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Fast reversible pseudo-unimolecular reactions do not approach equilibrium in the simple exponential fashion 
predicted by chemical rate equations. Many-body effects in bimolecular reactions have been revealed in an 
extensive series of Brownian simulations, showing up to three distinct phases in the approach to equilibrium. 
Recent theoretical developments are compared with the simulation as well as with experimental data concerning 
the pH effect in excited-state proton transfer to solvent. 

I. Introduction and Overview 

How do the concentrations of chemical species undergoing 
a reversible chemical reaction in solution reach equilibrium? 
The traditional theory of diffusion-influenced reactions does 
not address this question, as it focuses on irreversible reactions. 
Chemical rate equations* predict that elementary pseudo- 
unimolecular reactions approach equilibrium exponentially. This 
may agree with experimental data of slow, “rate-limited” 
reactions. For fast reactions this is not the case. 

A. Experimental Evidence for the Failure of Rate Equa- 
tions. Figure l shows time-correlated single-photon counting 
(TCSPC) data3 of reversible equilibration in excited %hydroxy- 
pyrene-l,3,6-trisulfonate (HPTS) at different pH values. This 
dye molecule transfers the hydroxy proton to water in about 
125 ps following excitation to its first singlet ~ t a t e . ~ - ~  The 
excited HPTS base can rebind the proton very rapidly without 
being quenched to its ground electronic state. For the duration 
of the excited-state lifetime (ca. 6 ns) one observes a reversible 
reaction initiated by an ultrafast laser pulse. By lowering the 
pH one scans a range of conditions from geminate recombination 
(pH = 6) to a pseudo-unimolecular reaction (pH -= 3). 

The figure demonstrates the failure of traditional chemical 
kinetics quite dramatically: conventional rate equations (RES) 
with time-independent rate coefficients (full curves) cannot 
explain the experimental data. The most severe discrepancy is 
in the geminate limit, 0 mM of homogeneous protons. Only 
the initial decay is exponential, exp(-Kdt), with a fixed 
dissociation rate coefficient, Kd. This is followed by power- 
law decay over an extended time range, a behavior that cannot 
be accounted for by RES even if a two-step mechanism is 
i n v ~ k e d . ~  

The failure of RES for geminate reversible binding is perhaps 
not surprising, since this approach fails even for irreversible 
geminate recombination.’ What is more surprising is that the 
disagreement carries over to homogeneous pseudo-first-order 
reactions, even at the relatively high proton concentrations 
shown in Figure 1. Agreement improves for the “modified’ 
rate equations (dotted curves) involving time-dependent rate 
coefficients,’ but only in the high concentration limit. This 
phenomenological approach does not help us understand the 
effects which render the simple RE approach inadequate. 

B. What Is Missing in the Rate Equation Description? 
Classical RE involve a finite number of chemical species and 
kinetic steps. For the simplest kind of A + B + AB reaction 
one might consider only two distinct species, AB and A + B. 
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In reality, the dissociated A and B partners may be at a range 
of interparticle distances. In addition, classical RES do not take 
the individual microscopic identity of reacting particles into 
account. It is replaced by macroscopic “concentrations”. 

As a result, two important effects are absent in the rate 
equation description: (i) nonequilibrium spatial distribution of 
reactants8 and (ii) competition over binding.g The distribution 
of A and B particles in space is due to the initially prevailing 
distribution (which is random in the present case) and to its 
transient variation induced by the reactive process. Competition 
is a many-body effect arising from the microscopic individualitj 
of the reacting molecules. B may bind to A if A is free but 
will not bind to it when it is in the bound, AB, state. This 
differs from the mean-field assumption inherent in the RE, in 
which the binding rate is proportional to the average survival 
probability of unbound A. 

C. The Simplest Bimolecular Model. In order to disen- 
tangle the different effects in a complicated many-body situation, 
it is prudent to choose the simplest model of a bimolecular 
reaction. The chosen model has a rigorous solution in the 
irreversible case, which may serve as a reference in analyzing 
reversible reactions. Our model system consists of a single, 
static A molecule in an infinite space in d dimensions, 
surrounded by randomly distributed, noninteracting B-particles 
of an average concentration c and a diffusion constant D. 
Whenever A and B reach a “contact” distance, a,  they react 
with an intrinsic recombination rate parameter, K ~ ,  unless A is 
already bound. This is equivalent to setting K~ = 0 for an AB + B encounter. An AB pair dissociates with an intrinsic 
dissociation rate parameter, Kd, to the same “contact” separation, 
a. 

