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he was named a Distinguished Professor of Physical Science. Bob 
retired from the University of Maryland in 1988 and joined the 
Chemical Physics Division of the National Institutes of Health. 

The first scientific article by Zwanzig appeared nearly 40 years 
ago. Over the years, Bob has produced numerous fundamental 
papers in diverse areas of statistical mechanics. The clear and 
concise way in which these papers are written is a testimony to 
Bob’s deep physical insight into complicated problems. Often his 
solutions to problems have become the basis of new and widely 
used techniques in statistical mechanics. The two most notable 
examples are his introduction of the projection operator technique 
into nonequilibrium statistical mechanics and his use of the 
perturbation theory to treat problems in the theory of liquids. 

The projection operator method, which Bob introduced in 1960, 
has been the cornerstone in the statistical mechanics of irreversible 
processes. In this work Bob presented, for the first time, a for- 
malism to calculate dynamic physical quantities without resort 
to perturbation theory. In the three decades that have passed since 
this work appeared, the number of applications of this method 
has grown dramatically. The method provides the clearest ex- 
position of a general theoretical scheme for the calculation of 
dynamic correlation functions in condensed media. Bob himself 
applied his method to the exposition of memory effects in irre- 
versible thermodynamics and to the justification of the Rouse- 
Zimm model in polymer solution dynamics. Indeed the use of 
the projection operator method has now become so common that 
Bob’s original papers are not always duly cited. It is no exag- 
geration to say that this trailblazing work is truly a landmark in 
the history of irreversible statistical mechanics. 

Zwanzig introduced perturbation theory as a route to obtain 
thermodynamic properties of gases and liquids in 1954. This has 
had a profound influence on workers in equilibrium statistical 
mechanics. Many of the modern developments in the equilibrium 
theory of simple liquids can be traced back to this outstanding 
contribution. The theory presented in this work has received 
renewed prominence through its use for numerical computations 

of free energies, particularly in the context of biopolymer simu- 
lations. 

In addition to these two examples, Bob has written numerous 
other papers that have, by virtue of his physical insight and 
mathematical virtuosity, opened new areas of research in statistical 
mechanics. A few examples include (i) collisional energy transfer 
to surfaces, (ii) continuum percolation, (iii) molecular electronic 
excitation transfer in disordered media, (iv) the theory of the 
surface tension, and (v) contributions to polymer morphology. Bob 
has also made seminal contributions to the theories of dielectric 
friction, molecular fluid dynamics, and the computation of 
transport coefficients using density expansions. It is amusing that 
a t  times a “forgotten” paper written by Bob becomes important 
in  a vital area. An example is a paper written by Bob in 1959 
as a contribution to the theory of Brownian motion, which has 
recently proved very useful in understanding chemical reaction 
rates in the low friction limit. 

Those of us who have had the privilege of discussing scientific 
matters with him know that he is ardent and incisive. At times 
he even appears harsh in his remarks. This is a reflection of the 
uncompromising attitute toward science that he expects of ev- 
eryone. His stern exterior conceals a scientifically impartial 
attitude. However unsparing he is scientifically, he is equally vocal 
in his praise (almost always in the absence of the person) when 
he gives his approval. Bob has, through his years, been extremely 
helpful toward younger scientific colleagues, and many of us owe 
him a great deal for his timely advice. This issue of The Journal 
of Physical Chemistry contains contributions by a group of 
workers to whom he has been a teacher, a friend, and a colleague. 
Currently, Bob is working on problem in the area of the statistical 
mechanics of biological molecules. This area is far richer for 
having attracted Bob. We join several colleagues in wishing Bob 
many more years of productive scientific life. 

D. Thirumalai 
S. C. Greer 
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Several methods for approximating lifetime densities in terms of moments for systems with trapping mechanisms are compared 
for a simple example involving free diffusion in an interval with absorbing and reflecting end points. An approximation 
in terms of a sum of exponentials gives an adequate representation when the initial distribution corresponds to equilibrium. 
When the diffusing particle is initially located at a specific point a maximum entropy density yields a more accurate approximation 
when both positive and negative moments are used. The accuracy of the approximation deteriorates as the initial point approaches 
the absorbing boundary for both methods, but it is not as fast in the case of the maximum entropy approach as it is for a 
method based on a sum of exponentials. 

