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The kinetics of a diffusing particle near a reversible trap may be described by an extension of the
Feynman-Kac equation to the case of reversible binding, which can occur within a finite reaction
sphere. We obtain the Green’s function solution for the Laplace transform of this equation when
the particle is initially either bound or unbound. We study the solution in the time-domain by either
inverting the Laplace transform numerically or propagating the partial differential equation in the
time-domain. We show that integrals of this solution over the reaction sphere agree with previously
obtained solutions. © 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4764357]

I. INTRODUCTION

Chemical reactions in solution are controlled by transla-
tional diffusion, which brings the reacting partners into a crit-
ical distance from which reaction may occur.1 A fundamental
model for reaction involves “contact reactivity,” in which a
pair of particles has first to collide in order to react. The re-
action is then imposed as a boundary condition at the contact
distance σ .2 This model can be generalized to a reversible
diffusion-influenced reaction3

A + B
kr

�
kd

C, (1.1)

in which kr and kd are recombination and dissociation rate co-
efficients, respectively. In the case of a geminate pair, when
we deal with a single C molecule or an isolated single pair of
A and B, the solution can be obtained in Laplace space and in-
verted into the time-domain exactly, approximately, or numer-
ically under a variety of conditions.4–23 This model has been
applied extensively to (ultra-fast) excited-state proton trans-
fer reactions in solution,24–40 within cavities,41–43 in ice,44, 45

and within the green fluorescent protein.46, 47 It has also been
utilized for analyzing translational diffusion correlation func-
tions in molecular simulations.48, 49

Despite this success, it is worthwhile to consider an al-
ternate model for reversible geminate recombination. As op-
posed to the “contact reactivity” model, where reaction occurs
at a specified A-B distance, r = σ , in the “volume reactivity”
model reaction can occur throughout the spherical volume.50

In this model a particle diffuses freely in space, but when in-
side a “reaction sphere,” r ≤ σ , it can react reversibly with the
rate coefficients kr and kd.

The volume reactivity model can have different imple-
mentations with respect to the distance at which the pair
A–B is released upon dissociation. Reference 51 considered
the case when the release is at a specified distance, either
smaller or larger than σ , and solved the ensuing diffusion-
reaction equations for the steady-state concentrations.
Reference 50 considered the cases that the released particle is
uniformly distributed within the reaction sphere or else when
it appears at the same distance where it was trapped. This

immobilization/remobilization problem is the one treated
here.

The problem has been previously studied in Laplace
space for a particle initially uniformly bound within the re-
action sphere.50 Here we extend the solution to the Green’s
function52 (GF) p(r,t|r0), namely, the probability that the
particle transits from an initial distance r0 to r in three-
dimensional space during time t, in the presence of a reactive
sphere of radius σ .

Interestingly enough, the integral of the GF over r
for kd = 0 obeys the celebrated Feynman-Kac equa-
tion (FKE).53–55 Its solution gives the “residence time”
of the particle within the reaction sphere,56 called “occupation
time” in random walk theory.57 The present work generalizes
the solution, which can be found in the appendix of Ref. 55, to
reversible binding and an initial δ-function distribution. This
solution, which can only be obtained in Laplace space, is in-
verted numerically to the time-domain in order to exemplify
its behavior for the various initial conditions.

II. THE REVERSIBLE FEYNMAN-KAC EQUATION

In the “volume reactivity model,”50 a particle diffusing
(with diffusion coefficient D) in three-dimensional space may
bind and unbind only within a sphere of radius r = σ (centered
at the origin), whose volume is V = 4πσ 3/3. Thus we limit
the discussion to spherical symmetry, where r is the norm of
the radius vector. Let p(r, t) denote the probability density to
find the particle unbound and at distance r from the origin at
time t, while its probability density for being bound at some
r < σ is denoted by q(r, t). Unbound and bound populations
interchange at rates krH(σ − r)p(r, t) and kdq(r, t) in the as-
sociation and dissociation directions, respectively. H(x) is the
Heaviside step-function, which is zero for x < 0 and 1 for
x ≥ 0. It restricts the association reaction to occur only within
the σ -sphere. No such restriction is needed in the dissociation
direction because an initially unbound particle cannot bind at
r > σ . The dissociating particle always resumes its diffusive
motion at the same point to which it was bound.