The assumption of a single A eliminates A-A correlations 
by restricting attention to the pseudo-unimolecular case. B-B 
correlations are eliminated by the two main simplifications in 
this model: static A and noninteracting B’s. The only B-B 
interaction occurs at the entrance to the “binding site”, A. Since 
this site is assumed to be spherical, the whole problem becomes 
spherically symmetric. The kinetics are affected by the distribu- 
tion of B’s around the site and from their competition over 
binding. 

The simplified model is nevertheless quite realistic. In the 
experimental system, protons are indeed in excess at low pH 
when many-body effects may be operative. They also diffuse 
nearly 1 order of magnitude faster than the organic dye 
molecule. In the irreversible case, it has been shown that 
correlations introduced by a moving A are small even in one 
dimension. lo,’ They are expected to be even smaller for three- 
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Figure 1. pH effect on excited-state proton transfer to solvent (water) from a HPTS dye molecule. Symbols are TCSPC data obtained at the three 
indicated concentrations of perchloric acid.3 Experiment is compared with solutions of rate equations (eq 17) and modified rate equations (eq 19). 
The parameters used are listed in Table 1. 

dimensional systems. Finally, protons do interact via long-range 
electrostatic forces. Fortunately, for the rather small concentra- 
tions (in the 10 mM range) required for demonstrating many- 
body effects, this B-B interaction may be replaced by an A-B 
potential of mean force, for example, the well-known Debye- 
Huckel (DH) screened Coulomb potential. 

D. Two Phases of Irreversible Recombination. The 
survival probability in a pseudo-unimolecular reaction A + B - AB involving a static A molecule and many diffusing B’s is 
given by the Smoluchowski the01y.’~9’~ An exact theory exists 
for the simple model in the irreversible case because in a reaction 
which is over upon the first A-B encounter, many-particle 
competition over binding cannot occur. The survival probability 
subsequently factors into single-particle solutions. Of the two 
above-mentioned effects, only the spatial B-particle distribution 
is reflected in the binding kinetics. 

The pair dynamics dictating the reaction course may be 
characterized by a time-dependent rate coefficient, k(t).14 For 
fast reactions in three dimensions, k( t )  shows two characteristic 
phases. Starting from a high value, arising from recombination 
with nearby partners, it decreases as t-”*. This short-time 
behavior is governed by the initial distribution of B-particles. 
The initial random distribution approaches steady-state condi- 
tions in which short A-B distances are less probable. In this 
limit, k(t)  tends to a constant asymptotic value and the survival 
probability becomes exponential. 

Many-body effects leading to asymptotic power-law decays 
have also been discussed for truly bimolecular (not pseudo- 
unimolecular) arrangements of  particle^.'^ The A + B - 0 
(annihilation, recombination) reaction has been analyzed by 
starting from equal initial concentrations of randomly distributed 
A’s and B’s.16 Two power-law regimes have been identified: 
At intermediate times, the average density of A (or of B) decays 
as tPdI2 for d 5 2 and as t- l  for d 2 3. At long times, there is 
a switchover to a t-d/4 decay if d 5 4. The asymptotic behavior 
in this case is due to segregation into domains which are locally 
richer in A or in B. It depends on the exact form of the initial 

distribution and, so far, has not been seen experimentally. We 
do not treat the reversible extension of the equal concentration 
problem. 

E. Theoretical Approaches to Reversible Reactions. 
Unlike the irreversible case, in reversible pseudo-unimolecular 
reactions, A + B == AB, many-body competition effects do 
become important. In each dissociation-diffusion-recombina- 
tion cycle, the original (“geminate”) partner competes with the 
other (“homogeneous”) B’s for rebinding. The solution of the 
hierarchy of N-body diffusion equations does no longer factor 
into single-particle  solution^.'^ 

Theories requiring the solution of an effective single-particle 
diffusion equation can be only approximate in the reversible 
case. Quite a number of such approximations have been 
recently prop~sed.’J*-~~ These include the “modified rate 
equation” (MRE),7,36.37 a Kirkwood-like “superposition ap- 
proximation” (SA),18936 a “convolution approximation” (CA)35 
more adequate7 than phenomenological “convolution kinetics”,2’ 
a “bimolecular boundary condition” approach (“chemical 
approximation” 36), an “average correlation” and a 
“density expansion” appr~ach.’~ The fist  three approximations 
tend to the correct equilibrium limit and are hence suitable in 
analyzing both short- and long-time  behavior^.^ 

The exact time dependence for equilibration can be obtained 
either by solving the N-particle equations (which is practical 
only for small N) or by simulation. Discrete-time discrete-space 
random walks have been used routinely to investigate irrevers- 
ible diffusion-influenced reactions.l0 These methods were 
extended to the simple model of reversible bimolecular reactions 
in both 0ne9.36 and three  dimension^.^^^^^ To monitor the 
approach to equilibrium up to the asymptotic regime and for 
different concentrations and binding parameters, long stochastic 
trajectories over many orders of magnitude in time are required. 
This presents a difficulty for random-walk methods utilizing 
fixed time steps. 

