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Abstract. A simplified derivation for the ratio of macroscopic to microscopic
relaxation times of polar liquids is based on the Mori–Zwanzig projection-operator
technique, with added statistical assumptions. We obtain several useful forms for the
lifetime ratio, which we apply to the dynamics of liquid water. Our theoretical
single-molecule relaxation times agree with the second Debye relaxation times as
measured by frequency-domain dielectric spectroscopy of water and alcohols. From
the theory, fast relaxation modes couple to the Debye relaxation time, τD, through
very large water clusters, and their temperature dependence is similar to that of τD.
Slower modes are localized to smaller water clusters and exhibit weaker temperature
dependence. This is exemplified by the lifetime ratios measured by time-domain
dielectric spectroscopy and optical Kerr effect spectroscopy, respectively.

1. INTRODUCTION
Dielectric spectroscopy,1–5 which measures the response
of the complex dielectric permittivity ε(ω) to an oscillat-
ing electric field, allows one to extend the frequency
range (ω) of IR and Raman spectroscopies to the micro-
wave regime, where collective, intermolecular pro-
cesses rather than intramolecular dynamics play an es-
sential role. The electric field within a dielectric
material lags behind the externally applied field due to a
finite relaxation process. In his seminal work,1 Debye
has attributed the effect to orientational relaxation6,7 of
rigid molecular dipoles, leading to an exponential relax-
ation function with a characteristic relaxation time, τD,
often called the “Debye relaxation time”. For example,
for room-temperature (25 ºC) water, τD

 = 8.4 ps, as may
be determined from the main peak of the imaginary part
of ε(ω), occurring at about 18 GHz.8 It is interesting that
a strongly-associated liquid like water, with its underly-
ing tetrahedral hydrogen-bonded structure,9 gives rise to
a near-ideal Debye relaxation band with underlying ex-

ponential dynamics. Nevertheless, the strong interac-
tions between neighboring water molecules lead to
extended collective motions, seen in recent molecular
dynamics simulations.10–12 This suggests that τD is the
characteristic time for some collective relaxation pro-
cess and, as such, must be longer than the “single
molecule” reorientation time τs.

What is the microscopic nature of this collective
process and how might τD and τs be related? The second
question has been addressed repeatedly since Debye’s
work. Using the Onsager cavity field, Debye has found
that1

(1)

where εs = ε(0) is the “static dielectric constant”,
whereas ε∞ is the high-frequency limit of the real part of
ε(ω). For room-temperature water, εs = 78.3 and ε∞ =
6.3,8 so that the ratio in eq 1 is about 10. Earlier work13

used n2 = 1.77 instead of ε∞ (n is the optical refraction
Dedicated to Joshua Jortner on the occasion of his 70th birth-
day.
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index, valid at such high frequencies that only electronic
polarization occurs), resulting in a ratio of about 20.
Such large ratios were deemed unphysical,13 and subse-
quent work centered on models13–23 leading to consider-
ably smaller τD/τs ratios (see Table 1). “It is reassuring,”
states one textbook (ref 3, p. 60), “to obtain this addi-
tional justification for the common neglect of the differ-
ence between the two relaxation times.”

In retrospect, the ratio of 10 predicted by eq 1 ap-
pears to be in better agreement with modern dielectric
relaxation data for liquid water than the later develop-
ments summarized in Table 1. Using frequency-domain
dielectric spectroscopy (FDS) in the 100–300 GHz re-
gime,8,24–27 a high-frequency tail of the main Debye re-
laxation band was observed and fitted with a second
Debye relaxation time of about 1 ps. This faster process
was consequently suggested to represent the reorienta-
tion of a single water molecule.26

Indeed, when water is diluted in apolar, non-hydro-
gen-bonding solvents it tends to reorient much faster. A
preliminary report of the dielectric relaxation of water in
benzene28 suggested that τD = 1 ps there. Transient IR
measurements29 yield water-monomer relaxation times
of 1.7 ps in weakly hydrogen-bonding solvents such as
CHCl3. Recent femtosecond-IR measurements30–32 have
monitored the inhomogeneously broadened OH band of
HOD in D2O. Slow relaxation corresponding to τD was
observed in the red-edge of the band (strongly hydro-
gen-bonded water molecules), whereas faster relaxation
times of about 1 ps were observed in the blue edge (i.e.,
for weakly hydrogen-bonded water molecules). The

latter could correspond to single water molecule reori-
entation times.

