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here; the transfer process can involve either partitioning or ad- 
sorption, the “solvent” being a surface in the latter case.) The 
principal solvation process in chromatographic separation is the 
creation of an acceptor cavity in (or on) the stationary‘phase and 
the destruction of the donor cavity in the mobile phase. 

Thus binding processes and chromatographic retention processes 
are quite different: the former requires only the change of cavity 
size in a single solvent; the latter requires creation of a cavity in 
one solvent and the destruction of a cavity in another solvent. The 
solvophobic theory is based on the premise that the only cavity 
which is relevant to retention is that in the mobile-phase solvent; 
it neglects the acceptor cavity in the stationary phase. Conse- 
quently, it predicts that retention should depend only on the surface 
tension of the mobile-phase solvent and not on the surface tension 
or other physical properties of the grafted stationary phase. In 
a partitioning theory such as the present one, cavities are described 
through the binary interaction constants, x; their differences 
account for the driving force for retention. The solvophobic theory 
therefore errs in important respects. For example: (i) it does not 
rationalize the general observationws that In k’should be a simple 
function of a relevant partition coefficient, and (ii) it specifies that 
retention should be independent of the nature of the grafted chain 
phase. There is much evidence that retention does depend on the 
grafted chain phase, some of which unambiguously cannot be 
interpreted in terms of effects of the phase ratio.35.58-61 
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On the other hand, some predictions of the solvophobic theory 
will resemble those of the present treatment in some circumstances. 
Inasmuch as retention is increased by unfavorable solute/eluent 
interaction or by favorable solute/grafted-phase interaction, then 
when the former contribution is dominant, predictions of the 
solvophobic theory will be qualitatively similar to the present 
treatment; the following are examples. Increased salt concen- 
tration in aqueous solvents decreases the solubility of hydrophobic 
molecules;29 to approximately the same degree, increasing salt 
increases the retention factor.] Increasing the pH for acidic solutes 
increases their net charge and decreases their affinities for the 
hydrocarbon stationary phase; the retention factor is corre- 
spondingly reduced.’ Moreover, both the free energy of transfer 
and the free energy of creation of a cavity in the mobile phase 
depend approximately linearly on the surface area of the solute. 
Thus the solvophobic theory should also resemble any partitioning 
theory in predicting the widely observed linear dependence of In 
k‘ on surface area of the solute.’ 
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The time-dependent diffusion equation is solved directly, by a new numerical algorithm, for a two-dimensional potential 
energy surface. The dynamics gives a qualitative description of isomerization reactions in solution. Along the reaction coordinate, 
the potential has a double-well shape, and the diffusion coefficient is inversely proportional to solvent viscosity. Along the 
perpendicular coordinate there are also two wells, the barrier height varies and the diffusion coefficient is assumed independent 
of viscosity. Under these conditions, in the high-viscosity regime, the diffusional flux can bypass the reaction-coordinate 
barrier, achieving a higher reaction rate. The calculated rate coefficient shows a non-Kramers, fractional viscosity dependence, 
in agreement with the isomerization experiments. 

Introduction 

tracted much attention 
The Kramers problem’ of diffusional barrier crossing has at- 

In the low viscosity regime, 
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there has been an effort to detect the maximum in the viscosity 
(7) dependence of the rate coefficient ( k ) ,  known as the “Kramers’ 
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Figure 1. The structure of stilbene and biindanylidene (“stiff‘ stilbene). 

turnover”. This regime is only observed in pressurized g a s ~ e s . ~ , ’ ~  
In the high-viscosity regime (the typical situation in solution) effort 
was directed to asses the validity of the reciprocal viscosity de- 
pendence of the rate coefficient predicted for high friction, es- 
pecially through kinetic experiments concerning the photochemical 
isomerization of dye molecules in s ~ l u t i o n . ~ - ~  It was found that, 
even in this regime, the simple Kramers theory predictions are 
not obeyed. Instead, a fractional viscosity dependence of the rate 
coefficient was observed 

(Here Z is a preexponential factor, E ,  the activation energy, kB 
Boltzmann’s constant, and T the absolute temperature.) The 
power a is typically between zero and unity. It is interesting to 
note that a similar behavior has been observed for ligand migration 
in heme proteins.” In addition, there is a general correlation 
among the parameters of eq 1: For smaller barriers (E,),  the 
preexponential factor Z decreases, while a increases (see Table 
I of ref 4f). 

Theoretical work’Z-21 has attributed the deviations from 
Kramers theory to several factors: 

(1) Non-Markovian, or memory,  effect^.'*,'^,'^-^^ These are 
expected to be pronounced for sharply peaked barriers, where 
solvent vibration and barrier crossing are of similar time scales. 
It has been possible to explain experimental results (e.g., for 
stilbenes) using these theories, albeit with nonphysical values for 
the parameters. 

(2) The relation of the microscopic friction to macroscopic 
viscosity. Here there is little basic research to guide us, and it 
was generally assumed that (as in macroscopic hydrodynamics22) 
the friction along the reaction coordinate is inversely proportional 
to viscosity. Recent measurements of rotational diffusion4g suggest, 
however, that the relation between friction and viscosity is not 
always linear. Indeed, it is intuitively expected that only in the 
limit when the rotating group is bulky compared to solvent 
molecules does it feel the full effect of the macroscopic viscosity. 