Introduction 
In the study of transient, diffusion-limited reactions’ it is often 

important to evaluate the survival probability, S ( t ) ,  namely, the 
fraction of unreacted particles a t  time t ,  which is a measured 
observable in time-resolved experiments. In some formulations 
of the problem this requires solution of a time-dependent Smo- 
luchowski equation which may be quite difficult to find without 
resorting to a numerical solution of the partial differential equation. 
Nonnegative integer moments of the lifetime, which are averages 
of t” ,  n = 1 ,  2 ,  3, ..., with respect to the density of the lifetime, 
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-as/&, are, in principle, easier to evaluate: in one dimension they 
satisfy an ordinary differential equation which can be solved 
exactly for an arbitrary potential (provided that it is independent 
of time). 

In a number of problems one can find the Laplace transform 
of the survival probability. Both positive and negative moments 
can be calculated in terms of this transform, although the positive 
moments are local properties, determined from the transform and 
its derivatives a t  zero, while negative and noninteger moments 
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are nonlocal properties, requiring integration in the evaluation. 
The possibility of being able to calculate moments but not the 
survival probability directly suggests that it is of some interest 
to know how well the density of the lifetime can be determined 
in terms of moments. 

For an initial equilibrium distribution the survival probability 
or lifetime density calculated from the solution to a Smoluchowski 
equation can be expressed as an infinite sum of exponentiak2 In 
this case, the prefactors and exponents can be determined rather 
well from an even number of  moment^.^^^ An approximating 
function consisting of a finite sum of exponentials has been used 
for the more general problem of an initial &function distribution: 
for which ordinary moments provide useful information about the 
survival probability for long times only. To obtain a reasonable 
approximation for the whole time regime Nadler and S c h ~ l t e n , ~  
following ref 3, suggested that the positive integer moments be 
supplemented by a second set of "moments", which are expressed 
in terms of derivatives rather than in terms of integrals. Together, 
these have been termed the "generalized  moment^".^ In the 
simplest example of diffusion in an interval with one reflecting 
and one absorbing end point, a good fit was obtained4" for the 
initial location at  the reflecting boundary, though the approxi- 
mation exhibited unphysical oscillations at  short times. When 
the initial point is moved closer to the absorbing boundary the 
sum of exponentials becomes negative over the whole time regime, 
rendering it impossible to obtain a physically satisfactory ap- 
proximation in terms of moments. 

The present work considers other approximating functions in 
addition to the generalized moments. In particular we investigate 
the maximum-entropy density5 in which each moment determines 
a Lagrange parameter. A general algorithm for obtaining these 
Lagrange multipliers has been documented.6 It is not clear how 
to use the generalized moments of ref 4 in the context of a 
maximum-entropy formalism. We therefore explore another 
generalization involving negative moments, namely, averages of 
t-" with respect to -dS/dt. We have also tested another ap- 
proximation making use of moments, which is known in the lit- 
erature of statistics as Pearson curves,"8 but it is unclear how to 
incorporate generalized moments in that technique. 

Theory 
We demonstrate the general theory through the simple example 

of one-dimensional diffusion, with a diffusion constant D, in an 
interval of length L, with a reflecting boundary condition at  x' 
= 0 and an absorbing boundary condition at  x' = L. We can work 
with a standardized unit interval with a diffusion constant equal 
to 1 by transforming distance, x', and time, t', into the dimen- 
sionless variables x = x'/L and t = Dt'/L2. 