Recently, dielectric spectroscopy has been extended
to the THz regime using time-domain dielectric spec-
troscopy (TDS).33–35 This method yields similar values
for τD, but the fast time constant is in the 200 fs range. A
host of additional spectroscopic methods, such as neu-
tron diffraction,36,37 inelastic X-ray scattering,38 hetero-
dyne-detected optical Kerr effect (OKE) spectroscopy,39

and time-resolved fluorescence,40 all find water relax-
ation times of 1 ps or faster.

It follows from the above survey that, at least for
liquid water, a dichotomy exists between theory and
experiment concerning the value of τD/τs. Whereas theo-
reticians strived to produce smaller ratios than Debye
(of the order of unity), experiments appear to produce
larger ratios (say, between 10 and 50). The goal of the
present work is to propose a possible resolution of this
discrepancy. Following the observation from the simu-
lations of Ohmine and collaborators10–12 that water dy-
namics involves collective motion within large water
clusters, we investigate the consequence of such clusters
on dielectric relaxation.

If the Debye relaxation in associated liquids is due to
collective reorientation of a cluster of molecules, how
large is this cluster and what is the underlying molecular
mechanism? It has been noted41 that a good agreement
exists between the temperature dependence of τD

 and the
water translational, self-diffusion coefficient, DT,
through the Einstein relation

D
T
 = l2/6τ

D
(2)

where l is a hopping distance of 3.3 Å. Since this is also
the distance between an occupied and an unoccupied site
in water tetrahedral symmetry, translation of a water mol-
ecule between these two sites could be the rate-limiting
step for dielectric relaxation.41 Such a “tetrahedral dis-
placement” couples to water reorientation, since the 4
water molecules surrounding the old site as well as the 4
surrounding the newly occupied site would reorient to
accommodate this change. The cluster of 9 water mol-
ecules participating in this process could be the minimal
cluster size required to explain dielectric relaxation.

In the present work, we apply the Mori–Zwanzig
projection-operator formalism42,43 to the correlation
function of the total electric moment of a cluster of N
molecules (Section 2). While analogous derivations
exist for dielectric relaxation18,19,21,44–46 and light scatter-
ing,6,17 the details differ. We obtain several interesting
relations for the ratio between the macroscopic and
microscopic relaxation times. One relation allows us to
calculate τD/τs from the dielectric properties of the
liquid, and compare it with the measured ratio of the

Table 1. Some relations between microscopic (τs) and macro-
scopic (τD) relaxation times

model         τD/τs in 25 ºC water

Debye1 (εs + 2)/(ε∞ + 2) 9.7

Powles13 and Glarum14 3εs/(2εs + ε∞) 1.4

Fatuzzo–Mason15 (2εs + ε∞)/(εs+2ε∞) 1.8
and Nee–Zwanzig16

Kivelson–Madden18  0.006

Hubbard–Wolynes20

Madden–Kivelson19

Notations: εs—zero-frequency limit of the dielectric function;
ε∞—its large frequency limit; m0—molecular mass; ρ0—bulk
equilibrium density; µ—molecular dipole moment; T—abso-
lute temperature; g—Kirkwood factor; 

.
g—dynamic Kirkwood

factor (usually set to 1).
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first two Debye relaxation times in water and alcohols.
Another relation allows us to estimate the number, N, of
strongly-correlated molecules within such a cluster. We
observe that τD/τs is a monotonically increasing function
of N that tends to a plateau. Thus, a small τD/τs depends
more strongly on N, and hence on temperature, T. For
very large N, τD/τs becomes independent of N, and hence
also of T. In Section 3 we demonstrate these trends using
the temperature-dependence of recent OKE and TDS data
for liquid water.

