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Long-time behavior of reversible geminate
recombination reactions
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The probability of the bound state in reversible, geminate dissociation-recombination reactions decays at long
times as t-3/2 rather than exponentially. We present the recent theoretical derivation of this long-time behavior
and single-photon counting data that verify the theoretical prediction over 3 orders of magnitude.

INTRODUCTION

We consider an elementary chemical reaction in solution,

AB = A + B (1)

where an isolated molecule AB dissociates to a geminate
pair A + B and recombines reversibly. If spatial inhomo-
geneities were immaterial, the course of the reaction
would be determined solely by the bulk concentrations of
A, B, and AB. In this limit the time evolution of these
concentrations is governed by the ordinary chemical rate
equations.' An initially bound molecule would then dis-
appear in an exponential or multiexponential time course,
depending on the number of intermediates assumed be-
tween AB and the fully separated A + B.

If, however, the reaction is so fast that it is nearly diffu-
sion limited,2 spatial inhomogeneities in the A-B distance
distribution can no longer be neglected. The older theo-
ries of diffusion-influenced reactions3 assumed a reaction
scheme (e.g., the Eigen mechanism for proton-transfer
reactions3) and evaluated the rate coefficients of the in-
dividual reaction steps from the steady-state Debye-
Smoluchowski equation (DSE).4 Since the reaction's time
course was still determined from the solution of first-
order rate equations, the basic conclusion, that the long-
time behavior of reaction (1) is exponential, remained
unchanged.

While for slow reactions the above approximation is
plausible, we argue that for ultrafast reactions one cannot
avoid solving the time-dependent DSE. It is possible to
treat the transient problem exactly, since the appropriate
boundary condition for describing a reversible reaction
has been established.5 Although the transient DSE with
the so-called back-reaction boundary condition5 and for an
arbitrary potential of interaction could be solved only
numerically,6 the recently developed theory of reversible
diffusion-influenced reactions7 9 has led to an analytical
expression for the long-time behavior of reaction (1). The
predicted asymptotic behavior of t 31 2 is qualitatively dif-

ferent from an exponential decay. An accurate experi-
mental determination of the long-time behavior would
therefore help establish the correct theoretical treatment
for reversible diffusion-influenced reactions.

Our earlier studies6 7 0 dealt extensively with the re-
versible proton transfer to water from an excited dye
molecule, 8-hydroxypyrene 1,3,6-trisulfonate (HPTS).
This system was found to be a unique, almost ideal, case of
a reversible diffusion-influenced reaction. Using a pico-
second laser and a streak-camera detector, we were able7

to follow the HPTS fluorescence down to 1% of its maxi-
mal intensity. By that time the signal approached the
asymptotic t-312 behavior. Unfortunately, the inherent
limitations of the streak-camera system precluded mea-
surements to longer times and lower intensities.

In the present paper we summarize the recent theory 8

that leads to the exact analytical solution for the long-time
behavior. We report a first measurement of the HPTS
fluorescence signal over a large time range using time-
correlated single-photon counting (TCSPC). This method
enables us to follow the signal down to 0.2% of its initial
amplitude and to demonstrate convincingly the power-
law behavior that is predicted from the DSE with back-
reaction.

THEORY

The purpose of this section is to summarize the major
theoretical results that pertain to the long-time behavior
without going into the detailed derivations, which can be
found elsewhere.8 The starting point is the spherically
symmetric DSE,4

p(r, ') 2Dr2 exp[-V(r)]c exp[V(r)]p(r, t),
at ar S~r

(2)

for the probability density, p(r, t) for which the pair A-B is
separated at time t to a distance r. Hence all degrees of
freedom (e.g., rotation, vibration, dielectric relaxation)
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other than the relative translation are neglected. This is
justified because of the shorter time scale of these other
motions. In Eq. (2), D is the mutual diffusion coefficient
(assumed to be distance independent) and V(r) _ U(r)l
kB T, where U(r) is the potential of interaction between
the particles A and B, kB is Boltzmann's constant, and T is
the absolute temperature. In our experiments U(r) is
mostly an attractive Coulomb potential, V(r) = -RD/r, RD
being the Debye distance that determines the strength of
the interaction. We denote the distance of closest ap-
proach (the contact distance) of A and B by a. Hence in
Eq. (2) r a.