In terms of these variables the probability density for making 
a transition from an initial location xo to x in time t ,  p(x,tlxo), 
obeys the diffusion equation 

dp(x,tlxo) / a t  = a2p(x,tlxo) /ax2 = a2p(x,tlxo)/dxo2 (1) 

ap(x,tlxo)/axl,=o = ap(x,tlxo) /axolx,,=o = 0 (2a) 

which is to be solved subject to the boundary conditions 
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p(1,tlxo) = p(x,tl1) = 0 (2b) 

together with the initial condition p(x,Olxo) = G(x-xo). It is readily 
shown that the survival probability, Le., the probability of not 
having been trapped by time t ,  having initially been at  xo, is given 

S(tlxo) = xlp(x, t lxo)dx = 

by 

For an initial uniform (equilibrium) distribution the survival 
probability 

8 - exp[-?r2(n + '/2)2t] 

A' n=O (2n + 1)' 
S,(t) E JIS(tlxo) dxo = - (3b) 

is indeed a sum of exponentials. 
The fraction of the initial population surviving exactly until time 

t is -dS/dt, which is therefore the probability density for the 
lifetime. It is equivalent to the reaction rate using chemical 
terminology. The moments of survival time, denoted by ( t")  
-.f; dt t" as/&, can be calculated either from eq 3 or from the 
hierarchy of equations 

(4) 

with ( to )  1. Equation 4 is to be solved recursively provided that 
( t(x0)) satisfies the boundary conditions found from eq 2. It holds 
both for positive (integer) moments, n > 0, and (the less familiar) 
negative integer moments, n < 0. 

The positive moments contain information mainly about the 
long-time behavior of the survival density. For the present ex- 
ample, the first two moments are given by 

a2 ( tn(xo) ) /axo2 = -n ( twl (xo) ) 

(t(x0)) = (1/2)(1 - xo2) 

(t2(xo)) = ( l / l2)(xO4 - 6x0' + 5) 

(5a) 

(5b) 

For an initial uniform distribution ( t ) ,  = 113 and ( t2 ) ,  = 4/15. 
The negative moments, which contain information on the 

short-time behavior of the survival probability, can be calculated 
from 

(6) ( p )  = - Lm [ l  - ss(slxo)]sp* ds 
( n  - l)! 

where s(slxo) S(tlxo) exp(-st) dt is the Laplace transform 
of the survival probability. This follows by replacing t-" in the 
definition of (t-") by e_xp(-st)s"' ds/(n - l)! and changing 
the order of integration. S(slxo)-is the solution Of the Laplace- 
transformed diffusion equation, dS(slxo)/dx2 = sS(slxo) - 1, with 
the appropriate boundary conditions. It is found to be 

1 - SS(SIXO) = cash (s1/2xo)/cosh (SI/') (7) 

This result can also be obtained by taking the Laplace transform 
of eq 3 and using the Poisson summation formula (which is 
equivalent to the method Of images). For an initial uniform 
distribution one gets 1 - sS,(s) = tanh ( ~ ' / ~ ) / s l / ~ .  

By inserting eq 7 into eq 6 and using the Taylor expansion of 
(1 + z)-l, we find 

m (2n + + xo2 
( f - I )  = 4 E ( - l ) "  (Sa) 

n=O [(2n + 1)' - xO2I2 
m (2n + 1)4 + 6(2n + i ) 2 ~ o z  + xO4 

( t - 2 )  = 24c(-1)"  (8b) 
n=O [(2n + - x214 

Although these series expansions for ( t - I )  and ( f 2 )  cannot be 
written in a closed form, they are rapidly convergent. The ex- 
pressions simplify for xo = 0, their numerical values being 3.663 86 
and 23.7347, respe~tively.~ The reason the negative moments 
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Figure 1. Mean first passage time density for free diffusion in the interval 
[0,1], with reflecting and absorbing boundaries at x = 0 and x = 1, 
respectively, and an initial distribution of diffusing particles located at 
xo = 0. The solid curve is the exact solution, evaluated by differentiating 
the eigenvalue series in eq 3a. The unlabeled dotted curve is the sum of 
exponentials shown in Figure 3 of ref 3. The dashed curves labeled 
( M , N )  are maximum-entropy approximations with M negative and N 
positive moments in eq 9. These were determined by the algorithm of 
ref 6 for a discretized density involving 500 points. The exact values of 
the Lagrange multipliers depend sensitively on the time range. 

are finite is that the initial condition places the diffusing particle 
a t  a distance from the absorbing boundary which effectively 
eliminates very early absorption events. For a uniform initial 
distribution, which does not vanish at  the absorbing end point, 
all negative moments diverge. 