2. THEORY
We set out to derive a simple relationship between the
macroscopic and microscopic relaxation times. Let us
assume that the (polar) liquid is composed of molecules
that possess a permanent dipole moment of magnitude
µ. For a rigid (non-polarizable) dipole, µ = µv, its vapor-
phase (or, vacuum) value. A polarizable dipole in the
liquid phase will be larger than µv due to the effect of the
surrounding dielectric. For spherical molecules with
purely electronic polarization, one may estimate µ by2

µ = (n2+2)µ
v
/3 (3)

where n is the liquid refraction index.
To treat collective phenomena, consider a cluster of

N molecules. Denote by θj(t) the angle formed at time t
between the molecular dipole moment of molecule j in
the cluster and that of an external electric field imposed
(or removed) at t = 0. The projection of the N-molecule
dipole moment along the direction of the field is

(4)

The size of the cluster (N) is defined by the correlation
radius of the dipole orientation. With the origin set on
some arbitrary molecule 1, we include in the cluster all
molecules j for which the correlation 〈cosθ1(0)cosθj(t)〉 is
comparable in absolute value to 〈cosθ1(0)cosθ1(t)〉. (As
customary in statistical physics, the angular brackets
denote an ensemble average.)

The complex permittivity, ε(ω), is the Laplace trans-
form of the time-derivative of the dipole moment corre-
lation function for the N-molecule cluster,5 the latter
being defined as

(5)

〈MN(0)2〉 is a static equilibrium average, which we de-
note for brevity by 〈MN

2〉.
The correlation function (particularly for single-

molecule reorientation32) may decay non-exponentially.
Therefore, we define the relaxation time as its time
integral. Thus τN ≡  C̃N(0), where  f̃ (s) ≡ ∫0

∞ exp(–st)f (t) dt

is the Laplace transform of the function f (t). In this
respect, our derivation is more general than the assump-
tion sometimes invoked in the literature (e.g., Sec. 12.3
of Berne and Pecora6) that both relaxation processes are
essentially exponential.

We wish to compare below two relaxation times: the
collective, Debye relaxation time, τD, and the “single-
molecule” relaxation time, τs. These are defined by

τ
D
 ≡ τ

N
 =  C̃

N
(0) , τ

s
 ≡ τ

1
 =  C̃

1
(0) (6)

For a simple liquid consisting of non-interacting di-
poles, N = 1 and τs = τD, but for an associated liquid the
two relaxation times differ due to the cross correlations,
〈cosθ1(0)cosθj(t)〉.

The dipole moment, like any other function A(t) in
the system’s phase space, obeys the Liouville equation
of motion

(7)

where L̂ is the deterministic Liouville operator (iL̂ is
Hermitian). The formal solution can be written as

A(t) = Û(t) A(0) , Û(t) ≡ exp(tL̂) (8)

with Û(t) being the evolution operator, and Û(0) = I, the
unit operator. Here one is not interested in the exact
form of Û(t), but rather in obtaining from it an appropri-
ate equation of motion for the correlation function.

Since the equilibrium average can be viewed as an
internal product (in the Hilbert space of all state vari-
ables), the autocorrelation function, 〈A(0)A(t)〉/〈A2〉, can
be depicted as a projection of A(t) onto the initial state,
A(0). The corresponding projection operator

(9)

is idempotent (Π̂2 =  Π̂) and induces a partition of space
into two orthogonal subspaces. Using the Mori–
Zwanzig projection formalism,42,43 one projects the ob-
servable A(t) at any time t on these two subspaces.
Denoting the two components by A1(t) ≡  Π̂A(t) and
A2(t) ≡ (I– Π̂)A(t), one generates from eq 7 a 2 × 2
equation of motion

(10)

where the four new operators are defined by

(11)
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This equation is to be solved for the initial condition
A1(0) = A(0) and A2(0) = 0.