Depending on the value of the equilibrium constant, Kes, the 
binding probability may be very close to either one or zero. 
Obtaining the deviation from equilibrium then requires several 
digit accuracy in the simulation, obtainable by averaging over 



Equilibration in Reversible Bimolecular Reactions 

millions of stochastic trajectories. Long and accurate simula- 
tions are made possible by Brownian dynami~s.4l.~~ A stochastic 
move is determined by picking a random number from the exact 
single-particle probability density, available in closed form for 
one dimension.38 The time step may be arbitrarily large, and 
just a few are required for the survival probability to approach 
physically acceptable values. 

F. Three Phases of Reversible Dissociation. From previous 
partial resultsm and the comprehensive results presented below, 
the following picture emerges. Unlike irreversible recombina- 
tion, reversible dissociation shows up to three phases in the time 
dependence of equilibration. At low concentrations, c, or fast 
dissociation (large Kd), the binding site is mostly vacant and 
the competition effect is negligible. In these limits we observe 
only two phases which, like in the irreversible case, are due to 
the evolution of the B-particle distribution in space. 

The short-time behavior reflects the initial condition. As in 
the experiment, we consider an AB molecule surrounded by a 
concentration c of B’s, namely, one particle is initially bound 
and the remaining B’s are randomly distributed. The initial 
process is therefore dissociation of AB, so that for t - 0 the 
binding probability decays exponentially, eXp(-Kdt), provided 
that dissociation is faster than diffusion. While for irreversible 
recombination the long time behavior reduces to ordinary 
exponential kinetics, for reversible dissociation, only the short 
time behavior is describable by a RE. 

In the limit of vanishing competition, the long-time behavior 
may be explained as follows: the probability of finding a vacant 
site, A, is given at equilibrium by 1/(1 +- cK,,). Here Keq is 
the equilibrium (recombination) constant, for which an exact 
expression is given below. Suppose that all particles are initially 
equilibrated except for one which dissociates at t = 0. This 
particle may undergo several cycles of recombination and 
dissociation, but eventually, it will escape to large distances. 
After long times the delay introduced by repetitive recombina- 
tion is negligible, and so are any interactions with the site which 
are assumed to vanish at infinitely large separations. Hence 
for large t the particle’s probability density approaches a 
Gaussian distribution. Its probability of retum to the binding 
site at the origin is thus ( 4 ~ c D t ) - ~ ’ ~ .  For weak competition, one 
expects the long time decay of the binding probability to 
approach [Ked( 1 + c K , , ) ] ( 4 ~ c D t ) - ~ / ~ .  This result has been 
derived from the linearlized SA.7 It is valid at low concentra- 
tions and generalizes an earlier result obtained in the zero 
concentration (geminate) limit.5 

For higher concentrations or slower dissociation, competition 
over binding plays an increasingly important role. The asymp- 
totic power law still holds, but the prefactor in the square 
brackets is wrong. Under these conditions, a third phase of 
enhanced approach to equilibrium emerges at intermediate times. 
This enhanced decay is a many-body effect. It is during this 
phase that one expects to see a discrepancy between the mean- 
field approximations and the exact simulation results. 

G. Goals. We establish the time dependence of equilibration 
using Id Brownian simulations, investigate the validity of the 
various mean-field approximations, and determine whether 
many-body effects are observed under experimental conditions. 
Sections I1 and I11 summarize theoretical results and equations 
used in the sequel. This includes the structure of the N-particle 
equations and the mean-field approximations. Section IV 
presents Brownian simulation results. These involve neutral, 
noninteracting particles in one dimension. The simulations are 
compared with the three mean-field approximations: MRE, SA, 
and CA. One dimension is typically the most demanding, so 
one expects the agreement to improve in three dimensions. 
While three-dimensional simulations with a potential of mean 
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force are unavailable, the approximate solutions can be calcu- 
lated under such conditions. Section V compares experiment 
with MRE, SA, and CA results in three dimensions with a 
screened DH potential. 

