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A unique solution is proposed to the problem o f  how thermodynamic processes 
between thermodynamic systems at relative rest "appear" to a moving observer. 
Assttming only transformations for entropy, pressure, and volume and the 
invariance o f  the "fundamental thermodynamic equation," one can derive 
transformations for (thermodynamic) energy and temperature. The im'ariance 
o f  the first and second laws entails transformations for work and heat. All  
thermodynamic relations become Lorentz-invariant. The transformations thus 
derived are in principle equivalent to those o f  Einstein and Planck, except 
that our expressions for energy and work do not inchtde the mass motion 
energy. This results in a simpler formulation and endows our transformations 
(especially that o f  temperature) with a straightforward physical interpretation. 

1. INTRODUCTION 

The primary aim of special relativistic thermodynamics is to derive trans- 
formations of thermodynamic quantities in a way analogous to that by which 
transformations of mechanical quantities are derived in special relativity. 
The problem was first considered by Einstein II/ and Planck f~l (1907-8). 
Planck solved it by using the principle of least action. Planck's approach 
will be referred to later. Einstein followed a different route. Using his theory 
of special relativity he derived the transformations for pressure P, volume V, 
energy E, and work W. Making the assumptions that entropy S and that the 
first and the second laws of thermodynamics are invariant under the Lorentz 
transformations, he then derived transformation laws for heat Q and tem- 
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perature T (see, for example, Section 69 in Tolman<3)). In particular the 
following transformation laws were shown to holdS: 

E ..... y[Eo + (u2/c ~) PVo], Q = Qo/"/, T = To~"~ (1) 

One may interpret the temperature transformation by stating that a moving 
body "appears cooler." 

Half  a century later Ott (4) (1963) advocated a new set of transformations, 
namely 

E = "/Eo, Q = " /00,  r =: yTo (2) 

That  is, a moving body "appears hotter." 
In t966 Landsberg (5) proposed a third set of  transformations. He 

accepted Einstein's and Planck's transformations of heat and energ3 ~, but 
not that of temperature. He argued that moving systems cannot be in thermal 
equilibrium. Even if sometimes some state of  "qnasiequilibrium" persists, he 
showed that the temperature measured will depend on the shape of the moving 
body. ~6) Thus temperature measurements are only possible in the rest frame, 
and therefore temperature is a well-defined quantity only in the rest frame. 
Landsberg proposed to define temperature in any frame of reference to be the 
rest temperature To, i.e., to define temperature as an invariant. 

Following these works, numerous other propositions followed. The 
vast variety of possibilities led other writers to conclude that there is a large 
amount of arbitrariness to subject, or else that the whole physical question is 
not welt defined. Their conclusion was that all thermodynamic quantities 
should be defined as Lorentz scalars. 

In this paper we propose to advance some arguments in favor of  the 
Einstein-Planck results in a modified form, stressing the following points: 

(a) The exact definition of the physical problem. 
(b) The fact that it suffices to assume a minimal number of special 

relativistic transformations; the others follow from the invariance 
of thermodynamic definitions. 

(c) The rote of the relative translational energy (cf. PathriaCV-9~). 
(d) The implied invariance of thermodynamic relations. 
(e) Consistency of the theory in the maximum entropy procedure. 

2, THE PHYSICAL PROBLEM 

In thermodynamics, when dealing with work and heat exchange, we are 
actually concerned with two (interacting) systems. In special relativity we 

2 u is the relative velocity and ~,(u) = [1 -- (uVc~)]-l/2 > 1. A subscript zero denotes 
quantities in their rest frame. 
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Fig. 1. Two possibilities for arranging two 
thermodynamic systems in two frames of 
reference Z0 arid Z'. (a) One system in each 
frame of reference. (b) Both systems in the 
same frame 2/. 

deal with two inertial frames of reference 22 and Z 0 moving with a constant 
relative velocity. So we can have either (a) one system in each frame of  
reference (Fig. la) or (b) both systems in the same frame Z 0 (which is taken 
to be their rest frame), with only the hypothetical "observer" located at Z 
(Fig. lb). In the first case the two thermodynamic systems are in relative 
motion. According to discussions by Landsberg, 16~ van Kampen, ~1°) and 
others, they cannot be in thermal equilibrium. In case (b) the two systems are 
in relative rest, so we can safely work within the realm of equilibrium thermo- 
dynamics. 

One of the reasons for ambiguities in the literature is, perhaps, failure to 
differentiate between these two cases. In this paper we deal only with the 
situation described in (b), namely the question of how thermodynamic 
quantities and processes taking place in their rest frame Z o "appear"  to an 
observer moving with constant velocity. Case (a) is far beyond the scope of  
our simple derivation. Besides, case (b) is the natural extension of  special 
relativistic considerations to the realm of thermodynamics, for in special 
relativity one asks a similar question, namely: How do mechanical quantities 
"appear" to a moving observer? Bearing this physical interpretation (b) in 
mind, we shall show that one set of transformations naturally follows. 
Other transformation laws can only be an answer to other physical 
questions. 