By Laplace-transforming eq 10, substituting Ã2(s)
and inverting the ensuing equation for Ã1(s), one obtains
the well-known convolution relation

dA
1
(t)/dt = L̂

11
A

1
(t) +  L̂

12
exp(t′ L̂

22
)L̂

21
 A

1
(t–t′) dt′ (12)

The operator Û′(t) ≡ exp(tL̂22), known as the “truncated
evolution operator”, differs from the full propagation
operator, Û(t) = exp(tL̂), in projecting the Liouville
operator L̂ onto the normal subspace of the bath degrees
of freedom. Note also that, by Taylor-expanding the
exponent and using the idempotency of I– Π̂, one may
redefine L̂22 as L̂22 = (I– Π̂)L̂.

To simplify the problem, we restrict the treatment to
state functions that are independent of their time deriva-
tive (e.g., coordinates and velocities) in the equilibrium
state that prevailed up to t = 0,

〈Aˆ̂LA〉 = 0 (13)

A similar assumption was introduced by Shurygin and
Yulmetyev.44 It can be interpreted as implying that the
correlation function 〈A(0)L̂A(t)〉/〈A2〉 starts out with a
zero slope, a prediction verified experimentally fol-
lowing the observation of the early Gaussian phase of
the energy correlation function in liquid water.47 Equa-
tion 13 means that L̂11 ≡  Π̂L̂ Π̂ = 0, and hence eq 11
simplifies to

L̂
11

 = 0, L̂
12

 =   Π̂L̂ (14)

L̂21 = L̂ Π̂, L̂22 = (I– Π̂)L̂

Although one could proceed without this simplification,
eq 13 appears to be of sufficient general applicability to
justify its use.

The formalism is now applied to A(t) = MN(t), where
CN(t) = A1(t) /A(0). Equations 12 and 14 then lead to the
following equation of motion

(15a)

with the memory kernel

(15b)

which involves an auto-correlation of an angular veloc-
ity type variable, propagating under the influence of the
truncated evolution operator,

(16)

It is interesting to note that for N = 1, eq 15a is identical

with a non-Markovian rotational diffusion equation,
eq 53 in ref 16, when we identify the time-dependent
rotational diffusion coefficient, DR(t) there, with
K1(t)/2.

To obtain the relaxation time, consider the Laplace
transform

(17)

By setting s = 0, one obtains

(18)

where we have performed explicitly the time integral of
Û′N (t) and set  ·MN ≡ L̂MN(0). As might be expected, τN

depends only on equilibrium correlation factors.
The lifetime ratio can then be written as the ratio of

the transformed kernels

      

(19)

The numerator on the right-hand-side (rhs) involves
“static” correlation functions, which depend on the co-
ordinates, whereas the denominator involves “dynamic”
ones, which depend on the velocities. The latter looks
particularly complicated, and therefore we invoke sta-
tistical considerations to simplify it.

To achieve this, we note that an N-particle auto-
correlation function can be decomposed into a sum of N
(symmetric) auto-correlations and N(N–1) (asymmetric)
cross-correlations. Hence we define

(20a)

(20b)

where the angles are evaluated under equilibrium
conditions (t = 0) and i ≠ j = 1,...,N. Because of the
equivalence of all particles in an ensemble average,
these correlation factors are independent of i and j.
Thus the denominator on the rhs of eq 19 becomes
N[hs + (N –1)ha].