11. Theoretical Background 

We summarize the theoretical results needed for canying out 
the comparison between simulation and experiment. These 
correspond to noninteracting point particles in Id (simulation) 
and univalent ions in 3d (experiment). While all pertinent 
equations are given and their physical significance discussed, 
mathematical derivations are omitted and the reader is directed 
to the literature. The present section discusses rigorous results 
for many-body irreversible and reversible reactions, while the 
next section focuses on several approximations for competitive 
reversible binding. 

A. Irreversible Reactions. Consider first a pseudo-unimo- 
lecular irreversible reaction, A + B - AB, involving a single 
A molecule and many B-particles. If A is static and the 
diffusion space infinite (the “thermodynamic limit”), the Smolu- 
chowski theory is exact and the survival probability of an 
unreacted A molecule is given by12313 

In our notation, Jk(tleq) denotes the many-body survival 
probability for an irreversible reaction with initially equilibrated 
B-particles of concentration c. Equation 1 follows from an 
independent-pair assumption. This assumption may be applied 
to other initial conditions. For example, if one particle is 
initially at contact, r = a, and the remaining particles are 
equilibrated, one obtainsu 

Here Sh(tla) denotes the single-particle solution for an initial 
contact pair,35 whereas &(tla) is the analogous many-body 
result. 

The association parameter, K,, determines the magnitude of 
the A-B recombination flux when the two particles are at their 
minimal separation, a (the “contact distance”). It depends on 
the recombination parameter, K~. and dimensionality, d,  as 
follows 

(3) 

For d = 1 one may set a = 0, but otherwise a > 0. In the 
presence of a spherically symmetric A-B interaction potential, 
U(r), it is convenient to define 

(4) 

where V(r) U(r)/kgTis the potential in units of thermal energy. 
The potential term in eq 4 gives rise to an “activity coefficient” 
on rates and equilibria of chemical reactions. 

Equation 1 implies that the survival probability obeys a rate 
equation, dJk(tleq)/dt = -ck(t)c/;,(tleq), albeit with a time- 
dependent rate coefficient, k(t), which measures the recombina- 
tion flux of A-B pairs at their contact distance. k(t) is obtained 
from the solution of the single-particle diffusion (Smoluchowski) 
equation 

for an initial equilibrium state 
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and subject to the “radiation,’ (irreversible) boundary condition 

d-1 -V(a) a V(x) k(t) G ydDa e - e P(x;tleq)lF, = K,P(a;tleq) (7) 
ax 

Yd is a geometric factor, which equals 4 n  for d = 3 and 1 for 
d = 1 provided that (like in our simulations) particles may enter 
the trap from one side only (Le., x 2 0). Note that P(x;t) is not 
normalized and hence dimensionless. To remind us of this fact, 
an uppercase P is used. k(t)  decreases with time as closely 
separated A-B pairs are depleted by reaction. 

The expression for k(t)  depends on the dimensionality, d.14 
In Id and in the absence of an interaction potential 

Here D is the relative A-B diffusion coefficient and erfc is the 
complementary error function. The above expression is valid 
for B’s located on one side of the origin. The approximate 
expression arises from the large z limit of the error function, 
exp(z2) erfc(z) - l/nz. As t - 00, k(t) vanishes so that a steady- 
state solution does not exist in one dimension. 

In 3d with a spherically symmetric interaction potential, U(r), 
one has for large t 

- 4nDaeff[ 1 + a,pd&] 

The “effective contact distance”, aeff, is related to the actual 
contact, distance, a,  by 

aeff 3 a,~,/(&cDa, + K ~ )  (9a) 

For finite times, eq 8b is exact only when V(r) = 0, i.e., a, = 
a. For fast, diffusion-limited reactions aeff - a, and Yaeff is 
very large. For slow reactions aeff - K V / ~ ~ D  << 1 so that 
k(t) - KV. In this limit Sdtleq) = exp(-cKvt), the conventional 
kinetic result. 

The expression for k(t)  is again simplified using the asymp- 
totic expansion for the error function. It shows two phases: a 
transient phase where k(t)  decreases approximately as t-l’* and 
a constant steady-state limit, 4nDaeff, when the survival prob- 
ability, eq 1, decays exponentially. These phases are due to 
the initial, random distribution and the final steady-state 
distribution of B’s around the site. As long as A is static and 
the particles are noninteracting, the survival probability is 
expressible in terms of the single-particle solution, k(t) .  Thus 
for the simple model in the irreversible limit the many-body 
dynamics are uncoupled. 

B. Reversible Reactions. When the reaction is reversible 
the B-particles are no longer independent even if the trap, A, is 
static. This is because the binding of one B affects the binding 
probability of other B’s. Unlike the irreversible case, the exact 
description of N particles involves coupled diffusion equations 
in N-coupled degrees of freedom (the A-B distances). While 
the exact many-body equations are given elsewhere,17 we briefly 
review the physics behind these equations. 