(3) Solvent variations of barrier heights. It is frequently as- 
sumed that the barrier height is solvent invariant for a given solvent 
family (linear hydrocarbons, alcohols, etc.). This is substantiated 
by linear isoviscosity plots4 There are, however, cases where the 
plots are curved, and it is argued,“,7 that the barrier height may 
generally be a decreasing function of solvent viscosity. The static 
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solvent effect on barrier height may be especially large when 
solvent polarity is varied.8b 
(4) The multidimensional nature of the macromolecular dy- 

namics, as opposed to Kramers’ one-dimensional m ~ d e l . ~ ~ , ~ ~ ~ , ~ , ~ ~  
In ligand binding to heme proteins there is a small-group (ligand) 
motion along the reaction coordinate, and a large-group (protein) 
motion along a perpendicular coordinate. It was therefore as- 
sumedZla that reaction-coordinate motion is viscosity independent 
while the perpendicular motion is proportional to l /v .  The mean 
first passage time in this model showed deviations from the 
Kramers’ predictions. 

In the present work we investigate the possibility that multi- 
dimensional diffusional dynamics leads to deviations from 
Kramers’ theory, manifested by eq 1, This is motivated by ex- 
perimental resultss on the excited-state photoisomerization of 
stilbene, as compared with “stiff“ stilbene (Figure I ) .  The ”stiff‘ 
stilbene has only one rotational degree of freedom 0, which is 
rotation around the double bond. It was indeed found to obey 
a l / q  dependence, which is the high-viscosity limit of Kramers 
expression. This is also the case for binaphthyl,8a where agreement 
with the full Kramers rate expression was obtained. Stilbene, 
which has another rotational angle 4 of the carbon-phenyl bond(s), 
deviates: The value of a is 0.32 in alkanes (where the barrier 
height is 3.5 kcal/mol) and increases to 0.6 in alcohols (where 
the barrier height is ca. 1 kcal/mol). Since stilbene has been much 
investigated also in the gas p h a ~ e , ’ ~ % * ~ , ~ ~  we will consider it as our 
model system. Although stilbene actually has two carbon-phenyl 
bonds, we believe that the qualitative effect can be investigated 
in a two degree of freedom calculation. 

The model presented below relates also to arguments (2) and 
(3): It involves two-dimensional dynamics, with a large-group 
motion along the reaction coordinate and a small-group (phenyl 
ring) motion along the perpendicular coordinate. This is just the 
opposite limit of the ligand binding case. The reaction-coordinate 
motion is therefore assumed to obey the simple hydrodynamic 
relationZZ of viscosity and friction, while the perpendicular motion 
is viscosity independent. In addition, our postulated two-dimen- 
sional potential energy surface has a barrier for the reaction- 
coordinate motion which varies along the perpendicular coordinate. 
Another important feature of the potential is that it has two 
substates (a double well) along the perpendicular coordinate. The 
result is a Markovian model that produces, via a new numerical 
algorithm, a purely dynamical explanation to the non-Kramers 
behavior. 

Model 
In this work we solve the full time-dependent diffusion equation 

dynamics for barrier crossing in two dimensions: The rotational 
angles 0 (the “reaction-coordinate”) and 4 (the “perpendicular 
coordinate”). The reason that we can deal here with the coor- 
dinate-space Smoluchowski equation, instead of with the more 
general phase-space Fokker-Planck equation, is that we are 
treating the high-viscosity regime, where velocities are relaxed. 
The partial differential equation to be solved (numerically) de- 
scribes the temporal evolution of the probability distribution 
function p(B,$,t) 

ap(e,$,t)/at = -V.J = v.D.(v~ + ( ~ / I c ~ T ) v v )  (2) 

It involves two quantities: The potential-energy-surface, V(0,@), 
and the diffusion tensor (matrix), D(0,4), whose magnitude de- 
termines the rate of motion in the two directions. The model 
consists of a judicious choice of V and D and, of coarse, also 
requires initial and boundary conditions for eq 2 .  J E (JB,J@) is 
the diffusional flux. 

( I )  The Potential. Most previous work is concerned with the 
one-dimensional motion along the reaction coordinate, so that 
potential curves (e.g., for  tilb bene'^*^^) are usually given as a 
function of 0. We start from such a potential for stilbene,Isa which 
has a well for the trans configuration (0 = 0) and a deeper well 

(23) Warshel, A. J .  Chem. Phys. 1975, 62, 214. 
(24) Olbrich, G. Ber. Bunsen-Ges. Phys. Chem. 1981, 86, 209. 
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Figure 2. The potential profile along the = 0 reaction coordinate, eq 
3, with Qe = 3 energy units. The barrier between the wells at B = 0 and 
7r/2 is 3.45 energy units. 

in the perpendicular configuration (0 = fa /2) .  We modify it 
in order to obtain a shallower well for the cis state (0 = a). The 
resulting potential function 

Vo(O,O) = Qo[3 cos ( 2 6 )  - 6 cos (40) + cos (60)- 4 cos (6)]/8 
(3)  

is shown in Figure 2 (Qo is a parameter that determines the barrier 
height). We define the reactant (trans) state as 114 < 0 < a/4, 
while all other values of 0 represent the products. (Since the cis 
state would hardly be populated, it can be ignored.) 