While the density p(r, t) is usually not an experimental
observable, its spatial integral is. We denote by

S(t) _ 47r p(r,t)r2dr (3)

the probability that a pair becomes unbound by time t.
For irreversible reactions S(t) is known as the survival
probability. For reversible reactions this terminology is
inadequate, because a pair that disappears because of re-
combination will subsequently reappear and ultimately
separate to an infinite distance. Hence we suggest the
term separation probability instead. 8 The probability
that the pair is bound at time t is therefore 1 - S(t).

The reversibility of the reaction is accounted for
through the boundary condition imposed at the contact
distance a. Once A and B reach contact, we assume that
they can associate with a rate parameter Ka. (In the no-
tations of Refs. 6, 7, and 10 we have Ka 47ra2

Kr.) The
rate of this recombination process is proportional to the
density of pairs at contact, p(a, t). Conversely, a bound
AB molecule may dissociate to produce an unbound pair
at contact. This first-order process is proportional to
a dissociation rate parameter Kd and to the total bound
population, 1 - S(t). Hence we write the back-reaction
boundary condition as5

-J(a, t) 47rDa2 exp[V(a)] a exp[-V(r)]p(r, t) Ir=a
ar

= Kap(a, t) - Kd[l - S(t)], (4)

where the total reactive flux at contact, J(a, t), has two
contributions: one is due to association, the other to dis-
sociation. In the special case that Kd = 0, Eq. (4) reduces
to the well-known radiation boundary condition."' If, in
addition, Ka = x, Eq. (4) reduces to an absorbing (Smolu-
chowski4 ) boundary condition, p(a, t) = 0. When we
need to specify the exact nature of the contact boundary
condition, we will attach a subscript (abs, rad, or rev for
absorbing, radiation, or reversible, respectively) to rele-
vant quantities. An expression with no subscript at-
tached is understood to be valid for any of the above
boundary conditions. Since population decreases or in-
creases only owing to the reaction of molecules at contact,
it is clear that

J(a, t) = S(t)/at.

This result can be obtained formally by integrating Eq. (2)
over r and using the definitions in Eqs. (3) and (4).

The initial conditions that we consider are for a pair
initially bound or else initially separated to a distance ro.
In cases when it is important to specify the initial condi-
tion, we use notations such as Srev(t *) and S(t I ro) for an
initially bound and a separated pair, respectively. Hence
an asterisk denotes the bound state, for which Srev(O *) =
0. While the definitions and equations that were intro-
duced above are valid for both initial conditions, it is possi-
ble to show2 that S(t I ro) obeys the backward (Kolmogorov)
equation with respect to the initial variable:

aS(t ro) _ 2 a 2aat - r0
2 exp[V(ro)]. Dro2 exp[-V(ro)]y-S(t I ro).

(6)

In the case of a radiation boundary condition, Kd = 0,
Eq. (4) becomes

47rDa2 Srad(t I rO) I ro=a = Ka Srad(t I a).
aro (7)

For an initially separated pair with the radiation boundary
condition, one may define the ubiquitous time-dependent
rate coefficient'2 as the equilibrium average of the reac-
tion flux in Eq. (5), namely,

krad(t) -44r f ai(t ro) exp[-V(ro)]ro2 dro

= 47rDa2 exp[-V(a)] aSrad(t I r)/aro Iro=a. (8)

The second equality in Eq. (8) is obtained by inserting
Eq. (6) into Eq. (8) and integrating. Use of Eq. (7) subse-
quently gives

krad(t) = Kae V(a)Sad(t I a), (9)

which will be used below in the derivation of the long-time
behavior.

The desired result follows from two central relations.
The first relation connects the separation probability for
the reversible dissociation of an initially bound pair with
the survival probability for the irreversible recombination
of a pair initially separated by the contact distance. The
fraction of bound pairs that dissociate between t and
t + dt is Kd[l - Srev(t *)]. Once dissociated to the con-
tact distance, the pair may recombine, subject to a radia-
tion boundary condition there. Hence the probability
that the pair is unbound by time t is given by the Szabo
convolution relation8

rt
S *v(t) = Kd [1 - Srev(t' *)]Srad(t - t a) dt'. (10)

Although it is possible to prove Eq. (10) more formally8 by
starting from the partial differential equation (2), we will
be satisfied here with the more heuristic argument given
above. Combining Eqs. (9) and (10), we have

Keq Srev(t *) = J [1 - Srev(t' l *)]krad(t - t') dt', (11)
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where the (association) equilibrium constant Keq is de-
fined by

K - KaeV(a)/Kd. (12)

Keq-' is the dissociation equilibrium constant, denoted by
Kin Refs. 6, 7, and 10. The long-time behavior now follows
from the long-time behavior of krad(t).