2 

-1 

Figure 2. Schematic representation of two-particle binding to an active 
site. 

To understand the structure of the many-body equations, 
consider the cases of N = 1 and 2. The single-particle equations 
are those of a reversible geminate pair? The (normalized) 
probability density, p(x;t), for an A-B pair to be separated a 
distance x by time t obeys the Smoluchowski equation 5 for a 
5 x 5 x,. The irreversible boundary condition, eq 7, is 
modified to a “back-reaction,’ (reversible) boundary condition 

The survival probability for an unreacted pair is defined by 

so that the binding probability is 1 - S(t). 
The situation for N = 2 is demonstrated in Figure 2. In this 

figure, A is depicted as a big sphere with a single binding site 
while the particles, B, are the two small spheres. Three different 
situations are possible, leading to three coupled diffusion 
equations: (i) both particles are free; (ii) particle B1 is bound 
while B2 is free; or (iii) particle B2 is bound and B1 is free. In 
the first case there are two distances 5 separating A and a given 
B. This situation is described by diffusion of a single point in 
the (~1~1-2) plane with back-reaction (reversible) boundary 
conditions when either = a. The other two cases involve 
one bound particle with the other free and diffusing. The 
number of degrees of freedom is reduced to one namely, the 
distance of the free particle from the trap. It is described by 
diffusion on a line with dissociation and recombination terms 
that couple it to the 2d equation, case (i). Simultaneous binding 
of both particles is, of course, excluded since we are dealing 
with a “single-particle trap”. 

Generalizing to N particles,17 competitive reversible binding 
involves one N-dimensional diffusion equation coupled to N 
equations of dimension N - 1. The high dimensionality of the 
problem means it cannot be solved exactly even numerically. 
One recourses either to approximations of reduced dimensional- 
ity or to stochastic simulations. These will be described below. 
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C. Equilibrium and “Generalized Mass Action”. While 
the exact many-body equations cannot be solved, their equi- 
librium limit is the same as that of the chemical rate equations17 

Gq = S ( m )  = 1/(1 + cKeq) ( 1 2 4  

Keq K,,/K~ ( 12b) 

Here Keq is the (recombination) equilibrium coefficient and KV 

is defined in eq 4. 
Equation 12 shows that Keq obeys the “mass action” law 

Keq = (1 - Cr,q)/(cdq> (13) 

This classical result can be generalized to the time domain,35 
where it relates the many-body survival probabilities for two 
different initial conditions: (i) a vacant site surrounded by 
equilibrated particles, or (ii) one particle bound and the other 
particles equilibrated. The survival probabilities for these two 
cases, denoted by S(tleq) and S(tl*), respectively, are related 
by the “generalized mass action” (GMA) law 

Keq = [1 - ~J(tleq)l/[cJ(tI*>l (14) 

which can be proven from detailed balancing.” As t - the 
GMA reduces to the ordinary mass action law, eq 13. Using 
the GMA and eq 12a, the deviation from equilibrium for the 
two initial conditions is related by 

,Aq - J ( t l * )  = [J(tleq) - S,,]/cKeq (15) 

In the experiment one starts from the bound state, S ( O l * )  = 0, 
whereas in the simulations we typically begin from the unbound 
state, S(0leq) = 1. Moreover, some of the approximations, 
such as the SA, can only be formulated for the unbound state. 
It is therefore convenient to have an exact expression relating 
these two initial conditions. 
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s ( t l* )  = dq{ 1 - exp[-(cKc, + Kd)f]} (17) 

with S,, and KV given in eqs 12a and 4, respectively. This 
solution evidently tends to the correct equilibrium limit. From 
the corresponding solution for S(0) = 1 one verifies that the 
GMA is obeyed at all times. However, the RE does not 
approach the correct limit when either Kd - 0 or c - 0. The 
full curves in Figure 1 indeed show that eq 17 is quite 
inadequate. 

A “modified rate equation” (MRE) has been suggested by 
S ~ a b o : ~ , ~ ~  

dS(t)/dt = [k(t)/KV]{-CKd(t) + Kd[l - ~f( t ) ]}  (18) 

where k(t)  is the irreversible time-dependent rate coefficient 
given by eq 8. This may be solved analytically:’ 

J(tl*) = .Seq{ 1 - exp[-(c -I- Keq-*)h‘k(t’)dd]) (19) 

111. Approximations 

In this section we summarize three approximations used 
below to compare with simulation and experiment. These 
approximations (a) tend to the correct equilibrium limit (eq 12a), 
(b) obey GMA (eq 14), and (c) reduce to the correct irreversible 
solution when Kd = 0 (eq 1). Two of the approximations (CA 
and SA) also reduce to the correct (reversible) geminate pair 
solution in the limit of infinite dilution, c = 0. It is therefore 
not surprising that the latter turn out to be the most useful in 
analyzing experiment. 