In order to get deviations from Kramers, the rate of crossing 
the dividing lines at 161 = a/4 should vary strongly with 4. Here 
we take 

v,(e,4) = v,(0,o)[l + a cos2 (4)1/(a + 1) (4) 

According to eq 4, the reaction-coordinate barrier decreases with 
increasing 141. It is minimal a t  141 = a/2, where it equals l / ( a  
+ 1) of its maximal value at  4 = 0. It is plausible that the barrier 
height for stilbene, for example, changes with the phenyl rings 
rotation, due to the change in porbital overlap. Quantal structure 
calculations should be able to evaluate the extent of this effect. 

As to the potential along the perpendicular coordinate 4, it is 
tempting to assume the existence of wells only at  4 = 0 and ?r. 

(These two are actually identical: The two faces of a phenyl ring 
are indistinguishable. Hence the periodicity in is really T instead 
of 2a.) For such a two-well (reactants and products) potential, 
the intial distribution in the reactants' well relaxes very fast to 
quasi-equilibrium, where p(0,4,t) retains its equilibrium shape and 
diminishes in amplitude. Under these conditions the observed rate 
is simply proportional to the equilibrium average of the rate 
coefficient a t  a given 4. The assumption that DBB is proportional 
to 1/q now leads again to a Kramers behavior. Any deviation 
from such a behavior must therefore be a dynamical effect. To 
enhance this effect, one needs a potential with additional wells 
a t  141 = a /2  that would prevent the establishment of quasi- 
equilibrium in the well a t  the origin. We therefore assume that 
the potential along 4 is given by a similar expression to that of 
eq 4, namely 

v$(0,4) = Q$[3 COS (24) - 4 COS (44) + COS (64)1/8 ( 5 )  

The two-dimensional potential energy surface is a superposition 
of the two above-mentioned potentials 

(6) 

Such a surface is shown in Figure 3. We would like to stress 
that this is only a model potential, constructed to demonstrate 
the dynamical effects discussed below. The true surface for 
stilbene, when calculated, may well be in variance with the details 
of the surface presented here. 

v e , 4 )  = w , 4 )  + v,(e,@) 

1 
0/ll 

-1 

Figure 3. The potential energy surface, eq 3-6, with Qo = 3 and Qo = 
2 energy units. a = 4 implies that the barrier height changes by a factor 
of 5 along the perpendicular coordinate. Contours are shown every 1 
energy unit. Plus signs denote minima in the potential. The initial 
population would be located in the well at the origin. The deep products' 
wells are at 101 = 7r/2 and 4 = 0. Both reactants and products have 
additional shallower wells at 4 = h / 2 .  

( 2 )  The Diffusion Tensor. Our choice for the diffusion tensor 
is very simple: We take the diffusion rate along the reaction 
coordinate, Des, to be inversely proportional to the viscosity q 
(without this assumption a one-dimensional model would, of 
coarse, also deviate from Kramers' behavior). We assume no cross 
diffusion and take the perpendicular diffusion rate as viscosity 
independent. In arbitrary units (that set the units of time), one 
has 

Do, = l / ( l O ~ ) ,  Dg$ = 0, D,, = 1 (7) 
Our intuitive reasoning for the viscosity dependence of the 

diffusion coefficients is as follows: When the rotating group is 
bulky compared to solvent molecules, and the rotational amplitude 
is large so that solvent molecules must be displaced for isomer- 
ization to take place, we expect the appropriate diffusion coefficient 
to reflect the full effect of the macroscopic viscosity. In the 
opposite limit, when the rotating group is small enough to occur 
within the solvent cage, we expect deviations4g from the simple 
classical hydrodynamicZZ relation of D with 1/q. A larger viscosity 
is typically associated with larger solvent molecules. This increases 
the pocket size and may even result in facilitation of the intra- 
molecular rotation. 

An experimental example for such an effect may possibly be 
the isomerization rates around an anthraceneCRl=CHR2 bond.g 
Here the rotating unit (ethylene) is small, and it was indeed found 
that as R1 and R2 become bulkier, the exponent a increases from 
0.0 to 0.3. In this case the diffusion coefficient may be deter- 
mined17 largely by the other internal degrees of freedom, not 
directly involved in the large amplitude motion. 

Returning to the stilbene example, we assume that the am- 
plitude of the double bond rotation is larger than that of the 
phenyl-ring rotation. This means that Doe depends more on 
viscosity than D4+. In order to demonstrate a clear-cut effect, 
we have brought this condition to the extreme situation of eq 7 .  

Instead of, or in addition to, taking a reaction-coordinate barrier 
which decreases when 141 increases from 0 to ~ / 2 ,  one can assume 
that DM increases in that regime. The effect would be the same: 
Larger fluxes in the 0 direction in the vicinity of 141 = ?r /2 .  Such 
variations in the diffusion coefficient can be rationalized by noting 
that rotation around the double bond in stilbene should be faster 
when the phenyl rings are oriented with their narrow side toward 
the direction of motion.21b However, it is not clear that this effect 
is large enough to yield a pronounced non-Kramers behavior. In 
this work mostly the barrier height varies, while Do, is constant. 

( 3 )  Boundary and Initial Conditions. The boundary conditions 
are, naturally, periodic boundary conditions in both 0 and 4. This 
is especially suitable for the numerical algorithm described below. 
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The initial conditions are determined from the equilibrium 
situation on the ground-state potential energy surface that obtained 
prior to excitation. We assume that this probability distribution 
was concentrated near the origin, namely at the trans configuration 
and a planar phenyl-ring orientation. 