For  the sake of simplicity let us also put the following restrictions on the 
thermodynamic systems: We deal with a homogeneous liquid or gas enclosed 
in a rigid container. Each system can exert pressure in all directions, and  all 
intensive parameters (pressure, temperature, thermodynamic potential) are 
constant throughout the system, 

825/7/5/6-3 



334 Agmon 

3. RELATIVISTIC CONSIDERATIONS 

We now list those transformations that are based on purely relativistic 
considerations. By a reasoning similar to Section 69 in Tolman, (8) we have 
for pressure, volume, and entropy the transformations 

P = e ~ ,  v = Vo/7 ,  s = So (3) 

whose physical interpretation is explained in Section 2 of this paper. For  
energy, three different transformations are possible: 

(i) As a zeroth component of a four-vector: This is Ott's trans- 
formation, Eq. (2). 

(ii) Considering also the momentum Ap carried by the walls of the 
container (11) 

A p  = (~,/c 2) PVou (4) 

we can rederive Eq. (1), for 

/~ : ~E0 ~- Ap .  u = )'[Eo + (u2/c 2) PVo] (5) 

(compare also Callen and Horwitza2)). 

(iii) The "inner energy" or "unordered part" of the energy, (7) which 
does not include the relative translational energy of the observer p ' u .  
Starting from (2), we have 

E = VEo - -  p"  u = ~'Eo - -  7(u~/c ~) Eo = Eo/y (6) 

[Starting alternatively from (5), we should also subtract the translational 
energy of the box Ap • u, leading to the same E = Eo/y.] Fortunately, we need 
not choose now among these three alternatives. As we show in the next 
section, Eq. (3) with some basic "thermodynamic considerations" suffices to 
determine all other desired transformations. 

4. T H E R M O D Y N A M I C  CONSIDERATIONS 

Combining a fundamental principle of special relativity with a basic 
assumption of thermodynamics would enable us to derive relativistic thermo- 
dynamics in an elegant way. The basic assumption of thermodynamics is the 
existence of a "fundamental equation" which uniquely determines the state 
of the thermodynamic system (Chapters 1 and 2 in Callena3)). For the simple 
case of a single-component system where all work is volume work, the 
"fundamental equation" in its "energy representation ''aS) is 

E = E(S ,  V)  (7) 
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In its differential form this is 

#E 9E 
dE = - f~  dS + - f~  dV (8) 

where temperature and pressure are defined as usual by 

T =  ~S- v' -UVs (9) 

Now we use the fundamental "principle of relativity" (stating that physical 
laws are invariant for all inertial observers), and demand that the "fundamen- 
tal equation of thermodynamics" be invariant for the moving observer. Thus 
we assume that in all inertial frames of reference one writes Eqs. (7) and (8) 
and uses definition (9) for temperature and pressure. Hence, using (3) in (9) 
we first derive a transformation for E: 

E = Eo/7 (1 O) 

which is identical with Eq. (6). 
Interpretation: The meaningful energy in thermodynamics is the "inner 

energy." Indeed, the observer's relative translational energy plays no role in 
thermodynamic processes. Next, we have from (3), (9), and (10) 

Y = To/~ ( l l )  

where the temperature T is a measure only for the "inner energy" or the 
"unordered part" of the system's energy. It is rather a question whether an 
observer can measure the "temperature contraction" (11) directly, as he can 
measure length contraction, it  seems that Eq. (11) is better understood as a 
consequence of the observer's indirect measurement of temperature carried 
by measuring the quantities in (3) and applying definition (9). 

One may go on now to derive transformations for heat and work by 
assuming the invariance of the first two laws of thermodynamics. The second 
law 

dQ = T d S  (12) 

may be understood as a definition o f  heat transfer dQ, whence its invariance 
is obvious. Then from (3), (11), and (12) one has 

Q = Qo/y (13) 

Similarly one defines work W by the first law 

a w  = a E -  aO (14) 
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Then 
w =  Wo/r (15) 

The same transformation (15) may also be derived from the expression 

d W  = - - e  dV (16) 

for volume work. I f  (16) represents the work done by a piston moving in the 
x direction, then (t5) simply reflects the Lorentz contraction of  the piston. 
Note also that the Einstein-Planck transformation for work I/V is (Tolman, TM 

p. 156) 

l~ z .... Wo/y -4- y(u2/c~)(Eo 4- PVo) = W 4- (p 4- Ap).  u (17) 

Thus tTV differs from the "inner work" W by the same quantity R differs from 
the "inner energy" E. Our results are therefore in principle equivalent to those 
of  Einstein and Planck, but they do not include the relative translational 
energy. 

Finally, let ~ be any thermodynamic potential (enthalpy, free energy, 
etc.); then (from the definition of the appropriate potential) 

:= ¢~olr (18) 

The simplest example is ~ = E, and then (18) is identical to (10). If  ~ is the 
Hetmholtz free energy (F ~ E -  TS), then at constant temperature dF = 
--dW(rev) and (18) coincides with (t5). It is interesting to note that Planck (~) 
derived his transformations from (18), which he considered to be a conse- 
quence of the principle of least action in thermodynamics (~ being the 
"thermodynamic Lagrangian"). 