It is not clear how to implement negative moments using the 
sum of  exponential^^,^ or the Pearson approximations7** to the 
survival probability. They can, however, be incorporated into the 
maximum-entropy formal i~m,~ which provides a least biased es- 
timate of a density subject to given constraints. These constraints 
may be an average of any function o f t  provided that it is finite. 
Using Lagrange’s method of undetermined multipliers for the 
constrained maximization of the entropy functional results in the 
introduction of one “Lagrange multiplier” per con~t ra in t .~  The 
maximum-entropy method has been used in the past for random 
walk problems, for example in estimating the distribution of 
end-to-end distances in polymers in terms of moments.1° 

If we require that the moments be reproduced exactly, the 
maximum entropy solution can be expressed ass 

N 

j--M 
-as(tlxo)/at = exp[- C hi(xo)ti] (9)  

In eq 9 there are M negative moments and N positive ones. The 
Lagrange multipliers, the Xi ,  are determined from the consistency 
conditions 

( t n ( x o ) )  = J w t n  exp[- 

(10) 
for the ( tn(xo))  which are presumed to be known from the solution 
to the hierarchy of equations in eq 4 or from the Laplace- 
transformed survival probability by means of eq 6. The Xi’s that 
fulfill eq 10 are the coordinates of the minimum of a convex 
function in a M + N + 1-dimensional space.6b This provides a 
useful algorithm for determining the Lagrange multipliers.6a 

N 

j=-M 
Xi(xo)ti] dt, n = -M, ..., 0, ..., N 

0 
0.0 0.5  

time 
1 .o 

Figure 2. The same set of curves as shown in Figure 1, but for an initial 
distribution localized at no = 0.5. A solution in terms of a finite sum of 
exponentials with the same number of parameters as used in generating 
the curves in Figure 1 is negative in this case. 

0.0 0.2 0.4 0.6 0 8  1 0  

time 
Figure 3. The same set of curves as in Figure 1, but for a uniform initial 
distribution. The exact solution is the bold curve calculated by differ- 
entiating eq 3b. An approximation in terms of a finite sum of expo- 
nentials is virtually identical with the exact result in this case. 

normalization and first two moments, ( t ( x o ) )  and ( t2 (xo) ) ,  and 
to vanish at  t = 0. 

Any numerical algorithm6 for obtaining the maximum-entropy 
density necessarily fits -&Slat over a finite (rather than infinite) 
range. The moments of the truncated density agree with the 
expressions in eq 5 and 8 only when truncation is made at  suf- 
ficiently long times. When, on the other hand, the time range 
is too large, one can expect to find an improved fit a t  long times 
for an already negligible survival probability, a t  the expense of 
a less accurate fit near the peak. The curves in the figures rep- 
resent a compromise, in which the truncation was made at in- 
termediate times chosen to be long enough for the moments 
calculated numerically from the truncated and discretized dis- 
tribution to agree with those of eq 5 and 8. 

The maximum entropy solutions are denoted by (M,N), where 
M and N are the number of negative and positive moments, 
respectively, in the approximation of eq 9. This notation differs 
from that of ref 4. As can be seen from the (0,2) curve in Figure 
1, one does not get a very good approximation to the density by 
incorporating only positive, integer, moments. This is because 
they are insensitive to details of the behavior of the function at  
short times. The same holds for densities calculated in terms of 
the appropriate Pearson d i s t r i b ~ t i o n , ~ , ~  which generally leads to 
a good fit at long times only because it is calculated in terms of 
positive, but not negative, moments. 

The addition of a single negative moment improves the max- 
imummentropy fit dramatically. ~h~ (1,2) curve has the Same 
number of parameters as the sum of exponentials fit shown by 
the dotted curve, but it agrees better with the exact result at short 
times. equal number of positive and negative moments Seem 
to produce the best agreement. The (2,2) curve cannot be com- 
pared to a sum of exponentials with the Same number of param- 
eters since, unlike the maximum entropy method, the latter re- 
quires an even number of constraints. 