A similar treatment of the numerator on the rhs of
eq 19 involves the static cross-correlation factor

(21)
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With these notations, eq 19 can be written as

(22)

The top and bottom of the rhs correspond to static and
dynamic correlations, respectively, whereas left and
right of the addition signs are auto- and cross-correla-
tions, respectively. For large N, eq 22 is nearly identical
with eq 35 in ref 18 or eq 12.3.29 in ref 6. The difference
is in writing hs instead of 1 in the denominator because,
in our treatment, different projection operators appear in
the numerator and denominator of eq 20a. Equation 22
is still formal, unless one can evaluate or, at least,
approximate, the correlation functions involved.

A major simplification follows by assuming that

h
s
 ≈ 1, h

a
 << h

s
(23)

The second approximation follows since velocities
evolve on a faster timescale than coordinates, hence
their cross-correlations look like white noise whose
time-integral may be neglected. A similar assumption is
discussed in Sec. 12.3 of Berne and Pecora,6 where it is
shown to hold for light scattering from chloroform
(Table 12.3.1 there). To justify the first assumption,
consider Π̂N of eq 16 in the two limits of completely
uncorrelated vs. strongly correlated particles i and j. In
the first limit we assume that any inner product of
〈cosθj| with an attribute of particle i appearing in eq 20a
vanishes, so that only the jth term in  Π̂N survives. In the
opposite extreme, all the N2 terms in the projection
operator are identical. In both cases,  Π̂N reduces to  Π̂1.
Hence, we may replace here the N-particle truncated
evolution operator, Û′N(t), by the single-particle one,
Û′1(t). [This assumption is considerably weaker than its
replacement45,46 by the full evolution operator, Û(t),

which is equivalent to the complete elimination of the
projection operator from eq 18.] Consequently, we ob-
tain that hs ≈ 1.

Concerning the static correlation function, one may
apply the Schwarz inequality to write

0 ≤ | f | ≤ 1 (24)

For non-interacting liquids, f = 0, whereas for strongly
associated liquids, f ≈ 1 within the cluster.

With these stipulations, it is interesting to consider
how the lifetime ratio from eq 22 may depend on the
cluster size, N. Assume, for simplicity, that f, hs, and ha

are constants (independent of N). A typical N depen-
dence is depicted in Fig. 1. When N = 1, we get (assum-
ing hs = 1) τD = τs. In this limit, dielectric relaxation
reflects single-molecule reorientation. When N > 1, di-
electric relaxation is a collective phenomenon. If N is
small (yet larger than unity), we may still neglect
(N – 1)ha with respect to hs in the denominator of eq 22,
so that

τ
D

/τ
s
 ≈ 1 + (N – 1) f (25a)

Therefore, in this case “the single-particle and total
relaxation times are related simply by the static orienta-
tional correlation factor f” (ref 6, p. 327). For a strongly-
associated liquid (f = 1) we obtain an even simpler
result, that τD/τs ≈ N. Thus, in this regime, the lifetime
ratio is a direct measure of the cluster size (dashed line).
Finally, when N → ∞ the cross-correlations dominate,
and one obtains

τ
D
/τ

s
 → f / h

a
(25b)

Since ha is very small, this ratio may be very large. Thus
we find the interesting result that very fast motions
(small τs) contribute to τD through very large clusters,
whereas slower motions tend to be more localized.

Another interesting qualitative observation from eqs
25a and 25b concerns the temperature-dependence of
the lifetime ratio. As T increases, one expects the clus-
ter-size and the cross-correlation functions to diminish.
Under the conditions of eq 25a, the ratio τD /τs is propor-
tional to Nf, and hence expected to decrease with in-
creasing T. In contrast, the temperature-dependence
may partly cancel between f and ha in eq 25b. Conse-
quently, we expect activated behavior for small–moder-
ate values of τD/τs, but only weak T-dependence when
this ratio is very big.