Computational Procedures 
It is difficult to obtain an accurate transient solution for the 

Smoluchowski equation (SE) in more than one dimension. To 
circumvent this difficulty, algorithms using Monte-Carlo simu- 
lations of Brownian trajectories have been implemented.25a Also, 
methods for obtaining moments of the SE were developed.25b Here 
we report a new numerical algorithm for a full, direct solution 
of the SE. (A similar procedure could be applicable for the full 
phase-space Fokker-Planck equation.) 

The numerical procedure can be divided into four steps: (1) 
Discretizing space by choosing an appropriate grid. (2) Calcu- 
lating the linear differential operator 

Of = V.D( v + g)f 
where f is a function represented on a grid. (3) Propagating in 
time according to 

P ( ~ , + J )  = emp(0,+,O) (9) 

(4) Analyzing the results and obtaining rates. 
A detailed description of the numerical algorithm is now 

presented. 
(1) The probability density p(0,+,t)  is sampled on an evenly 

spaced grid in 0 and +. A0 = 2 ~ / N o  and A+ = r/N#, where the 
total number of grid points is N = No X N,, Values of p between 
grid points are found by the sine interpolation procedure.26 The 
initial probability density is then constructed on this grid. 

(2) The differential operation Of is calculated by a pseudo- 
spectral method.27 The procedure is as follows: First the de- 
rivative of the potential, V v / k B T ,  is calculated on the grid points 
once when initializing the program and stored for later use. It 
is then multiplied by the value of the function f at each grid point. 
The operation Vfis calculated in the frequency domain, where 
it is local. This operation is therefore just a multiplication by the 
frequency w j  for the spatial direction j = 0 or +. The transfor- 
mation to frequency space is done by a discrete spatial Fourier 
transform using a real FFT After the multiplication 
by wj the operation is completed by an inverse discrete Fourier 
transform to coordinate space. At this step the two terms in the 
large parenthesis of eq 8 are summed. The scalar product with 
the diffusion tensor is then calculated. This result is transformed 
again to frequency domain in order to perform the second V 
operation. The operation is completed by an inverse Fourier 
transform to coordinate space. To summarize, two forward and 
two backward FFT calculations are performed each time the 
operation Of is calculated. This procedure allows the diffusion 
tensor to be coordinate dependent. 

The accuracy of the method is related to the sampling theo- 
remS3Os3l For probability density functions which are Gaus- 
sian-like, the convergence of the operation is exponential as the 
grid density is increased. Numerical efficiency depends on the 
FFT routines which are the most time-consuming part of the 
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2713. (b) Nadler, W.; Schulten, K. Ibid. 1986, 84, 4015. 
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algorithm. Numerical effort increases semilinearly as O(N log 
N) upon increasing the total number of grid points N .  

(3) The propagation in time is based on the formal solution 
of eq 2. Because the operator 0 is linear and time independent 
the formal solution becomes eq 9. The strategy of the propagation 
procedure is to expand the propagation operator in a Chebyshev 
series. This procedure is an adaptation of the work of T a l - E ~ e r . ~ ~  
A similar propagation procedure is used33 to find eigenfun~tions~~ 
of the Schrodinger equation. Using the Chebyshev expansion 

ntl 

n=O 
eAro = e-RA'/2~a,T,(20/R + I) (10) 

where a. = Zo(RAt/2) and a, = 2Zn(RAt/2) for n > 0. Z, is the 
n'th modified Bessel function of the first kind. R is the upper 
bound for the range of eigenvalues of the operator 0 on the 2D 
grid 

= [ Dea 8 2 ~  D,, a2v Do++ 8 2 ~  + + - -+ - -  
ksT 802 kBT 842 kBT 88 84 

Since all the eigenvalues of 0 are negative, those of O/R are in 
[-1,0]. These are shifted in eq 10 by adding the identity operator 
I, so that they are now distributed in [-1,1]. T,  is the n'th 
Chebyshev polynomial34 

T,(cos 0) = cos (ne)  
calculated by its recursion relation: 

T,,(X) = 2XT,-l(X) - T,-2(X) (12) 

where To(X) = I, T l ( X )  = X ,  and X = 20/R + I. 
The number of terms in the Chebyshev expansion is determined 

by the Bessel function I,, which decays exponentially if n > 
(RAt)'I2. This means that for every propagation time step At, 
the number of terms is chosen to bring the accuracy of the cal- 
culation below a certain predetermined limit. It is also clear that 
for longer time steps the procedure becomes more efficient. The 
accuracy of the method was checked relative to analytic results 
of free diffusion in one and two dimensions and to diffusion in 
a one-dimensional harmonic potential. On a 32-point grid in one 
dimension, and a 32 by 32 point grid in two dimensions, a five 
digit accuracy was obtained. 
(4) The two-dimensional probability density is first integrated 

along +, and then along 6 for - ~ / 4  I 0 5 ~ / 4 .  The resulting 
survival probability 

Q(t)  = -*I4 s r / 4 d 0 s u i 2 d +  - 2 / 2  p(0,+,t)  

is fitted to a two-state kinetic scheme 
k 

reactants 2 products (14) 
kr 

for converting reactants into products. kf  and k,  are the forward 
and reverse rate coefficients, respectively. Denoting by Q(t)  the 
probability for having a reactant molecule a t  time t ,  and taking 
Q(0) = 1 ,  one finds that the solution of the kinetic scheme is 

(15) 

k,-r. This affords a two-parameter 

Q(t) = 1 - Q-V - exp(- t /~) l  

Here T 

fit to the dynamical data. 

