�arÞ. It has a single maxi-
mum for all n > 0, easily found by differentiation, at the distance:

rmax ¼
2n
a
¼ n2

Z
a0: ð9Þ

This definition is quite ‘‘robust’’, because one also has
rmax ¼ 1= < 1=r >, where < � > denotes averaging with respect to
the above radial probability density. The average radius occurs at
a somewhat larger distance, < r >¼ ð2nþ 1Þ=a, but the difference
vanishes for large n.

The energy levels of a hydrogen-like atom are independent of l
[23]:

En ¼ �IH
Z2

n2 ; ð10Þ

where IH is the IE of the hydrogen atom (the Rydberg constant). For
the single-electron atom in quantum-state n, the minimal energy
required to expel the electron is I ¼ �En. For a many-electron atom
this is still approximately true for the first IE due to Koopmans’ the-
orem [13]. Thus one has some justification for extending both Eqs.
(8) and (10) to Q > 1.

The Slater extension involved replacing Z and n by their effec-
tive values, Zeff and n�, respectively. This corresponds to a hydro-
gen-like atom with nuclear charge Zeff that is excited to the state
n� (and l ¼ n� � 1). Rn;n�1ðrÞ is then the radial part of a so-called
‘‘Slater type orbital’’ (STO), which has found extensive applications
in quantum chemistry. The atomic radius is obtained by generaliz-
ing Eq. (9), to give Eq. (2) [5]. Consistent with this, I ¼ �En of Eq.
(10) generalizes to give Eq. (3). This provides for a simple deriva-
tion of the equations presented in the Introduction.

The only added modification is that, for covalent radii, we re-
place a0 ¼ 0:529 Å in Eq. (9) by an effective hydrogenic radius, rH,
to obtain Eq. (2). Indeed, the bond distance in H2 is 0.74 Å, meaning
that the covalent radius of H is only 0.37 Å. In other compounds
with hydrogen its covalent radius is even smaller, so that the rec-
ommended value in Ref. [4] is 0.31 Å. Because hydrogen is not a
privileged atom in the periodic table, we adjust rH to obtain the
best fit for the 2nd row elements (particularly Li and Ne). Interest-
ingly, this gives rH ¼ 0:42 Å, which is the arithmetic mean of the
experimental (0.31 Å) and theoretical (0.53 Å) hydrogen radii.
3. Results

The modified Slater theory summarized above can be used to
determine atomic radii from IEs. Assume that S and n� for the outer
electron are only functions of the total number of electrons, Q, one
can determine SðQÞ and n�ðQÞ by least-squares fitting of Eq. (3) to
experimental IEs in IES. Such values were obtained in Ref. [12] for
Q ¼ 1� 54, and are summarized in Table 1.

One can assess the adequacy of this procedure by plotting, using
Eq. (4), the experimental data as dðZÞ for the best-fit S value. A con-
stant dðZÞ implies a perfect fit to Eq. (3). Figure 1 shows dðZÞ for the
Na (Q ¼ 11) IES for three values of S. For large S, such as Rydberg’s
S ¼ Q � 1; dðZÞ is a monotonically decreasing function of Z (black
squares). This plot extends Figure 7 in Chap. 5 of Ref. [16], where
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from the first 4 IEs then available it was concluded that ‘‘d tends to
zero as Z increases’’ (p. 143 there). In comparison, the first 44 IEs
from the NIST database [24] were utilized here.

Now, for small S; dðZÞ becomes a monotonically increasing func-
tion of Z (blue triangles). For the best-fit S value (that for Li and Na
is identical to Slater’s), dðZÞ shows a transitional behavior: it first
increases, then goes through a shallow maximum and rapidly ap-
proaches its Z !1 limit (red circles). Because this asymptotic lim-
it is independent of S, one readily finds that for the Na series
dð1Þ ¼ 0:105 (line), which is small but not zero as suggested
[16]. Thus in the present example, Eq. (3) represents very well
the IE data (except for the first one or two values). Generally, the
best-fit d is (depending on the number of experimental values
available) somewhere inbetween the shallow maximum and the
asymptotic limit.