We end the derivation with a quantitative approxima-
tion. Applying eq 23, we set hs = 1 and ha = 0. Replacing
its denominator by N, eq 19 becomes

(26)

Fig. 1. Cluster-size dependence of the lifetime ratio from
eq 22, assuming fixed correlation functions: f = hs = 1 and
ha = 0.01. Dashed line is the approximation in eq 25a.
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Assuming isotropic sample, the average cosine square
becomes1,2

〈cos2 θ
1
〉 = 1/3 (27)

Introducing the Kirkwood–Fröhlich correlation fac-
tor,2,48 g = 〈MN

2〉/Nµ2, we obtain the simple expression

τ
D

/τ
s
 = 3g (28)

Thus, for each spatial dimension, there is a contribution
g to the lifetime ratio.

To obtain a concrete form, we introduce the Fröhlich
expression2 for the average bulk squared dipole moment

〈M
N

2〉 = k
B
T V (ε

s 
– ε∞ ) (2ε

s
+ε∞) / (4πε

s
) (29)

which is valid for a spherical sample of volume V (our
cluster) embedded in an infinite continuum with the
same dielectric permittivity (kB is Boltzmann’s con-
stant). This should restrict the final result to solvents in
which clusters tend to be spherical, such as water, as
opposed to alcohols, which are thought to give rise to
more extended (linear) clusters. Inserting 〈MN

2〉 into
eq 26 finally gives

(30)

where m0 is the molecular mass and ρc = Nm0/V is the
density of the cluster. When the cluster is sufficiently
large, we may assume that its density is equal to that of
the bulk, ρc = ρ0. For a polar, associated liquid such as
water, εs >> ε∞ and then the temperature-dependence is
given approximately by Tεs.

3. ANALYSIS OF WATER RELAXATION TIMES
Water is the most abundant liquid on Earth, yet a very
elusive one for mechanistic studies. It is strongly associ-
ated via hydrogen bonds, and this leads to long-range
order and a plethora of relaxation times. Results by
different methods probing water relaxation do not al-
ways appear consistent, and this makes the understand-
ing of water dynamics a real challenge. Here we apply
our theory to interpret data from three experimental
techniques that produce two relaxation times each,
which we denote by τD (slow) and τs (fast). In order of
increasing τD /τs these are heterodyne-detected optical
Kerr effect (OKE),39 frequency-domain dielectric spec-
troscopy (FDS),8 and time-domain dielectric spectros-
copy (TDS).35

In all cases the slow relaxation time corresponds to
τD, as observed traditionally by FDS methods.1–5 We
interpret τD as arising from collective motion within a
cluster of average size N. In spite of its collective

character, the dielectric relaxation of water has a nearly
ideal Debye lineshape (see Introduction), which implies
that the macroscopic correlation function, CN(t), decays
exponentially. This is understandable from our theory
because, with the neglect of ha, defined in eq 20b, the
kernel KN(t) in eq 15b becomes a velocity auto-correla-
tion function, which is expected to decay much faster
than the cluster correlation function. In the limit that
KN(t) ≈ δ(t), CN(t) in eq 15a indeed decays exponentially.

In contrast, the single particle correlation function,
C1(t), decays faster than CN(t), whereas hs ≈ 1 implies
that its kernel K1(t) decays at a similar rate to KN(t). Here
memory effects in eq 15a become more important, so
that C1(t) might be expected to decay non-exponentially.
This is corroborated by the time-resolved IR data of
HOD,32 showing increasing non-exponentiality of the
rotational anisotropy decay near the blue edge of the OH
band, where a non-hydrogen-bonded OH group enables
single water reorientation to occur. It is thus reassuring
that our theory could predict the ratio of the relaxation
times without assuming exponential relaxation for the
correlation function.6

3.1 Optical Kerr Effect
In the OKE technique,39 the ratio of the two relax-

ation times is smaller than in the other methods (ca. 3 at
room temperature). The slow relaxation time is τD/3,
because the method detects second-order Legendre
polynomials, as opposed to FDS, which is sensitive to