Results 
We first describe the solution of the diffusion eq 2, on the 

potential surface, eq 3-6, with Qs = 3 and Q, = 2 energy units. 

l/(kf + k,) and Qm 

(32) Tal-Ezer, H. Ph.D. Thesis, Tel-Aviv University, 1985. 
(33) Kosloff, R.; Tal-Ezer, H. Chem. Phys. Letr. 1986, 127, 223. 
(34) Abramowitz, M.; Stegun, I. A. Handbook of Mathematical Functions 

9th printing; Dover: New York, 1972; eq 9.6.34 and Chapter 22. 
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1 -1 0 1 -1 0 1 

0/ll e/n 

0 / T  0/ll 0/lI 
Figure 4. (a, top row) The left panel shows the initial distribution for all calculations in this work. It is the equilibrium distribution for a parabolic 
well with force constants of 320/r2 and 64/n2 energy units per radian square, for the B and 4 directions, respectively. The right panel is the equilibrium 
distribution, calculated as exp[-V(B,@)/kB7'l and normalized to l/(AB Ab). These are independent of solvent viscosity. The central panel is a long-time 
propagation of the initial density for q = 0.1. (b, rest of the figure) The time evolution of the probability density according to the diffusion eq 2, on 
the potential surface shown in Figure 3, using the diffusion tensor (7) .  Results are shown for three values of solvent viscosity. Logarithmic contours, 
for p = 2"/100, n = 0, 1, ... A complete sequence of figures is available from the authors upon request. 

This amounts to a barrier of 3.45 for crossing from 0 = 0 to 181 
= T at 4 = 0. k,T = 0.6, so that for room temperature the energy 
units are kcal/mol. This makes the 4 = 0 barrier similar to that 
of excited stilbene in alkanes (e.g., Table I of ref 40. a = 4 in 
eq 4 gives a fivefold variation of the barrier height as a function 
of 4. The diffusion tensor is given by eq 7. The units are arbitrary. 
They determine the units of time. 

The solution in the range --1c 5 8 5 ?r and -?r/2 I 4 I ~ 1 2 ,  
with periodic boundary conditions, was first obtained on a smaller 
grid of 40 X 20, which was then doubled to 80 X 40. Seven-digit 
accuracy was used (except for the Bessel coefficients Z", which 
were calculated in double precision). Normalization was conserved 
to four or five significant digits. The program was run, on a 80 
X 40 grid, for 200-300 time steps. 40 to 100 terms were used 

in the Chebyshev expansion, eq 10. This data is summarized in 
Table I .  Each run took 200-300 min on a Power 32 CCI min- 
icomputer. This means that a three-dimensional calculation is 
feasible on a supercomputer. 

Figure 4 shows the temporal evolution of the probability dis- 
tribution function for three values of the viscosity: 9 = 0.01, 0.1, 
and 1 .  Figure 5 shows the diffusional flux J, eq 2, for the same 
conditions. 

At the lowest viscosity, DBB = lOD,. The flux is then primarily 
along 8. Indeed, the wells a t  4 = 0 are filled first, by diffusion 
over the high barrier of 3.45 energy units. 

At the highest viscosity the opposite situation prevails. Now 
the 4 motion is faster, so initially the secondary wells at 141 = 7r/2 
fill. From these wells the barrier for crossing over into the 1191 = 



Two-Dimensional Diffusional Barrier Crossing The Journal of Physical Chemistry, Vol. 91, No, 7, 1987 1993 

. .  

e 
k 0  

-.5 

0.5 . . . .  

____... i r  . -___ ~ 2 ;  . . . . < , .  . , , , . . .  N 

. . . .  + + . . # I  " : ! t t ! : : : . .  + 

. . , .  . , : : ! ! / / ! ! : : . .  

W T  e/% e/n 

. .  ~ . ,*I t t I , + . . .  
. , ; 1 t 1 1 ;  : : ' .  
. I  ; 1 1 1 1 ; : : . .  

- 
. . . .  . . , ,  < 1 1 -  

. . . . .  . . . .  . . . .  * 1 1 ,  

I, 1 L ' - - - - -  01 11 
1 , . , , , , . . .  

F 3 -  . . . .  . - - -_ ,  ,----- \ o  - - - L e  
- 

- e - -  
. . . . . . . . . . . . .  

. . . ,  , ,, L ,  ,. - .  . 
0 1 -1 0 1 -1 0 1 

- . 5 L " " " " '  
-1 

Figure 5. The diffusional flux (JbJQ), eq 2, for the same conditions as in Figure 4. (Note that here the initial condition is iiot the same for all viscosities.) 
Arrows are drawn for one-ninth of the grid points. Their length, I, is scaled to the maximum length, I,,, at  t = 0. It is then multiplied by 5([//mx)0.5, 
which scales up the small flux vectors. The smallest vectors shown are of the length lO4Imax. 

2. 

1. 

1. 
9 / V  

0. 0 
- 7. 

Figure 6. The probability density after integration along the perpendi- 
cular coordinate 4, shown for q = 0.1, every 1.5 time units. As time 
increases, the reactants population (central peak) diminishes, while the 
product peaks grow. 