Results 
Figures 1 and 2 show the reaction rate (or lifetime probability 

density) for an initial &function density. These were taken at  
two differential initial locations, a t  the reflecting boundary (xo 
= 0) and at  the center of the interval. The rate (bold curve) is 
initially zero and rises to a maximum with a delay reflecting the 
time needed to diffuse from the initial location to the absorbing 
boundary. The biexponential fit suggested in ref 3 is shown as 
the dotted line in Figure 1. It was constructed to have the correct 
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The peak of the rate function becomes sharper as the initial 
point is moved closer to the absorbing boundary (Figure 2). It 
is most difficult to fit the density in this case. The sum of ex- 
ponentials with four parameters is now negative over the whole 
time regime. The maximum entropy function still gives a correct 
qualitative description of the exact density. We were not able 
to improve upon this fit by adding more moments as constraints. 

Finally, Figure 3 shows the result for an initial uniform dis- 
tribution, eq 3b. This is most favorable for the sum of exponentials 
approximation: since the time derivative of eq 3b is just that. In 
the range shown in Figure 3 the density is virtually biexponential. 
Use of the maximum-entropy estimate produces only a qualita- 
tively good fit in this case. The error is in the same direction as 
in Figure 2 since it does not cancel in the averaging process. 

Conclusion 
We have investigated the utility of moments in fitting first 

passage time densities in a particular example for which the exact 
form of the density function is known. When the initial condition 
is that of equilibrium, a sum of exponentials is the natural choice. 

This is not so for an initially localized &function distribution. 
Under these conditions absorption occurs with a “delay” and the 
reaction rate has vanishing derivatives a t  t = 0. For such cases 
maximum entropy functions are better behaved as they do not 
become negative when the initial location is close to the absorbing 
point. Using the maximum entropy approach, it is possible to 
obtain good fits provided that negative moments are used in 
addition to the ordinary positive moments. This may provide a 
useful alternative to “generalized momentsm4 in some cases, but 
there is yet no simple way to evaluate the first negative moment 
without knowledge of the Laplace-transformed survival probability. 
Finally, the maximum entropy procedure may be more useful with 
an initial “prior” distribution? which would multiply the density 
of eq 9 .  For example, a known solution for a simple boundary 
condition (such as an absorbing boundary) may serve as a prior 
density in fitting the lifetime density in the case of more com- 
plicated boundary conditions. 
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Total intensity data for depolarized Rayleigh scattering are reported for NZ, COz, and N20 for different densities ranging 
from 1 to 600 amagats. An internal standard has been used to calibrate the intensity data. The reduced total intensity values, 
poT/p, show significant decay when density is increased. A comparison with theoretical results explains qualitatively the 
observed density dependence of the total intensity as an effect associated with contributions due to the induced and the cross 
terms. The magnitudes of these contributions can be related to molecular polarizabilities. 

Introduction 
Interaction-induced light scattering has been extensively used 

to study molecular motion and intermolecular interactions in 
liquids and compressed gases.’-’ The most accurate measurements 
and theoretical studies have been carried out for noble gases. At 
present the experimental results for atomic fluids are well-un- 
derstood: and the research interest has shifted toward the spherical 
and linear molecules. For spherical molecules the analysis is 
basically the same as for atomic gases since the small rotational 
transitions induced by quadrupole-dipole and quadrupole-gradient 
interactions* can be ignored and the overall spectrum can be 
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approximated by the pure collision-induced comp~nent .~ However, 
this is not the case for anisotropic molecules. The anisotropic 
polarizability fluctuates during molecular reorientation, causing 
the symmetry-allowed rotational transitions which are usually 
strong and dominate the depolarized Rayleigh spectrum. In 
general, both reorientational and collision-induced effects take 
place on the same time scale and cannot be ~eparated.~ This leads 
to the coupling between reorientation motion and induced effects, 
and this mechanism may also contribute to the overall intensity. 
Therefore, the total intensity of depolarized Rayleigh scattering 
(DRS) is composed out of three componentslO,ll 

ITOT(v) = P R ( V )  + P ( V )  + P ( V )  (1) 
where P R ( v )  denotes orientation, P ( v )  pure collision-induced, 
and F R ( v )  the cross term. 

The integrated intensity of the allowed component is given by 

PR = C(4 /45 )py2(1  + fz) (2) 
where the quantity (1 + fi) is the static correlation factor, p is 
the number density, and Cis a constant. For molecules with large 
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