Considered as a model for reversible geminate recombi-
nation, here one particle (e.g., a ligand) can diffuse inside the
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volume of the other (e.g., its binding site). For reaction be-
tween two small molecules this may seem artificial, yet of
little quantitative consequence, because the volume is small.
In other cases the present model may be more realistic than
the contact reactivity model, for example, reversible binding
of a diffusing particle to a circular receptor array.58

Using these notations, the following two coupled differ-
ential equations, a partial differential equation (PDE) plus an
ordinary one, describe the reversible reaction in the volume
reactivity model:

∂p(r, t)

∂t
= Lp(r, t) − krH (σ − r) p(r, t) + kd q(r, t),

(2.1a)

∂q(r, t)

∂t
= krH (σ − r) p(r, t) − kd q(r, t). (2.1b)

Here L is the spherically-symmetric diffusion operator in
a three-dimensional space

L ≡ 1

r2

∂

∂r
D(r)r2 ∂

∂r
, (2.2)

D(r) is the particle’s diffusion coefficient (for a pair it is their
relative diffusion coefficient), which is hereafter assumed to
be independent of r.

In the irreversible limit there is no dissociation, so that
kd = 0. Then the equations are no longer coupled: it suffices
to solve Eq. (2.1a) for p(r, t) whereas q(r, t) could then be ob-
tained by integrating the outgoing flux 4πr2D∂p(r, t)/∂r with
respect to t (for any r ≤ σ ). In this limit, Eq. (2.1a) is known
as the Feynman-Kac equation.

The boundary conditions (BCs) imposed on it are zero
flux at the origin

r2 ∂p(r, t)

∂r

∣∣∣∣
r→0

→ 0 (2.3)

and vanishing probability at infinite distances

p(r, t) → 0 as r → ∞. (2.4)

There is no need to impose BCs on q(r, t) because in the bound
state the particle does not diffuse.

We solve these equations in Laplace space. The Laplace
transformation (LT) of a function f(t), denoted by f̂ (s), is

f̂ (s) =
∫ ∞

0
f (t)e−st dt.

Taking the LT of Eqs. (2.1) we obtain

sp̂(r, s) = L p̂(r, s) − krH (σ − r) p̂(r, s)

+ kd q̂(r, s) + p(r, 0), (2.5a)

q̂(r, s) = 1

s + kd

[krH (σ − r) p̂(r, s) + q(r, 0)].

(2.5b)

Here we still need to insert the initial conditions p(r, 0) and
q(r, 0). For the GF, these involve a particle that is either un-
bound or bound at distance r0.

A. Initially unbound particle

For a particle that is initially unbound and located at dis-
tance r0 from the origin, we assume

p(r, 0|r0) = δ(r − r0)

4πr2
0

, q(r, 0|r0) = 0. (2.6)

By convention, the initial separation is denoted on the right of
the vertical line, so that p(r, t|r0) depicts the GF in the time-
domain, whereas p̂(r, s|r0) is the GF in Laplace space. Insert-
ing Eqs. (2.5b) and (2.6) into Eq. (2.5a) gives

(s − L)p̂(r, s|r0) − δ(r − r0)

4πr2
0

= − skrH (σ − r)

s + kd

p̂(r, s|r0),

(2.7)

which is an ordinary (because s is just a parameter) inhomo-
geneous differential equation in the variable r.

This reversible FKE extends the conventional FKE in two
respects. First, it is reversible, though this only amounts to
replacing kr by skr/(s + kd). Second, it applies to a δ-function
initial condition, from which the solution for any other initial
distribution can be obtained by averaging the GF over this
distribution.