Since the three approximations are conveniently discussed 
in the work of S ~ a b o , ~  we only give the final results below. 
For pseudo-unimolecular reactions, S(t) = [A]/[A]o is the 
survival probability of a vacant trap (unreacted A molecule) 
and c = [B] is the (constant) concentration of B-particles. The 
binding probability is hence 1 - S(t) = [AB]/[A]o. Whenever 
the initial condition is not specified, the result is assumed valid 
for any initial condition. 

A. Rate and Modified Rate Equations. Conventional rate 
equation (RE) description of a reversible reaction involves two 
time-independent rate parameters, K~ and Kd, and no spatial 
dependencies of particle densities 

dJ(t)/c‘t = - c K J ( ~ )  + K ~ [  1 - J ( t ) ]  (16b) 

The second equation is just the pseudo-unimolecular limit 
of the first. Its solution depicts an exponential decay to 
equilibrium 

A similar result may be obtained for an initially unbound state. 
The MRE also obeys the GMA law and tends to the correct 
t -. 00 limit. Unlike the RE, it does become exact in the 
irreversible limit, namely, S(tleq) - &(tleq) as Kd - 0, see 
eq 1. However, the MRE is incorrect in the geminate-pair limit, 
c - 0. 

B. Convolution Approximation. The “convolution ap- 
proximation” (CA) involves solving numerically the convolution 
relation35 

Sh(tleq) and Sh(tlu) are the survival probabilities for irreversible 
recombination, eqs 1 and 2 with k(t) from eq 8. The physical 
justification to eq 20 is as follows: At time t ,  a particle is bound 
with probability [ l  - S(t)]. The fraction dissociated between 
t and t 4- dt is thus Kd[ 1 - s ( t ) ]  dt. Once dissociated, the bound 
state is reached if one of the free particles binds without 
subsequent dissociation. The latter process is an irreversible 
recombination from contact. 

The approximation is in the assumption that by the time a 
particle dissociates all other particles have attained their 
equilibrium distribution, a situation described by the function 
Sh(tla). This is best justified for slow dissociation. Indeed, 
when Kd = 0, eq 20b reduces to S(tleq) = &(tleq). By taking 
Laplace  transform^,^^ one may show that eqs 20 tend to the 
same equilibrium limit of eq 12a and that the GMA is obeyed. 
Finally, the convolution relations are rigorous in the geminate- 
pair limit.35 Therefore, the CA reduces to the correct limiting 
behaviors in all three cases: t - 00, Kd - 0, and c - 0. 

C. Superposition Approximation. In the SA, the many- 
body survival probability for initially randomly distributed 
particles is given by7s40 

S(tleq) = exp[ -cP( * ;t leq)] (21) 

The quantity P(*;tleq) is defined from the normalization 
condition 

where P(x;tleq) obeys the Smoluchowski equation 5 for an initial 
equilibrium state (eq 6). 

The main modification lies in the nonlinear boundary 
condition 
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relatively few trajectories need be averaged but Ar has to be 
extremely small. We verify the short-time data by comparison 
with conventional RW results? 

B. Concentration Series. We have performed a series of 
simulations to demonstrate the effect of varying the concentra- 
tion for a fixed dissociation parameter, Kd = 0.1. In this series 
the interval is fixed, L = 2500, while the number of particles 
varies, N = 5 ,  50, 500, and 1000. Figure 4 shows the binding 
probability as a function of time on a In-ln scale (natural 
logarithm). The data (bold curves) are analogous to the 
experimental data of Figure 1. Starting with an initially 
occupied trap, 1 - J(tl*) decreases monotonically until the 
equilibrium limit is approached (eq 12). The lower the 
concentration, c, the smaller 1 - J, and the equilibrium limit 
is approached slower. These data, previously compared only 
with the SA,“0 will now be confronted with all three approxima- 
tions discussed in section III. The approximations are calculated 
using the same parameters as in the simulations, so that no 
adjustable parameters are involved. 

The calculation verifies the convergence properties deduced 
theoretically. The MRE, which does not tend to the correct 
solution in the infinite dilution limit, indeed performs very 
poorly at low concentrations, except when r - 0 or t - 00. In 
contrast, both CA and SA reduce to the correct infinite dilution 
behavior, as expected theoretically. However, the SA converges 
better near c = 0, e.g., for c = 0.02 it is essentially exact. At 
high concentrations all three approximations seem to agree with 
the simulation. However, a closer look at the way they approach 
equilibrium reveals differences. 