The long-time behavior of the time-dependent rate coef-
ficient is of the well-known form' 2

kr-d(t) 47rDaeffd(1 + aeff[/V + *) (13)

where, for the radiation boundary condition, the effective
contact radius is

rad _ Kae-V(a)aefabs
aeff - Kae v(a) + 41Daeffa" (14a)

and aeffab the effective contact distance for an absorbing
boundary condition, is given by

aeff - [ feV)r2 drY (14b)

In the limit of free diffusion, V(r) = 0, Eq. (14b) reduces
to aeff = a, which explains the origin of this notation.
There are several ways2"13 of deriving the asymptotic ex-
pansion (13), which is valid for an arbitrary potential of
interaction that vanishes at infinity. An elegant way is
to derive first a boundary equation for the DSE, Eq. (2),
describing the dependence of p(r, t I ro) on the contact
radius a. A special case is the equation for akrad(t)/1aa
that is derived by the methods of Sibani and Pedersen.3
By assuming the existence of an expansion and insert-
ing it into this equation, one obtains the coefficients in
relation (13).

The solution of Eq. (11) and expression (13) will give the
long-time behavior of Srev(t *). In order to solve the inte-
gral equation, we take the Laplace transform, which is de-
fined for an arbitrary function f(t) by

f(s) f(t)estdt. (15)

From Eq. (11) and relation (13), we find that

1 - Ssrev(S I*) = Ke
Keq + krad(s)

sK, 16

sK, + 4TrDaefrd(l + aeffrd (16)

The second line represents a small s expansion with aeffrd
given by Eq. (14a). Relation (16) is our central result:
On the one hand, it can be inverted in terms of complex
error functions to give a good approximation to the tran-
sient behavior over the whole time regime8 ; on the other
hand, it provides an approximation to the steady-state
quantum yield of an excited AB molecule.'4 Indeed, if
both AB and A + B are molecules having excited the same
radiative lifetime Tf, the relative area under the AB peak
in the steady-state (constant illumination) fluorescence
spectrum (relative to the total area) will be given by8"4

O(if) = 1 - '-f Sre(Tf ) . (17)

In the case of an initially bound state, k(f I *) is given by
relation (16), with s replaced by Tf-'

In the limit of small s one may further expand rela-
tion (16) and obtain'

s Ke\ 1 [
- S I I)-1 -a fm 
- rv 4TrDaefrrad 1 e D 1

(18)

Inserting s = f-' gives the absolute AB quantum yield 4,
as defined in Eq. (17), in the limit of a long radiative life-
time.8 "4 By Laplace inverting Eq. (18), one obtains 7

1 - Sre(t I *) (4-nDt) K 2 (19)

with Keq defined in Eq. (12). This ultimate power-law
decay, which contrasts with the exponential decay ex-
pected from a set of chemical rate equations,' is a distinct
fingerprint of a diffusional mechanism. It is the goal
of the present study to detect this power-law behavior
experimentally.

The results obtained above follow rigorously from the
DSE, Eq. (2), subject to the back-reaction boundary condi-
tion, Eq. (4), and hold for an arbitrary V(r) as long as
V(r) - 0 when r - oo. It is nevertheless instructive to
suggest a more heuristic argument as the basis of the t 31 2

asymptotic behavior.7 Since for reversible reactions the
ultimate fate is dissociation, after long times the total
time a pair has spent as a bound AB molecule becomes
negligible compared with the time it has been dissociated.
At such long times the distance distribution for an A-B
pair approaches that of freely diffusing particles. Hence
Prev(rt I*), becomes proportional to t 2 exp[-(r- a)'/
4Dt]. In addition, the reactive flux Jrev(a, t *) becomes
negligible. Insertion of Jrev(a, t 1*) Oandprev(a, t l*) pro-
portional to t-3/

2 into the back-reaction boundary condi-
tion, Eq. (4), leads to an asymptotic behavior of the form of
relation (19).