The spatial integral of p(r, t|r0) over r is the “survival
probability” of the unbound particle

P (t |r0) ≡ 4π

∫ ∞

0
p(r, t |r0)r2dr. (2.8)

The customary FKE deals with this function,54, 55 which is
discussed in Appendix A, whereas Appendix B deals with a
uniform initial distribution within the reaction sphere.50

It is convenient to solve Eq. (2.7) for r �= r0 when it be-
comes homogeneous and then match the solutions at r0. De-
note the solutions for r < r0 and r > r0 by p̂−(r, s|r0) and
p̂+(r, s|r0), respectively. They must be continuous at r0, but
their derivative is discontinuous there,

p̂−(r, s|r0) = p̂+(r, s|r0), (2.9a)

1

4πDr2
0

= ∂p̂−(r, s|r0)

∂r

∣∣∣∣
r=r0−

− ∂p̂+(r, s|r0)

∂r

∣∣∣∣
r=r0+

. (2.9b)

Because Eq. (2.7) is of second order, each of these solutions
is a linear combination of two fundamental solutions (see be-
low) with coefficients determinable from the above condition.

Due to the discontinuous Heaviside function, there is
another matching sphere at r = σ , but there one demands
that both the function and its derivative are continuous. Thus
we solve the equation separately in three regions of space
bounded by the spheres r = r0 and r = σ and match the
solutions at these two interfaces. Finally, after solving for
p̂(r, s|r0), one can obtain the probability density of the bound
particle from Eq. (2.5b), namely

q̂(r, s|r0) = kr

s + kd

p̂(r, s|r0) , r ≤ σ. (2.10)
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B. Initially bound particle

For a particle that is initially bound and at r0 ≤ σ we
impose

p(r, 0|r0) = 0 , q(r, 0|r0) = δ(r − r0)

4πr2
0

. (2.11)

Instead of Eq. (2.7), we now obtain

(s − L)p̂(r, s|r0) − kd

s + kd

δ(r − r0)

4πr2
0

= − skrH (σ − r)

s + kd

p̂(r, s|r0), (2.12)

which has a modified δ-function term. Hence its solution is
simply that of Eq. (2.7) times kd/(s + kd).

The probability density of the bound particle is subse-
quently obtained from Eq. (2.5b), namely,

q̂(r, s|r0) = 1

s + kd

[
kr p̂(r, s|r0) + δ(r − r0)

4πr2
0

]
. (2.13)

III. THE GREEN’S FUNCTION SOLUTION

Let us consider Eqs. (2.7) and (2.12) for r �= r0 and either
r > σ or r < σ . For r > σ they simplify to

(L − s)p̂(r, s|r0) = 0. (3.1)

Given the differential operator in Eq. (2.2), the two fundamen-
tal solutions of this equation are exp (± αr)/r, where

α ≡
√

s/D. (3.2)

For r < σ they become[
L − s

(
1 + kr

s + kd

)]
p̂(r, s|r0) = 0 (3.3)

and the two fundamental solutions are exp (± βr)/r, where β

is defined by

β = α[1 + kr/(s + kd )]1/2. (3.4)

When kr = 0, β = α and Eq. (2.7) reduces to free diffusion.
Let us now solve these equations separately for r0 > σ or
r0 < σ (Figure 1).

FIG. 1. The spatial arrangement of elements pertaining to the GF solution,
which depends on the two distances r and r0. The initial location of the par-
ticle, r = r0, can be either inside or outside the reactive sphere, r = σ . This
divides space, in two different ways, into three regions (indicated by 1, 2, and
3). The particle can react only within the colored sphere, where r ≤ σ .

A. Unbound particle, initially outside: r0 > σ

For r0 > σ , we consider the solution in the three regions:
(1) r < σ , (2) σ < r < r0, and (3) r > r0, which are depicted
in Fig. 1. In region 3 the BC at infinity eliminates the rising
exponential, so that

p̂(r, s|r0) = C

r
exp(−αr), r > r0. (3.5a)

In region 2 both exponentials contribute,

p̂(r, s|r0) = B1

r
eαr + B2

r
e−αr , σ < r < r0. (3.5b)

Finally, in region 1 the vanishing flux at the origin dictates
that

p̂(r, s|r0) = A

r
sinh(βr), r < σ. (3.5c)

The coefficients A, B1, B2, and C are functions of s and r0

(but not of r), to be determined from the matching conditions
at r = r0 and r = σ . Thus we find that

A = 1

4πDr0
e−α(r0−σ )[α sinh(βσ ) + β cosh(βσ )]−1,

(3.6a)

B1 = 1

8πDαr0
e−αr0 , (3.6b)

B2 = 1

8πDαr0

α sinh(βσ ) − β cosh(βσ )