Figures 5 and 6 show the deviation from equilibrium obtained 
by subtracting the exact equilibrium limit (eq 12a) from both 
simulation and approximations. The short-time behavior is 
shown on a semi-ln scale in Figure 5 and the complete time 
behavior on a In-ln scale in Figure 6. For the given value of 
Kd, the RES are inadequate even at short times. The decay to 
equilibrium is predominantly nonexponential. The MRE are 
markedly better, and the CA is better still. These approxima- 
tions agree at short times, but the MRE diverges from the exact 
solution before the CA. While the above approximations 
approach equilibrium faster than the simulation, the SA becomes 
slower than required at long times. It follows that the two most 
useful approximations are the SA and CA, which bracket the 
simulation data from above and below, respectively. 

It is also seen that both CA and SA become exact at low 
concentrations. For c = 0.002 they practically coincide with 
the simulated data. Figure 6 shows that the convergence 
properties of the SA at low c are better than those of the CA. 
The SA also shows the apparently correct rd2 limiting behavior. 
Because it approaches equilibrium too slowly at intermediate 
times, the SA curves run parallel and above the simulation as 
t - - for high concentrations. 

C. Reactivity Series. In order to bridge over the spectrum 
of kinetic behaviors ranging from ultrafast to ultraslow reactions, 
we have performed another series of simulations, where Kd varies 
at a fixed value of c = 0.4. For large Kd the site is mostly 
empty while for small Kd the site is mostly occupied near 
equilibrium. Since the occupancy of the site induces correlations 
between bound and unbound particles, the expectation is that 
the large and small Kd limits will correspond to weak and strong 
competition, respectively. 

Figure 7 shows the time dependence of Lq - J(tl*) for the 
two largest Kd values. The semi-ln plot in the bottom panel 
shows that the initial decay is approximately eXp(-Kdt). This 
is the same as the RE of eq 17, since in this limit Kd >> C K ~  and 
4, x 1. For large Kd the RE gives the correct slope at t = 0. 
Indeed, for short times and fast reactions, the density perturba- 

K,P(a;r) - Kd[exp(cP(*;r)) - l]/c (23) 

It reduces to the back-reaction boundary condition (eq 10) in 
the infinite dilution limit, c - 0. In this limit, eq 21 gives 
cP(*;r) - 1 - S(t1eq). Indeed, for a single pair, c = l/v, v 
being the system’s volume; hence cP(*;r) = p(*;t) is the single- 
pair binding probability. When Kd = 0, the definition of k(r) 
(eq 7) implies that 

Pi,(*;t(eq) = J‘k(t’) dt’ (24) 

and therefore eq 21 reduces to the Smoluchowski result for 
irreversible recombination (eq 1). In the limit of an infinite 
system (xm - 00) one can showa that the SA tends to the correct 
equilibrium limit (eq 12a). In the limit of small cKeq it 
approaches equilibrium as7 

4, - S(rl*) - [Keq/(l + ~K,,)1(4nDr)-~’* (25) 

For one-dimensional binding on half the line, where the trap is 
approached only from one side, the above result should be 
multiplied by 2. To obtain SA results for the initially bound 
state we have applied the GMA law to the initially unbound 
state. It is not possible to calculate this case directly, since the 
SA cannot be written for the bound initial state. 

IV. Simulation 

A. Technical Detail. We have simulated up to N = 1000 
randomly-moving particles on the half-line with a static trap at 
the origin. An example of such a simulation is shown in Figure 
3 (symbols). The trap may bind at most one particle. The 
particles are initially randomly distributed on the interval [O,L]. 
Its length, L, is sufficiently large to ensure achievement of the 
thermodynamic limit, as previously dem~nstrated.~~ The particle 
concentration is thus c N/L. The diffusion coefficient, D, 
and the recombination parameter, K*, are arbitrarily set to unity. 
This is equivalent to choosing.time and distance scales. The 
dissociation parameter, Kd, was varied. Results were converted 
to the initial condition of an occupied trap using the (exact) 
GMA relation (eq 15). 