EXPERIMENT

We monitored the transient fluorescence from HPTS in
H2 0 and D2 0 after excitation with a picosecond laser.
Reagent preparation and basic experimental procedures
were discussed in Ref. 6; here a shorter laser pulse is
used and the detection apparatus (streak camera) has
been replaced by TCSPC.

When high sensitivity, large dynamic range, and low-
intensity illumination are important in fluorescence mea-
surements, TCSPC is preferable to a system with a better
time resolution but poorer dynamic range. The use of
picosecond tunable dye lasers as the excitation sources
and the development of microchannel plate photomulti-
pliers have improved the time resolution of TCSPC. A
cw mode-locked Nd: YAG pumped dye laser (Coherent
Antares 702 dye laser), which provides a high repetition
rate and short pulses (1 psec), is used as the sample excita-
tion source for the TCSPC system. The detection system
is based on Hamamatsu microchannel plate photomulti-
pliers 1654U-01(MCP) and 1564-05 and an IBM personal
computer. The overall instrumental response, full width
at half-maximum, is approximately 100 psec. The num-
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Table 1. Parameters Used for Fitting the HPTS
Fluorescence Decay in H2 0 and D20 at 23oCa

H20 D2 0

D (A2 /nsec) 910 740
RD (A) 28.3 28.6
a (A) 6.5 6.5
Kd (nsec'1) 9.0 2.2
Kr (A/nsec) 7.5 3.8
'tf (nsec) 5.5 4.8

aSee figures. D is the sum of the experimental diffusion coefficients of
the proton (the major contribution) and the anion. RD = - Jz1Z21e /(&kB T),
where z1 = 1, Z2 = -4, e is the electronic charge, £ is the static dielectric
constant of the solvent, and T = 296 K, the absolute temperature. The
contact distance a is from older steady-state measurements.3 The fluores-
cence lifetime r was determined by us from nanosecond measurements.
The only adjustable parameters are the intrinsic rate constants ad and
Kr = %(4 )

ber of counts per channel varies from -4000 at maximum
intensity to single counts at long times.

The TCSPC provides an accurate detection system for
fluorescence signals with time constants longer than
100 psec. The large dynamic range (more than 3 orders
of magnitude) enables us to determine the nonexponen-
tial decay profiles in proton dissociation or geminate-
recombination from HPTS in aqueous solutions.

RESULTS AND DISCUSSION

Using TCSPC, we have monitored the fluorescence signal
from the undissociated HPTS molecule over the time
range of 100 psec to 10 nsec. To correct for the finite
radiative lifetime, we weighted the experimental points by
exp(t/Tf). By adjusting the two rate parameters Ka and Kd,

we fitted the experimental points to the exact numerical
solution of the DSE, Eq. (2), for a Coulomb potential of
interaction V(r) = -RD/r, with the back-reaction bound-
ary condition, Eq. (4), and an initial bound state,
Srev(O *) = 0. The numerical calculation was convoluted
with an instrument response function of 100 psec.
Parameters used in the calculation are collected in
Table 1. The parameters for water are reasonably consis-
tent with those used to fit our earlier streak-camera data
(Table I of Ref. 6). The parameters for D2 0 agree less
well with those of Table II in Ref. 6. This may possibly be
due to varying extents of water contamination.

Our results are shown in Figs. 1 (H' transfer in H20)
and 2 (D+ transfer in D20). In these figures the TCSPC
data are the points and the numerical calculation is de-
noted by a solid curve. Each figure consists of two parts:
Figs. 1(a) and 2(a) show the early time data on a linear
scale, and Figs. 1(b) and 2(b) cover the same time regime
on a log-log (base 10) scale. The dashed lines in Figs. 1(b)
and 2(b) depict the asymptotic behavior of relation (19).
The bands of points seen at long times represent single-
digit counts. Low count numbers result in poor statistics
and hence the increased scatter in the TCSPC data at
long times.