α sinh(βσ ) + β cosh(βσ )
e−α(r0−2σ ),

(3.6c)

C = B2 + 1

8πDαr0
eαr0 . (3.6d)

These coefficients obey the following four identities:
(i) From continuity of the solution and its derivative jump at
r = r0:

Ce−αr0 = B1e
αr0 + B2e

−αr0 , (3.7a)

Ce−αr0 = 1

4παDr0
− B1 eαr0 + B2e

−αr0 . (3.7b)

(ii) From continuity of the solution and its first derivative at
r = σ :

A sinh(βσ ) = B1e
ασ + B2e

−ασ , (3.8a)

Aβ cosh(βσ ) = B1αeασ − B2αe−ασ . (3.8b)

B. Unbound particle, initially inside: r0 < σ

For r0 < σ we consider the solution in the three regions:
(1) r < r0, (2) r0 < r < σ , (3) r > σ (see Fig. 1). The solutions
are the same as in Eqs. (3.5), except for region 2, where α is
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replaced by β,

p̂(r, s|r0) = C

r
exp(−αr), r > σ, (3.9a)

p̂(r, s|r0) = B1

r
e−β(σ−r) + B2

r
eβ(σ−r),

r0 < r < σ, (3.9b)

p̂(r, s|r0) = A

r
sinh(βr), r < r0. (3.9c)

The matching conditions now give

A = 1

4πDβr0

α sinh[β(σ − r0)] + β cosh[β(σ − r0)]

α sinh(βσ ) + β cosh(βσ )
,

(3.10a)

B1 = β − α

2β
e−ασ C, (3.10b)

B2 = β + α

2β
e−ασ C, (3.10c)

C = sinh(βr0)

4πDr0

eασ

α sinh(βσ ) + β cosh(βσ )
. (3.10d)

These coefficients obey the following four identities:
(i) From continuity of the solution and its first derivative at
r = σ :

Ce−ασ = B1 + B2, (3.11a)

αCe−ασ = β(B2 − B1). (3.11b)

(ii) From continuity of the solution and its derivative jump at
r = r0:

A sinh(βr0) = B1e
−β(σ−r0) + B2e

β(σ−r0), (3.12a)

A cosh(βr0) = 1

4πβDr0
+ B1e

−β(σ−r0) − B2e
β(σ−r0).

(3.12b)

C. Bound particle, initially inside: r0 < σ

The solution of Eq. (2.12) is the same as in Eqs. (3.10)
above, with A and C multiplied by kd/(s + kd).

IV. DEMONSTRATIVE CALCULATIONS

In this section we demonstrate the above GF solution
in both Laplace space and the time-domain. The latter is
achieved by a numerical LT inversion using the algorithm
of Ref. 59. It is compared with the numerical solution of
Eq. (2.1) in the time-domain using the SSDP software.60 The
agreement validates our analytical LTs (or, alternately, it vali-
dates the numerical procedures for LT inversion and PDE so-
lution). The parameters used in the following figures are the
same as in our previous publication:50 σ = 1, D = 1, kd = 0.5,
and kr = 3D/σ 2 = 3.

FIG. 2. The distance dependence of the Laplace transformed GF for an ini-
tially unbound particle at three values of r0: inside (r0 = 0.5), on the surface
(r0 = 1), or outside (r0 = 2) the reaction sphere. Lines demonstrate Eqs. (3.5)
and (3.6), or (3.9) and (3.10), for s = 1 (full line), 5 (dashed line), and 10
(dashed–dot line). All the figures in this publication use the same parameters
set: σ = 1, D = 1, kd = 0.5, and kr = 3.

Figure 2 shows the r-dependence of the solution in
Laplace space, p̂(r,s|r0), for a particle that is initially un-
bound at r0. The solution for r0 inside or outside the reaction
sphere is given by Eqs. (3.5) and (3.6) or (3.9) and (3.10),
respectively. For large s, the function p̂(r,s|r0) peaks at
r = r0 and spreads over r as s decreases. The derivative dis-
continuity at r = r0 is evident in the figure, whereas there are
no discontinuities at r = σ .