Fig. 2. Arrhenius plot for the temperature-dependence of the
lifetime ratio obtained from heterodyne-detected OKE mea-
surements of liquid water (data from fig. 4 of ref 39). The line
corresponds to an activation energy of 0.75 kcal/mol.
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the first-order polynomial. Indeed, dividing the Debye
time by a factor of 3 gives an excellent agreement with the
slow OKE time constant over a wide range of tempera-
tures (see fig. 5 in ref 39). The same argument implies
that the fast relaxation times from OKE and FDS should
also relate by a factor 3. Consequently, we still denote
the ratio of slow to fast OKE relaxation times by τD/τs.

Equation 25a suggested that when the lifetime ratio
is small, it is proportional to Nf and hence it should
decrease with increasing T. Figure 2 shows the ratio of
the OKE time constants as a function of inverse tem-
perature. The process is indeed seen to be activated,
albeit with a small Arrhenius activation energy of ca.
0.8 kcal/mol. This means that while the Debye relax-
ation time at room temperature shows an activation
energy of ca. 4.5 kcal/mol,41 that of τs(OKE) is smaller
by 0.8 kcal/mol (3.6 kcal/mol, according to fig. 7 in
ref 39). This difference is small in comparison with the
hydrogen-bond energy in liquid water, 2.6 kcal/mol.49

Possibly, it involves only weakening of hydrogen bonds
rather than their complete cleavage.

3.2 Frequency-Domain Dielectric Spectroscopy
FDS of water at room temperature gives τD = 8.3 ps.

A small shoulder in the 100 GHz region of the Debye
lineshape can be fitted with a second Debye time con-
stant, τs = 1 ps. Thus, in these experiments τD/τs ≈ 8.5.
Inspection of Table 1 shows that most known relations
suggest a ratio that is considerably smaller. An excep-
tion is the Debye relation, eq 1, which produces roughly
the correct ratio (its exact value depends on the choice
of ε∞). As discussed in the Introduction, the Debye
relation has generally been perceived as inappropriate,
and inferior to alternative relations such as that of
Powles13 and Glarum14 (Table 1). In addition, it depends
only on the macroscopic dielectric constants, and does
not contain microscopic parameters. For alcohols, it is
no longer applicable.

Table 2 compares the second Debye time from dielec-
tric relaxation measurements on water and alcohols26

with τs from eq 30, and Debye’s relation, eq 1. Both
models are in agreement with the FDS data for liquid
water. For alcohols, however, Debye’s model appears to
grow too fast with increasing chain length, whereas the
present theory remains in qualitative agreement with
experiment. The best agreement is with water and
methanol data, where our assumption of a spherical
cluster seems to be most justified.

Whereas eq 30 gives the ratio τD /τs correctly at room
temperature, it possibly does not describe its tempera-
ture-dependence correctly. Buchner et al.8 have found
that τs is nearly temperature-independent over a range of
35 ºC. Alternately, this range might be too small and the
error in fitting small features in the Debye linewidth too
large for a reliable determination of the temperature-
dependence (see TDS data below).

According to eq 25a, for small clusters, τD/τs is a
measure of the number N of tightly correlated molecules
within a cluster. Thus, for room-temperature water this
number is around 9. This is in agreement with the “tetra-
hedral displacement mechanism”,41 in which a hopping
(translation) of a water molecule from a bound to a free
site in tetrahedral symmetry is coupled to the reorienta-
tion of the surrounding water molecules. Assuming a
coordination number of 4, this translating water mol-
ecule has 4 old and 4 new neighbors that must reorient,
so that the total number of water molecules participating
in this elementary act is indeed around 9.