We now use these values in Eq. (2), with rH ¼ 0:42 Å, generating
the ‘‘IES radii’’ listed in the 5’th column of Table 1. They are de-
picted by the full black circles in Figure 2. The (crossed) open
squares and circles depict the earliest [1] and recent [4] compila-
tions of experimental covalent radii, respectively.

As one can see, there were no dramatic changes in the experi-
mental assessments since Bragg: rA for Li and Na has dropped,
and similarly for Ag and Cd. But while Bragg has tabulated only
37 atomic radii, there are 95 radii in the new compilation [4].
Our IES radii are in near quantitative agreement with experiment,
except perhaps for K and Xe, where they are too small. (The dis-
crepancy for Xe is likely due to the fact that its IES fitted in Ref.
[12] contained just two members). In addition, because they derive
from an atomic property (its IE), while the experimental radii are
obtained from molecular bond distances, the IES radii show more
structure, which can be traced back to the jumps in IEs occurring
when the subshells (s, p, d) are filled up.

Particularly large jumps are seen after the d sub-shells fill up,
for Cu and Ag whose electronic configurations are ½Ar�3d104s1 and
½Kr�4d105s1, respectively. Indeed, these configurations resemble
those of alkali metals, so a jump in IE and atomic radius is ex-
pected. It is interesting that a remnant of such a jump is seen in
the experimental data. For Cu, the experimental radius is just
slightly larger than for Ni, but this is due to exclusion of penta-
and hexa-coordinated Cu(II) complexes whose axial ligands are
Figure 2. (Color online) Covalent radii as a function of nuclear charge for the first 5
rows in the periodic table. Bragg’s 1920 values [1] are depicted by open (magenta)
squares, whereas the 2008 compilation [4] are in open (red) circles. Values from Eq.
(2), with n� and S from Table 1 and rH ¼ 0:42 Å, are in closed (black) circles. rH was
chosen as slightly larger than the hydrogen covalent radius (0.37 Å) in order to
obtain the best agreement with the radii of Li and Ne. For convenience, the IES radii
are collected in Table 1, and the average deviations from experiment – in Table 2.
at larger distances [4]. Had these complexes not been excluded,
the radius of Cu might have been closer to our prediction. For Ag
and Cd, our values nearly coincide with those of Bragg (which in
turn are larger than those of Ref. [4]).

As shown in Figure 1, I� from fits of Eq. (3) to IES [12] exhibits
the poorest agreement with the first IEs [18], Z ¼ Q , which are de-
picted in Figure 3. Here, I� is close to the experimental value in the
beginning of each row, becoming larger than I towards its end. This
could indicate that the effective one-electron model for IEs from
which I� derives is particularly inadequate for electrons in the
same valence shell, for which unaccounted for electron-electron
repulsions decrease I below the value I� that it would have had
for an effectively one-electron atom. However, this drawback in
accounting for IEs turns out to be a merit in predicting atomic radii,
when both quantities are treated consistently by the same model.

A comparison with Slater’s atomic radii is shown (as blue
squares) in Figure 4. These are obtained by using Slater rules [5]
for n� and S in Eq. (2). We prefer to use rH ¼ 0:42 Å as above, rather
than a0, and this reduces the maximal deviation from experiment.
Nevertheless, the comparison is rather poor, because the Slater
rules radii vary too much across each period. The Hartree-Fock cal-
culations [8], advocated in his later work [2], are indeed in better
agreement with experiment (green triangles), except at the end
of each period where these calculated radii drop too sharply with
Z. Other Hartree-Fock calculations [25,26] produce similar results
(see Table 3 in Ref. [7]), perhaps just slightly inferior to those from
Ref. [8], hence they are not shown.

Figure 4 also shows the scaled ‘‘boundary radius’’ [10], rB from
Ref. [11]. It is defined as Veff ðr0BÞ ¼ �I0, where Veff ðrÞ is the Slater
effective potential felt by an electron due to the nucleus and all
the other electrons (primes denote quantities in atomic units).
For a single-electron atom, Veff ðrÞ reduces to the Coulomb attrac-
tion between the electron and the nucleus, as in Eq. (6). This sug-
gests that rA � 0:5rB, as compared with the scaling factor of 0.6
used here. Because rB was computed from experimental IEs, it
shows some of their characteristic jumps (as do the IES radii in Fig-
ure 2).