Figures 3–5 show the GF solutions in the time-domain,
for the same three initial locations. The black lines are
the (numerical) Laplace inverse of p̂(r,s|r0) and q̂(r,s|r0).
The colored dotted lines are the exact numerical solution of
the PDE in the time-domain using SSDP (version 2.66).60

There is an exact match between the two solutions.
The GF for an unbound particle, p(r,t|r0) (red), looks ini-

tially like a widening Gaussian. Its peak moves to smaller

0 1 2 3 4
0.00

0.01

0.02

3
2

1

3

2

p 
(r

, t
|r

0
),

   
q 

(r
,t

|r
0
)

r

  inverse LT 
 SSDP  p(r,t|r

0
)

 SSDP q(r,t|r
0
)

t1 = 0.04663 

t2 = 0.2489

t3 = 0.5749

FIG. 3. The distance dependence of the GF in the time-domain, for an ini-
tially unbound particle starting outside the reaction sphere, at r0 = 2 > σ .
Black lines demonstrate the Laplace inverse of Eqs. (3.5) and (3.6) for
p(r, t|r0), as well as that of Eq. (2.10) for the probability density of the bound
state, q(r, t|r0).
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FIG. 4. Same as Fig. 3 for r0 = 1 = σ .

values of r with increasing time due to reflection from r = 0.
In contrast to these smooth profiles, the GF for the bound par-
ticle, q(r,t|r0) (green), has a cusp. This cusp is on the bound-
ary of the reaction sphere (r = σ ) when r0 ≥ σ and at r0 when
r0 < σ . Due to the recombination reaction, part of the ini-
tial δ-function density for the unbound particle becomes a δ-
function for the bound particle. This population cannot diffuse
in the bound state, only dissociate, giving rise to a derivative
discontinuity in the time-domain.

The time evolution of the GF for an initially bound par-
ticle (at r0 ≤ σ ) is shown in Fig. 6. The initial distribution
is a δ-function q(r, 0|r0) = δ(r − r0)/4πr2

0 (at r0 = 0.5) that
persists for all times. Its amplitude, however, diminishes with
time (not shown) as the particle dissociates. This creates the
distribution p(r, t|r0) of the unbound particle, which is initially
close to a δ-function (time t1), then widens (due to diffusion)
and increases in amplitude (due to further dissociation – time
t2), and finally (t3 onwards) decreases in amplitude due to es-
cape of the particle to infinity. Recombination from the un-
bound state then creates the non-δ-function part of q(r, t|r0),
its amplitude following that of p(r, t|r0) with a delay (due to
the finite kr). Thus the amplitude of q(r, t|r0) continues to in-

0.0 0.5 1.0 1.5
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

1

1

3

3

2

r

p 
(r

,t
|r

0
),

   
q 

(r
,t

|r
0
)

 inverse LT 
 SSDP  p(r,t|r

0
)

 SSDP  q(r,t|r
0
)

FIG. 5. Same as Fig. 3 for r0 = 0.5 < σ , except that the times here are:
t1 = 0.02019, t2 = 0.0307, and t3 = 0.05361. Black lines were calculated by
Laplace inverting Eqs. (3.9) and (3.10).

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
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 t 

| r
0 )

r
0.0 0.2 0.4 0.6 0.8 1.0 1.2

0.00

0.02

0.04

0.06

0.08
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6

5

4

3

1

2

q 
( 

r,
 t 

| r
0 )

r

t
1
 = 0.02102

t
2
 = 0.5185

t
3
 = 1.469

t
4
 = 4.659

t
5
 = 6.881

t
6
 = 11.7

FIG. 6. The time dependence of the GF for a particle that is initially bound
at r0 = 0.5. The LT of the GF for the unbound state p̂(r, s|r0) is given by
Eq. (3.9) multiplied by kd/(s + kd) and its Laplace inverse is depicted by the
blue lines. The LT of the GF for the bound state, q̂(r, s|r0), is calculated from
p̂(r, s|r0) using Eq. (2.13) and its Laplace inverse is depicted by the red lines.
The numerical solution of the PDE (2.1) for these initial conditions is shown
by the dotted green lines.

crease up to about t4, when p(r, t|r0) is already in its decreas-
ing phase. Another interesting observation is that both parts
of the GF show a derivative discontinuity at r0. This contrasts
with the initially unbound particle, for which only q(r, t|r0)
shows such a discontinuity (Figs. 3–5).