5, THE INVARIANCE OF THERMODYNAMIC RELATIONS 

Concerning the properties of the above transformations, we see that 
thermodynamic quantities do not transform as components of four-vectors, 
because we have used the volume transformation to derive them, while the 
Lorentz contraction is not a component of any four-vector? On the other 
hand, they have the pleasing property that they render all thermodynamic 
relations invariant. Some examples follow. 

(i) The equation of state for an ideal gas: 

P V  == n T  (19) 

z The inverse of temperature does transform as the time component of a four-vector but, 
as de Brogtie ~14~ remarks, one can hardly see the physical significance of its space com- 
ponents. 
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(ii) The efficiency ~/ of a thermodynamic engine (Callen, a3) p. 69) 
working between two temperatures T1 and T= (in its proper frame Z'o), as 
observed from an inertial frame: 

= 1 - ( r l / r 2 )  (2o) 

(iii) The equipartition theorem 

(E} = ½vr (21) 

where v is the number of degrees of freedom of a particle. Pathria (a,9) proved 
independently that (21) holds also for a moving observer when (E} is defined 
by (6). He also showed that (E} transforms as in (10), from which he deduced 
the transformation for T. 

(iv) The invariance of entropy and probability. 

Using the standard procedure of maximum entropy (see Jaynes (t5)) for a 
system of N states, one maximizes the entropy 

N 

S = -- Z //~ In H i  (22) 
i = 1  

under the M -~ 1 constraints 

and 

N 

Z n ,  = 1 (23) 
/=1  

N 

(Ak}  = ~ HiA~(i) ,  k = 1 ..... M < N (24) 
i = l  

where/7i is the probability of observing the system in state i and the A~ are 
dynamical variables, which assume the value Ak(i)  in the ith state. Their 
averages (A~} are the macroscopic extensive parameters (such as E or V). 
Using Lagrange's method of undetermined multipliers, one seeks the uncon- 
strained maximum of the Lagrangian 

M 

L = S - -  A 0 -  y, Ak(Ak} (25) 
k = l  

The known a~) necessary condition yields for the probability of the nth state 

Hn = Z  -1 exp [ - - ~  kT~A~(n)] (26) 
k 
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where 

Z ~ exp(A o + 1 ) =  ~ exp [--  ~ AkAn(n)] 
n k 

(27) 

is the "partition function" and An is the Lagrange multiplier statistically 
conjugate to An (e.g., 1/T for E or P/T for V). If  one further defines a "gene- 
ralized thermodynamic potential" ~ by 

4~ = -- T In Z (28) 

then substituting (26) in (22), one obtains for the maximum value of S 

S = - - @ / T )  + ~, An(An> (29) 
k 

Now, the previous transformations imply that all multiplications of the 
form AkAI~ or Ak(An) are invariants (check E/T or PV/T; also note that the 
microscopic quantities A~ have the same transformation as the macroscopic 
quantities (An)). This implies that the partition function (27) and therefore 
also probability in (26) are invariant. In addition, the invariance of 3 implies 
that the thermodynamic potential (28) transforms like temperature as stated 
in (18). 4 From either (22) or (29) there now follows the invariance of entropy, 
and finally also that of the Lagrangian in (25). 

N O T E  A D D E D  IN P R O O F  

One can show that temperature transformation follows directly from time 
dilation. Suppose a star in its proper frame Z 0 recedes from us, the observers 
in a frame of reference 27, with a relative velocity u. Suppose further that the 
star consists of an ensemble of oscillators in which the probability of selecting 
an oscillator with frequency Voi = l / r o i  is Hoi.  If  this vibrational energy is 
emitted as radiation, the average energy per photon in Z o would be 

-~-kro = h Y Ho~'o~ = hOo>o 
i 

In Z we Observe that the oscillators have a period ~-~ = y~'0i • By invariance 
of probability 

~-kT = h<l/<; = h ~ n,/-~, = h ~ no&~oi  = y- lh<l /~o>o = ~,-l~kTo 
i i 

4 Compare also Planck, (~ who uses the thermodynamic potential as a Lagrangian in the 
least action principle. 



Relativistic Transformations of Thermodynamic Quantities 339 

so we conclude tha t  T is given by Eq. ( t l ) .  The  average f requency one 
measures in 2~ is not  s imply V-l~v0). Dur ing  the t ime interval  ~" the s tar  
recedes by  ~-u, while the r ad ia t ion  advances  by  ~-c and  thus the wavelength  
in Z is A = z(u + e), and  the pe r iod  ~-' o f  the incoming  r ad ia t ion  is therefore  

, (1 + u/c] 1/2 
= ~/c = ~,(1 + u/e) 7o = ~ ]  ~o 

which is the one-d imens ional  D o p p l e r  effect. Only  in the case o f  a t ransversal  
D o p p l e r  effect does 7' = ~z 0 and  we measure  a pure t ime di lat ion.  So, 
in a sense, when one measures  a t ransversal  D o p p l e r  effect, one actual ly  
measures  the E ins te in -P lanck  cont rac t ion  o f  tempera ture .  
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