The data in water (Fig. 1) cover nearly 3 orders of mag-
nitude in intensity. Numerical calculations and experi-
mental data agree, and both converge to the t 2 limit.
We stress that relation (19) correctly predicts not only the

asymptotic slope but also the intercept of the dashed line.
Compared with Fig. 6 of Ref. 7, which covered only
2 orders of magnitude in intensity, it is seen from Fig. 1(b)
how the data follow the asymptotic law for a full decade.
This provides a first convincing experimental demonstra-
tion of the asymptotic behavior. The reaction in D2 0 is,
of course, slower than in H20, owing to the smaller diffu-
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Fig. 1. (a) Transient decay of the blue fluorescence signal
(445 nm) from HPTS acid (denoted by ROH) solvated in water
and excited by a 1-psec laser at 300 nm at 23 C. Dots are TCSPC
data corrected for the finite radiative lifetime. The maximal
count is 4000 counts/channel. The curve is the exact numeri-
cal solution in Eq. (2), with the boundary condition of Eq. (4),
starting from an initial bound state and using the parameters in
Table 1. The numerical calculation was performed on a grid of
-1000 points that extended to a maximum separation of 750 with
a time step of 15 psec. It was subsequently convoluted with a
Gaussian instrument response profile of 100 psec full width at
half-maximum. The dashed line is the asymptotic behavior,
relation (19), with the same set of parameters as those given in
Table 1. (b) Same as (a) over a larger time range and on a log-log
(base 10) scale.
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support our earlier assumption6 that complicating effects
that could give rise to non-Markovian behavior are absent

D 20 in this case.
Even from a fit over such an extended time range, it is

difficult to get a fully quantitative agreement with steady-
state quantum yields.6 From the parameters of Table 1,
relation (16) and Eq. (17) predict an absolute quantum
yield for the blue band of undissociated HPTS of =
3.2 x 10-2 (compared with 3.5 x 10-2 in Ref. 6), while our
recent steady-state (constant illumination) measure-
ments' 4 gave = 4.0 x 10-2. Although the minimal
error bar on each number is +10o, and within these error
bars the two values agree, we hope to obtain closer agree-
ment in the future.

Recently much theoretical attention was directed
0.5 1.0 1.5 toward testing the prediction of conventional chemical rate

time (nsec) equations' against the exact asymptotic decay of many
(a) particles diffusing and reacting in solution.'5 Here we

have shown, both theoretically and experimentally, that
the asymptotic exponential decay predicted from the
chemical rate equations for unimolecular dissociation in
solution is incorrect even for an isolated pair. The older
theories of diffusion-controlled reactions,3 which concen-

X D2 0trated on solving the steady-state DSE, are also insuffi-
cient for explaining the data. The solution of a partial
differential equation, namely, the time-dependent DSE,
seems to be the minimal level of theoretical complication
rothat is consistent with the data. Our measurements of

proton dissociation from HPTS over a wide time range
-> tX agree remarkably well with a diffusive mechanism as

depicted by the recently developed theory of reversible

diffusion-influenced reactions.8
The ultrafast revolution in chemical kinetics, brought

about by faster lasers and sophisticated detection tech-

nologies, does not simply mean that we are measuring the
I , , , same kinds of phenomena on faster time scales. The new

0 0.5 1.0 data force us to reformulate the principles of chemical
kinetics in solution.

log time (nsec)
(b)

Fig. 2. (a) Same as Fig. 1(a) in D2 0. (b) Same as (a) over a
larger time range and on a log-log (base 10) scale.

sion coefficient of the heavier deuteron and to its slower
dissociation rate. Here the decay profile has not yet con-
verged to the asymptotic behavior. Nevertheless, in this
solvent, too, experiment and theory agree over the whole
time range.

It is interesting to note that if dynamics in other de-
grees of freedom (e.g., vibrational relaxation) were impor-
tant in determining the time-course of this reaction, a
description in terms of the separation distance alone
might have resulted in non-Markovian (memory) effects
on the dissociation process. In such a case dissociation
would be described by a distribution of waiting times
rather than a rate parameter.9 It has been shown9 that
for a plausible family of waiting time distributions a mem-
ory effect results in a second-order phase transition, where
the asymptotic slope changes discontinuously from 3/2 to
a value <1. Since our measurements determine the
asymptotic slope to an accuracy of -10%o, these results
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