V. CONCLUSION

In this work we have obtained (analytically) the GF solu-
tion of the reversible FKE in Laplace space and (numerically)
in the time-domain. The relevance of this equation to chem-
ical kinetics is in providing a mathematical description for
the “volume reactivity” model of geminate recombination, in
which one particle is a reactive sphere and the other is a dif-
fusing point particle that can bind (immobilize) and unbind
(remobilize) within this sphere. This model is an alternative
to the widely used “contact reactivity” model, in which the
two particles can react only upon collision (at the “contact
distance”).

Interestingly, the GF solution for reversible binding of an
initially unbound particle can be obtained from that of irre-
versible binding (kd = 0) by replacing kr/s by kr/(s + kd). An
initially bound particle is immobilized for all times in the irre-
versible case, yet its reversible GF can also be obtained from
the solution of the irreversible case by a further multiplicative
factor kd/(s + kd).

In Laplace space, all the components of the GF neces-
sarily show a derivative discontinuity at the initial location of
the particle, r0. In the time-domain, p(r, t|r0) does not show
such a discontinuity for an initially unbound particle, but all
other GF components do show a derivative discontinuity at r0,
which is conceivably due to the lack of diffusion in the bound
state.

Appendices A and B show that the integrals of our GF’s
(over r or r0) reproduce the solutions for the overall sur-
vival probability of an initially unbound particle (obtained in
Ref. 55 for the irreversible case) and for an initially uniformly
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distributed bound particle.50 Thus all previous solutions of the
FKE are special cases of the GF obtained in the present work.

The question is what is the practical difference between
the contact and volume reactivity models and is a volume re-
activity model really needed? As Fig. 5 in reference 50 shows,
for an initially uniformly distributed particle within the reac-
tion sphere the difference in the binding probability, Q(t|uni),
between the two models may be rather subtle (see Fig. 5).
However, the difference between the models may be larger
for an initially unbound particle or for the full GF. This issue
still needs to be studied.

More interesting physically is the applicability of the
volume reactivity model beyond the pair problem. Consider,
for example, the case where reversible receptors are scat-
tered within the reaction sphere.58 For example, a particle
may be diffusing on the surface of a membrane,61 on which
there is a circular patch containing many reversible recep-
tors. (Such a situation is believed to occur, e.g., for protons
on membranes.62, 63) Then, in a mean field sense, the kinetics
of the particle is described by a two-dimensional version of
the reversible FKE solved herein.
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APPENDIX A: THE INTEGRATED FKE

The FKE usually encountered in the literature is for the
LT of the survival probability, P̂ (s|r0), obtained by integrating
the GF as in Eq. (2.8). It is a solution of the integrated adjoint
of Eq. (2.7), namely,[

s + skrH (σ − r0)

s + kd

− L0

]
P̂ (s|r0) = 1, (A1)

with the adjoint diffusion operator L0 and the same bound-
ary conditions at r0 = 0 and ∞ as above. This solution, for
kd = 0, is given in the appendix of Ref. 55 for any dimen-
sionality d. See also Eq. (1.5.1) in Chap. 4 of Part II of Ref.
64. The binding probability Q̂(s|r0) can be obtained from the
normalization condition Q̂(s|r0) = 1/s − P̂ (s|r0). It is actu-
ally slightly simpler than the survival probability, so we focus
on it here.

For the irreversible case (kd = 0), Eqs. (59) and (60) in
Ref. 55 in three dimensions become

Q̂(s|r0) = kr

s

[
1

s + kr

− αK3/2(ασ )

β2 D1/2�

(
σ

r0

)1/2

I1/2(βr0)

]
,

r0 ≤ σ, (A2a)

Q̂(s|r0) = kr

s

I3/2 (βσ )

β D1/2�

(
σ

r0

)1/2

K1/2(αr0) , r0 ≥ σ.

(A2b)

Here Iν(z) and Kν(z) are the modified Bessel functions of
order ν, and � in the denominator is given by Eq. (61) of
Ref. 55:

D−1/2 � = βK1/2(ασ )I3/2(βσ ) + αK3/2(ασ )I1/2(βσ ).