?r/2 configuration is much lower, resulting in a higher rate of 
isomerization. The overall effect is of bypassing the high barrier 
that would obtain in a restricted one-dimensional motion along 
0 at  4 = 0. 

Loosely speaking, a t  low viscosity a quasi-equilibrium in the 
reactants' well a t  4 = 0 obtains, while a t  high viscosities it is at 

the wells a t  141 = r / 2 .  In both limits one has approximately a 
two-well problem, as in the classical Kramers theory,' but there 
is a switch from one pair of wells to another as the viscosity is 
varied between its extreme limits. Hence we expect that 

k ( d  - Cdv,  for 7 - 0 (16a) 

k(o) - W 7 ,  for 7 - m ( 16b) 

where C2/C, I exp(AV/kJ) ;  A V  = 2.11 energy units is the 
difference between the barriers heights a t  4 = 0 and n/2. 

At the intermediate value of the viscosity the dynamics is in 
between the two limits. Indeed, as can be seen from the central 
panels in Figures 4 and 5, all wells start to fill at about the same 
time. 

integrated probability density is shown 
as a function of 0 in Figure 6. In Figure 7 we show the kinetic 
analysis by eq 15 to the survival probability of the reactants, eq 
13. The parameters of these fits are collected in Table I. Note 
that the two-state kinetics of eq 15 fits best at the lowest viscosity, 
where most of the population reacts from the well at the origin. 
This situation is indeed closest to the double-well case. At the 
highest viscosity the largest deviation is at short times. This may 
represent the incubation period for populating the wells a t  141 = 
a/2. At intermediate viscosities there are deviations both at short 
and long times. 