3.3 Time-Resolved Dielectric Spectroscopy
TDS signals from water in the THz frequency range35

decay bi-exponentially, with the slow exponent close to τD

from FDS, but the fast exponent is around 170 fs at room
temperature (as opposed to 1 ps in FDS). Moreover, this τs

decreases appreciably with increasing T over ca. 90 ºC,35

roughly in accordance with the temperature-dependence
of τD. It is presently unclear whether the discrepancy is due
to very large errors in the measurement of small effects,
or that the two types of dielectric spectroscopies are
actually sensitive to different microscopic modes.

Table 2. Comparison between second Debye relaxation times from FDS measurements26 and predicted single-molecule
relaxation time for water and alcohols

liquid ρ0 (g/cc) m0 (g/eq) µv
a (D) n εs

b ε∞
b τD

b (ps) τs
b (ps) τs

c (ps) τs
d (ps)

water 1.00 18.01 1.87 1.333 78.4 6.2 8.32 1 1.0 0.85
methanol 0.791 32.04 1.70 1.328 32.6 5.9 51.5 7.1 6.1 11.8
ethanol 0.789 46.07 1.69 1.361 24.3 4.5 163 9.0 18.6 40.1
1-propanol 0.804 60.10 1.68 1.386 20.4 3.7 329 15 35.7 84.2

a Gas-phase dipole moment.50

b Experimental FDS data at 25  ºC, from ref 26.
c Present theory, eq 30, using dipole moments corrected according to eq 3.
d Debye model, eq 1.
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Figure 3 shows the lifetime ratio for H2O and D2O
from Tables 1 and 2 of ref 35. Due to the large error bars
on τs, we assume that both data sets represent scatter
around a common correlation line. In agreement with
the large N limit in eq 25b, this line is nearly tempera-
ture-independent. In fact, it is slightly decreasing with T,
as the Tεs dependence predicted from eq 30. However,
the experimental magnitude of τD/τs is much larger than
the theoretical value of 8.5 (see above). Hence, eq 30
gives the correct temperature-dependence for the TDS
data and the correct absolute magnitude for the FDS
data. It is presently difficult to assess whether this is a
drawback of the theory or the data.

4. CONCLUSION
We have produced a simplified derivation for the relax-
ation time ratio τD/τs based on the projection-operator
technique, and under some added statistical assump-
tions (e.g., those of eq 23). This allowed us to obtain
several useful forms for the macro–micro relaxation
time ratio, such as eqs 25 and 30. Some of these rela-
tions were obtained previously in more complicated
ways. Others, we believe, are new. Equation 30 de-
scribes quantitatively the lifetime ratio for water and
methanol at room temperature, in agreement with FDS
data. From the tables we note that this is the only theory
with this property. Nevertheless, we believe that the
theory at this stage is best appreciated on a qualitative
level.

Our initial goal was to understand the cooperative,
multi-molecule nature of the Debye relaxation time, τD,
in terms of a “single molecule” orientation time, τs. In
retrospect, it appears that the different spectroscopic
methods agree on τD but completely differ regarding the
value and temperature dependence of τs. Possibly, then,
each method might be probing a different elementary
mode of liquid water.

Apparently, none of these represents rotation of a
free water molecule, whose gas-phase rotation time is
expected to vary as  (I being the moment of
inertia). The latter implies a weak temperature effect
and a moderately strong isotope effect on τs. The experi-
mental τs values show a strong temperature effect (simi-
lar to that of τD) and probably also a small isotope effect.

The angular variable θ in our theory is therefore best
interpreted as a generalized coordinate that is strongly
coupled to other degrees of freedom, giving rise to the
collective behavior of τD. There may be several types of
such coordinates to which different experimental meth-
ods are sensitive. These elementary modes possess dif-
ferent time constants, τs, all of which contribute to the
Debye relaxation. The fast modes (as probed by TDS)
are coupled to τD through very large water clusters and
their temperature-dependence is very similar to that of
τD. The slower modes (as probed by FDS and OKE) are
more localized, within smaller water clusters, and
exhibit weaker temperature-dependence than τD. We
believe this is an interesting conjecture worthy of fur-
ther investigation.
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