(A3)

Bessel functions of the half-integer order can be written
in terms of hyperbolic functions [Eqs. (10.2.13) and (10.2.17)
in Ref. 65]. Then � in Eq. (A3) reduces to

βσ � =
(

Dβ

α

)1/2

[β cosh(βσ ) + α sinh(βσ )]e−ασ .

(A4)
The LTed binding probability in Eq. (A2) then becomes

Q̂(s|r0) = kr

s

[
1

s + kr

− 1 + ασ

β2r0D

sinh(βr0)

β cosh(βσ ) + α sinh(βσ )

]
,

r0 ≤ σ,

(A5a)

Q̂(s|r0) = kr

s

e−α(r0−σ )

β2r0D

βσ cosh(βσ ) − sinh(βσ )

β cosh(βσ ) + α sinh(βσ )
, r0 ≥ σ.

(A5b)

The solution for reversible binding, kd �= 0, is obtained by
replacing kr/s by kr/(s + kd) in the above equations, whereas
β generalizes to its value in Eq. (3.4). This gives

Q̂(s|r0) = kr

s(s + kd + kr )

[
1 − 1 + ασ

r0

× sinh(βr0)

β cosh(βσ ) + α sinh(βσ )

]
, r0 ≤ σ, (A6a)

Q̂(s|r0)= kr

s(s+kd +kr )

e−α(r0−σ )

r0

βσ cosh(βσ ) − sinh(βσ )

β cosh(βσ ) + α sinh(βσ )
,

r0 ≥ σ.

(A6b)

Equation (A6) can also be obtained by direct integration
of the GF over r. According to Eq. (2.10), obtaining the bind-
ing probability requires integration only inside the reaction
sphere

Q̂(s|r0) = 4πkr

s + kd

∫ σ

0
p̂(r, s|r0)r2dr, (A7)

and this is simpler than obtaining the survival probability that
requires integration over all space. When r0 < σ , one needs
to integrate p̂(r, s|r0) in regions 2 and 3, see Eqs. (3.9b) and
(3.9c), but only in region 1, Eq. (3.5c), when r0 > σ . The sur-
vival probability can subsequently be obtained from Q̂(s|r0)
using the normalization condition P̂ (s|r0) = 1/s − Q̂(s|r0).
Performing these integrals directly indeed gives the same re-
sult as above.

Its Laplace inverse, P(t|r0), is demonstrated in Fig. 7. It
starts from unity, then decreases to a minimum as the parti-
cle binds. But eventually it is released and escapes to infinity
when P(t|r0) approaches unity again.
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FIG. 7. The time dependence of the survival probability, P(t|r0), obtained
by Laplace inverting Eqs. (A5), as compared to numerically integrating the
numerical solution of Eq. (2.1) using the SSDP software. Parameters are the
same as in Fig. 2.

APPENDIX B: AN INITIAL UNIFORMLY BOUND STATE

Instead of a particle initially bound at r0, we consider a
bound particle that is initially uniformly distributed inside the
reaction sphere. Denoting the survival probability in this case
by P(r, t|uni), we define

P (r, t |uni) ≡ 4π

V

∫ σ

0
p(r, t |r0) r2

0 dr0, (B1)

where the division by V = 4πσ 3/3 serves to normalize the
initial distribution. This problem was considered in Ref. 50.

Because the diffusion equation is symmetric to the ex-
change of r and r0, we find from Eq. (A7) that

P̂ (r, s|uni) = s + kd

V kr

Q̂(s|r). (B2)

Inserting the binding probability from Eq. (A6) with r0 re-
placed by r and multiplying by kd/(s + kd) to account for an
initially bound state, we obtain

P̂ (r, s|uni) = kd/V

s(s + kd + kr )

[
1 − 1 + ασ

r

× sinh(βr)

β cosh(βσ ) + α sinh(βσ )

]
, r ≤ σ,

(B3a)

P̂ (r, s|uni) = kd/V

s(s + kd + kr )

e−α(r−σ )

r

× βσ cosh(βσ ) − sinh(βσ )

β cosh(βσ ) + α sinh(βσ )
, r ≥ σ. (B3b)

This is identical to Eq. (4.14) in Ref. 50.
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