An example for the 

05 - 

1 1 1 1 1 1 1 1 1 1 1 1 1 1  I I , , 1 , , , ,  

5 M 15 0 10 20 30 40 50 
time time 

O O  0.5 10 15 0 
" ' I '  ' '  ' '  " ' '  ' - 

time 
Figure 7. Kinetic analysis (dashed curves) by eq 15 of the dynamical results of Figure 4 after integration as in eq 13 (full curves) Parameters are 
shown as entry 1 in Table I. The thin dotted lines are the results from a calculation with half the grid density (a 40 X 20 grid, entry 2 in Table I) 
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TABLE I: Parameters Used in Runnine the ProDaeation Proeram and Parameters Obtained from the Two-Parameter ( T  and 0-b Fit to Ea 15' 
~~~~ ~ 

run grid v nB At nt T Q.. k f  kr 
0.99 0.70 4.6 x 10-3 1 80 X 40 0.01 45 0.005 300 1.4 

0.03 48 
0.1 61 
0.3 94 
0.6 98 
1 .o 95 

2 40 X 20 0.01 36 
0.1 46 
1 .o 57 

3 40 X 20 0.01 36 
0.1 46 
1 .o 57 

4 80 X 40 0.01 46 
0.1 61 
1 .o 91 

5 80 X 40 0.01 46 
0.1 59 
1 .o 94 

6 80 X 40 0.0 1 69 
0.1 78 
1 .o 100 

0.015 
0.0s 
0.2 
0.25 
0.25 

0.01 
0.1 
0.3 

0.01 
0.1 
0.3 

0.005 
0.0s 
0.25 

0.005 
0.05 
0.25 

0.00s 
0.05 
0.25 

350 2.7 0.91 
300 4.9 0.89 
250 8.2 0.87 

68 30 1.6 
200 21 0.92 

1 so 0.62 0.50 
150 3.70 0.71 
1 so 19.5 0.83 

150 0.70 0.54 
1 so 3.91 0.73 
1 so 25 0.84 

200 0.19 0.79 
200 1.4 0.77 
160 10.3 0.77 

200 0.19 0.80 
160 1.63 0.79 
160 15.4 0.80 

200 0.41 0.88 
160 2.0s 0.85 
160 14.8 0.84 

0.34 
0.18 
0.1 1 
5.2 x 10-2 
4.3 x 10-2 

0.81 
0.19 
4.2 X 

0.77 
0.19 
3.4 x 10-2 

4.18 
0.56 
7.45 x 10-2 

4.16 
0.49 
5.2 X 

2.16 
0.41 
5.6 X 

3.6 X 
2.2 x 10-2 
1.6 X 

-1.9 X lo-* 
3.7 x 10-3 

0.80 
8.0 X 
8.9 x 10-3 

6.4 x 10-3 

0.67 
6.9 X 

1.14 
0.17 
2.2 x 10-2 

1.06 
0.13 
1.3 X 

0.29 
7.3 x 10-2 
1.1 x 10-2 

"nB is the number of Bessel coefficients; At, the propagation time step; nt total number of time steps. Parameters used in  the potential 
summarized in Table 11. The diffusion tensor is given by eq 7, except for run 6 where it is given by eq 18. 

There are two convergence problems to be considered: Con- 
vergence with respect to grid size and total propagation time. The 
tests described below should show that the (forward) rate coef- 
ficients calculated are accurate to within a few percent, while the 
deviations from the 1/7 relationship reported below (e.g., as 
measured by C2/Cl, eq 16) are as large as a factor of 6. 

(1) Grid Size. Entry 2 of Table I and the dotted lines in Figure 
7 are results of a calculation with half the grid density. It can 
be seen from Figure 7 that the calculation on this 40 X 20 grid 
is converged only for very short times. However, since kf is mainly 
determined from the initial slope of the Q(t) curves, there is only 
a small (ca. 10%) error in its determination (see Table I). A 
calculation on a 100 X 50 grid for 7 = 0.01 (at this viscosity kf 
is least accurate) resulted in a Q(t)  curve identical, up to t = 1, 
with that obtained on the 80 X 40 grid. Remembering that 
convergence is exponential in the grid size, we conclude that the 
80 X 40 grid is sufficiently accurate for our purposes. 

( 2 )  Propagation Time Length. The two-parameter fit to eq 
15 is more accurate when the total propagation time is longer. 
Accurate results for both kf and k, are obtained only when the 
equilibrium plateau in Figure 7 is approached. For a reliable 
determination of kf alone, shorter propagation times are sufficient. 
This is due to the fact that the initial distribution is that of 
reactants. An analysis for half the time length, gives kf values 
which are typically 10% smaller than what is shown in the full 
analysis of entry 1 in Table I (e.g., kf = 0.63 for 7 = 0.01 and 
3.7 X lo-* for 7 = 1). An example of a calculation which is not 
well converged in this respect is that for 9 = 0.6. k, and conse- 
quently 7 and Qm are in error, but kf is still determined to 20% 
accuracy: This point deviates only slightly from the line in Figure 
8. 

Figure 8 shows the calculated forward rate coefficients as a 
function of the solvent viscosity 7. The calculation fits eq 1 with 
a = 0.60. The dotted lines are the asymptotic behavior of eq 16. 
The parameters from the kf(q) fits, as well as CJC, and exp(- 
AV/kBT), are given in Table 11, which also summarizes the pa- 
rameters used in the potential function. Note (entry 2 in Table 
I) that for the less accurate calculation on the 40 X 20 grid a = 
0.63. Hence the accuracy of the calculation affects only slightly 
the final value of the power a. 

In order to check the effects of the potential surface and the 
diffusion tensor, additional calculations were performed, as follows: 

(1) Effect of Barrier-Height Variation. Results from a cal- 
culation under the same conditions except that the potential in 

n 7 .  

-r 
CT) 
U 

I 

unction I 

Vlscoslty 
Figure 8. Viscosity dependence of the rate coefficients analyzed in Figure 
7. These are taken from Table I and denoted by circles. Full line is a 
fit to eq 1 with a = 0.60. Dotted curves are fits to eq 16, with CI and 
C, determined from k f  at q = 0.01 and 1 ,  respectively. Parameters are 
collected in Table 11. 

TABLE I 1  Parameters in the Potential Functions, Eq 3-6, for the 
Six Runs and the Fitting Parameters of the Kinetic Results' to 
kAv) = b/v" 

parameters in fitting 
potential parameters 

run Qn Q, cy C, /C ,  exp(-AV/kRT) a lOOb 
1 3  2 4 6.1 99 0.60 4.4 
2 3  2 4 5.2 99 0.63 4.4 
3 3  2 2 4.4 46 0.70 3.1 
4 1.5 1 4 1.8 10 0.87 7.6 
5* 1.5 1 4 1.3 10 0.93 5.7 
6' 1.5 1 0 2.6 1 0.73 7.5 

"The kf  are taken from Table I. C 2 / C ,  is the ratio of qk(q)  at 7 = 
1 and 0.01. b V ,  given by eq 17. cDBB given by eq 18. 

the 0 direction varies less drastically with 4 ( a  in eq 4 is taken 
as 2 instead of 4) is shown in entry 3 of Table I. From Table I1 
it is seen that exp(-AV/kBT) has decreased from 99 to 46. This 
calculation was performed only on the smaller grid size. It shows 
an increase in the power a from 0.63 to 0.70. 

A more accurate calculation has been done for the original 
potential scaled down by a factor of two (Qe and Q, were replaced 
by half their original value). The value of exp(-AV/k,T) is now 
only 10. The time evolution of the probability density function 
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e/* e/n e/n 
Figure 9. Same as Figure 4, for a potential scaled by 1/2. Here Qe = 1.5 and Qm = 1 energy units. a = 4 as before. 

is shown in Figwe 9. Approach to equilibrium is now faster. (The 
situation in the bottom right panel already resembles equilibrium.) 
Therefore less time steps are needed, and the final values for the 
rate coefficients are more accurate. These are given in entry 4 
of Table I. 

The fit to the viscosity dependence, eq 1, is shown in Figure 