Measures of quality of fit (between the theoretical models and
experiment) are provided in Table 2. It is seen that the present
IES method is in better agreement with experiment than the other
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Figure 3. (Color online) The first ionization energy of the first 54 elements in the
periodic table. Experimental values are depicted by open (red) circles, whereas the
closed (black) circles are from Eq. (3), with Z ¼ Q and n� and S from Table 1. Note
that using n� and S from Slater’s rules in Eq. (3) produces far inferior results. These
are not shown, because Slater did not advocate such a procedure for IEs.



Figure 4. (Color online) Atomic radii as a function of nuclear charge for the first 5
rows in the periodic table as predicted from three different methods: (i) Slater’s
rules (blue squares) [5] in Eq. (2). [Note that in Table 1 of Ref. [7] these Slater radii
are called ‘‘Ghosh-Biswas radii’’.] These radii were scaled for better agreement with
experiment, by using rH ¼ 0:42 Å instead of a0. (ii) The Waber-Cromer relativistic
Hartree-Fock calculations (green triangles) [8]. (iii) The ‘‘boundary radii’’ from
Table 1 of Ref. [11], scaled by a factor of 0.61 (magenta diamonds). This scaling
factor gives the best fit to the atomic radii of Ne, Na and K. As in Figure 2, the
experimental covalent radii [4] are shown in open red circles, but note the extended
y-axis needed to accommodate the Slater results. Averaged deviations from
experiment are collected in Table 2.

Table 2
Goodness of fit measures of calculated atomic radii from the various indicated
methods as compared with the experimental data [4]. Each method (except Hartree-
Fock) involves one scaling factor, as detailed in the referenced figure legend.

Method Ref. Eq. Fig. AADa RMSDb

(Å) (Å)

IES This Letter 2 2 0.11 0.15
Boundary radius [11] 6 4 0.13 0.17
Hartree-Fock [8] – 4 0.15 0.19
IE [19] 11a 7 0.19 0.24
Slater rules [5] 2 4 0.28 0.33

a The average absolute deviation (AAD) of two vectors, x and y, is defined as
N�1PN

i¼1jxi � yij.
b The root mean square deviation (RMSD) of two vectors, x and y, is defined as
½N�1PN

i¼1ðxi � yiÞ
2�

1=2
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Figure 5. (Color online) The effective principal quantum number, n� , as a function
of the number of electrons in the atom. Full (black) circles are the values obtained
from IES fits in Table 1 of Ref. [12], whereas the full (blue) line represents the values
suggested by Slater [5]. The principal quantum number, n, is indicated in red. See
also Table 1 here.
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Figure 6. (Color online) (a) The screening constant, S, and (b) the effective nuclear
charge, Zeff , as a function of the number of electrons in the atom. Full (black) circles
are the values obtained from IES fits in Table 1 of Ref. [12], see also Table 1 here. The
full (blue) squares represent the values suggested by Slater [5]. The dashed (black)
and full (red) lines in panel (a) depict the linear relations S ¼ 0:86Q � 1 and
S ¼ Q � 1, respectively.
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methods. Interestingly, second best are the scaled boundary radii,
although these were originally suggested for atomic van der Waals
radii. Of course, the fundamental difference between the two ap-
proaches is that our IES method generates atomic radii from exper-
imental observables (IEs), whereas boundary radii are obtained
from ab initio calculations.

Returning to the ‘‘Slater rules’’, it thus becomes evident that the
reason the theory did not work well for Slater is because he has
adopted this ad-hoc procedure for determining n�ðQÞ and SðQÞ.
One can better appreciate the difference between the two sets of
effective parameters (Slater rules vs. IES) from their comparison
in Figures 5 and 6 , respectively.

Figure 5 shows that in both cases n� � n for small n, but as of
n ¼ 3 the IES n� fluctuates around an average value of 2.85, rather
than continuing to increase as suggested by Slater. Figure 6a shows
that the IES screening constant is nearly linear in Q, with small
jumps between the shells. In fact, it obeys approximately
S ¼ 0:86Q � 1 for small Q, approaches the limiting line S ¼ Q � 1
at large Q. The Slater rules S show larger jumps between shells.
The fine details in the SðQÞ dependence are better appreciated by
considering Zeff ¼ Z � S in Figure 6b. The Slater effective charge
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Figure 7. (Color online) Comparison with experiment of the three prescriptions for
evaluating covalent radii summarized in Eq. (11). Results from Eq. (11a), suggested
by Bohórquez and Boyd [19], are shown in full blue triangles. The open blue
triangles are these data multiplied by a scaling factor of 2 (we refrain from using
two scaling parameters as done in Ref. [19]), with goodness of fit parameters in
Table 2. Results from Eq. (11b), suggested by DeKock, Strikwerda and Yu (Table 2 in
Ref. [20]), are shown by the green squares. These data do not include the transition
elements. Finally, results from Eq. (11c) are shown by the magenta diamonds. Note
the change of the y-axis scale as compared with Figure 2. Experimental values [4]
are the open red circles (with + sign inside).
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varies over a considerably larger range (1–8.5) than the IES values
(1–4.4). This leads to the excessive variation of Slater’s rA seen in
Figure 4.

4. Conclusion

When the effective one-electron model for multi-electron atoms
is applied consistently to both IEs and atomic radii, the Slater equa-
tion for atomic radii, rA, is seen to compare remarkably well with
the recommended experimental values (Figure 2). Thus in place
of using the ad hoc Slater rules for n� and S, we use those obtained
from fitting Eq. (3) to sequential IEs in IESs [12]. The effective prin-
cipal quantum number, n�, does not continue increasing beyond
n ¼ 3. Consequently, rA also increases much less dramatically with
n beyond n ¼ 3. In addition, Zeff varies more mildly across the peri-
odic table than suggested by Slater, and so does rA.

In the form of Eq. (5a), the effect of the screening constant, S, en-
ters through I�. Using I� rather than I for calculating atomic radii is
more consistent theoretically, and accounts for some further
improvement in its comparison with experiment. Thus I� may rep-
resent the IE that an atom would have had if the effective single-
electron scenario were exact.

It is interesting that textbooks recite the Slater rules while over-
looking his expression for rA, Eq. (2). However, as far as the prop-
erties of the outer electron are considered (as manifested in rA),
the Slater rules are better replaced by n� and S from Table 1. This
provides a route for obtaining atomic radii from IEs that requires,
however, information on all consecutive IEs rather than just the
first one. Once this is done, Eq. (2) achieves much better agreement
with experiment than previously anticipated, better, in fact, than
all other theories considered herein.

5. Appendix: Related work

For completeness, we compare here with experiment atomic ra-
dii obtained using other prescriptions utilizing IEs. In these ap-
proaches, instead of using Eq. (5a), one has
rA ¼ a0

ffiffiffiffiffiffiffiffiffi
IH=I

p
; ð11aÞ

¼ a0 n
ffiffiffiffiffiffiffiffiffiffiffi
IH=Iv

q
ð11bÞ

¼ rH n
ffiffiffiffiffiffiffiffiffi
IH=I

p
: ð11cÞ

The first two equations were recently advocated in Refs. [19]
and [20], respectively, where Iv is the average IE of all the electrons
in the valence shell of the atom. In the last equation we use the ac-
tual values for n and I, instead of their effective values.

Figure 7 shows these prescriptions as compared with the exper-
imental compilation [4]. Eq. (11a) gives values that are far too
small (full blue triangles), but can be scaled to give the open blue
triangles. Besides the fact that the scaling factor is now > 1, with-
out a clear physical justification, the relative radii in the first two
periods are too large. This is because Eq. (11a) replaces n� by a con-
stant, which is approximately valid only from row 3 onward (see
Figure 5). In comparison, Eqs. (11b) and (11c) give values whose
variation in each row is excessive, and the IEs for rows 3 onwards
are generally much too large. This is predominantly because n� is
approximated by n, which increases faster than n� for n P 3.

Note added in proof

Self-consistent single-bond covalent radii were recently com-
piled by P. Pyykkö and M. Atsumi, Chem. Eur. J. 15 (2009) 186-197.
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