10. The value of the power a has indeed increased (Table 11), 
in qualitative agreement with experiment,e6 where lower barrier 
heights are correlated with larger values of a.  

( 2 )  Effect of the Additional Wells in the Perpendicular Co- 
ordinate. The previous calculation was repeated for a potential 
surface with only one well for -a12 I + I ~ / 2 .  Equation 5 was 
consequently replaced by 

(17) 
while the parameters Qs, Qm, and a are as in the previous example. 
Results are collected as entry 5 in Table I, while the viscosity 
dependence is shown in the insert to Figure 10. It is seen (Table 
11) that omitting the additional wells results in an increase in a 
from 0.87 to 0.93. This difference is small, due to the small barrier 
heights in these two examples. It is, however, real: The ratio of 
the rate coefficients a t  the extreme values of solvent viscosity, as 
measured by C,/C, (Table 11), has changed by about 30%, which 
is much larger than the estimated error in kP 

(3 )  Effect of a Varying DSffusion Coefficient. In this last 
example (number 6 in Table I), we use the same surface as in 

v+de,+) = -3Qo COS (2+)/8 
0 0.2 0.4 0.5 0.8 1.0 

Viscosity 
Figure 10. Same as Figure 8, for entries 4 (figure) and 5 (insert) in Table 
I. 

run 4, but with a @-invariant barrier (a = 0 in eq 4). In addition, 
we assume that the diffusion coefficient for the reaction coordinate 
motion increases by a factor of 5 from + = 0 to a / 2  

&(+) = [4(1 + 4 COS* +)q]- ' ,  Dp@ = 1 (18) 

The results are summarized as entry 6 in Table I. A fit to eq 1 
gives a = 0.73. Hence a varying diffusion coefficient can take 
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the place of a varying barrier height. 

Conclusions 
In this work the direct time-dependent solution of the diffusion 

equation for the Kramers barrier-crossing problem in more than 
one dimension has been obtained for the first time by a novel 
numerical procedure. At low viscosities, motion along the reaction 
coordinate is faster than along the perpendicular direction, and 
reaction proceeds over the barrier. At high viscosities, however, 
motion along the perpendicular direction is faster, and most of 
the relative flux bypasses the central barrier through regions where 
the crest line is lower. The result is that the high-viscosity rate 
is larger than anticipated, leading to the fractional viscosity de- 
pendence, eq l ,  with 0 < a I l .  One must add, however, that 
if the surface is modified so that the trend in the variation of the 
barrier along the perpendicular coordinate is reversed, the 
above-mentioned effect would be reversed, leading to a > 1. Such 
values for the exponent have not yet been found experimentally. 
It is possible that these effects would be amplified for the real 
stilbene, which has two phenyl rings which can rotate. To check 
this point, a three-dimensional calculation should be performed. 

The model predicts that, for stilbene, one should also observe 
some phenyl-ring dynamics following the excitation pulse. There 
are indeed some experimental indications that this is the 
If so, this effect should be more pronounced at the higher vis- 
cosities. 

For lower barrier heights, the change in the barrier along the 
perpendicular coordinate is smaller, so that the viscosity depen- 
dence becomes more Kramers-like. Whereas deviations from 
Kramers in the non-Markovian theories occur for sharp barriers, 
here they are more pronounced for higher barriers. Both expla- 
nations are in qualitative agreement with experiment, since a 
barrier curvature is usually correlated with its height. 

It is interesting to ask whether part of the solvent-dependent 
barrier height observed in photochemical isomerization in solu- 
t i o ~ ~ ~ ~ ~  may be due to a dynamical rather than a static effect. This 
is inherent in the present model, where the average barrier height 
decreases with increasing viscosity, due to the shift of the main- 
stream flux away from the C$ = 0 reaction coordinate. 

At the present stage of our knowledge, the model presented here 
can suggest only a qualitative explanation to the photochemical 
isomerization experiments. Fuller knowledge of the potential 
energy surfaces and diffusion coefficients involved, as well as 
experimental work that would probe the perpendicular-coordinate 
dynamics, would submit the model to more stringent tests. 
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Aqueous solubility relationships of aromatic and aliphatic solutes differ from one another in two important regards: (a) 
Solubilities of aliphatic solutes do and those of aromatic solutes do not show important dependences on solute dipolari- 
ty/polarizability (as measured by the solvatochromic parameter, t*), and (b) dependences on the solute hydrogen bond acceptor 
basicity parameter, 8, are about one-fourth smaller for aromatic than for aliphatic solutes. Solubilities of 70 liquid and solid 
aromatic solutes containing up to three fused rings are well correlated by the equation: log S, = 0.57 - 5.58Vl/100 + 3.858 
- 0.01 1O(mp - 25); r = 0.9917, sd = 0.216. VI is the computer calculated intrinsic (van der Waals) molar volume. Liquid 
aliphatic solutes follow a rather different relationship: log S ,  = 0.05 - 5.85V1/199 + 1.09n* + 5.238; n = 115, r = 0.9944, 
sd = 0.153. The differences between aliphatic and aromatic solutes may be due, in part, to "vertical stacking" in aromatic 
liquids. 

In earlier papers we have shown that solubility properties, SP, 
of organic nonelectrolytes are well correlated by equatio_ns that 
include linear combinations of an endoergic cavity term ( m  V/ 1 OO), 
an exoergic dipolar term ( S A * ) ,  and one or several exoergic hy- 
drogen-bonding terms (bp and aa), eq 1. Pin  eq 1 is the solute 

S P  = SPo + mP/100 + SA*, + bp, + aa,  (1 )  

molar volume, taken here as its molecular weight divided by liquid 
density a t  20 OC,' and A*, a, and 8 are the solvatochromic pa- 
rameters that measure solute dipolarity/polarizability, HBA 
basicity, and HBD acidity (HBA = hydrogen bond acceptor, HBD 
= hydrogen bond d o n ~ r ) . ~ - ~  The subscript m indicates that, for 

*Address correspondence to this author at the Naval Surface Weapons 
Center. 

compounds which are capable of self-association, the parameters 
apply to solutes in their non-self-associated ("monomer") forms.6 
For non-self-associating solutes, A* = t* m, 8 = 8,. 

(1) We have used V/lOO so that the parameter measuring the cavity term 
should cover roughly the same range as the other independent variables, which 
makes easier the evaluation of the relative contributions of the various terms 
to the solubility property studied. 
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