The data in Figure 3 show the approach to equilibrium, 
J, - J (* l r ) ,  for over 6 orders of magnitude in time. The short- 
time behavior was also calculated from lattice random walks 
(RWs), using the algorithm of ref 9. Obtaining the behavior at 
long times required the development of a many-body Brownian 
dynamics algorithm.38 This is an off-grid (continuous space) 
method that utilizes the exact one-particle solution (which for 
d = 1 is known analytically) in propagating a many-particle 
trajectory. The underlying assumption is that a chosen particle 
may be moved for a finite time interval, At, while keeping the 
other particles immobile. The figure shows data for eight 
different values of At. The simulation is inaccurate for times 
on the order of At, but convergence to the correct result is so 
rapid that for r > 5At the data agree with that obtained using a 
smaller time step. Therefore, the short-time tails are spliced 
off and the data for different At values are connected to produce 
the behavior over the entire time regime (thin line). 

As expected, the closer the survival probability to its 
equilibrium limit, the larger the statistical noise, so that more 
stochastic trajectories are required to collect reasonable statistics. 
For example, the longest time segment shown in Figure 3, Ar 
= 500, involves averaging over about 4 million trajectories. 
One thousand trajectories of length 50 At take 10-15 min on 
a 2.5 MFLOPS 486 PC. In the other limit, of short times, 
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Figure 4. Concentration effects on reversible binding as revealed by Id Brownian simulations (bold lines). The simulation is compared with three 
approximate theories. The parameters D, K,, and L are the same as in Figure 3. The number of particles, N ,  is varied to achieve the indicated 
concentration, c NIL. 

tions near the trap are not yet propagated to large distances and 
competition effects had not had time to develop. In the weak 
competition limit much of the decay is describable in this simple 
way. At longer times there is a switchover to the universal 
power-law decay, but only a minor fraction of J& - J(tl*) 
decays via this power-law mechanism. Also, the SA becomes 
exact in this limit, as seen in the upper panel of Figure 7. 

Figures 8 and 9 show the approach to equilibrium for 
intermediate to small Kd values on semi-ln and In-ln scales, 
respectively. As Figure 8 demonstrates, the short-time behavior 
is given by the RE (eq 17) only for large Kd. The M E  is much 
better and the CA better still. Again, we observe that the SA 
and CA bracket the exact results from above and below, 
respectively. It is now seen how the relative error in these two 

approximations depends on the reactivity. For large Kd the SA 
is the best available approximation. Indeed, it is expected to 
be exact when Kd - -. For small Kd the CA (and even the 
MRE) are better. We suggest terming these two limiting 
behaviors “superposition dominated” and “convolution domi- 
nated”, respectively. 

As Figure 9 demonstrates, the long-time behavior is a 
universal t-”* power law. For intermediate Kd values (e.g., 
Kd = 1) this phase seems to dominate most of the approach to 
equilibrium. As Kd decreases, an intermediate-time phase 
emerges which is neither exponential nor power-law. It exhibits 
a slope which is noticeably larger than d/2. Consequently, the 
switchover to the asymptotic power-law decay becomes more 
conspicuous. Let us denote the switchover time by ts .  It 
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Figure 5. Approach to equilibrium in competitive reversible binding. Same data as in Figure 4, from which the exact equilibrium limit has been 
subtracted (thick lines). 
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Figure 6. Same as Figure 5 on a (natural) double logarithmic scale. 

increases monotonically with Kd. Interestingly, for slow dis- 
sociation, ts 1/Kd. 

V. Experiment 
A. Excited-State Proton Transfer to Solvent. The experi- 

ment3 monitors the transient time-correlated single-photon 
counting (TCSPC) fluorescence signal from excited HPTS 
molecules as they transfer a proton reversibly to water 

Here R*OH symbolizes the acidic form of excited HPTS, R*O- 
is its basic form, and H+ is the solvated proton. A picosecond 
laser pulse produces vibrationally hot R*OH in SI .  It cools 

4 6 8 10 
In t 

very fast and begins to dissociate within about 100 ps. Its 
fluorescence signal is multiplied by exp(t/zf), to correct for the 
finite radiative lifetime, zf. The resulting signal, shown in Figure 
1, is thus the probability of the bound state, 1 - S(tl*). 

The parameters previously used in fitting the geminate pair 
data3 are collected in Table 1. This limit of zero homogeneous 
particles, c - 0, prevails at pH > 3.5, where homogeneous 
protons are on the average too far to interact with the anion, 
R*O-, on the experimental time scale. Of these parameters, 
only Kd and K~ were adjusted to fit the geminate-pair data. The 
radiative lifetime, q, is obtained from the anion fluorescence 
signal, D and RD are known from conductivity and dielectric 
measurements, and CI is a customary value in the literature. 
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TABLE 1: Parameters Used in Comparing with the 
Experimental Data3 Are Either Known Experimental 
Ouantities or Obtained bv Fitting the c = 0 Limit 

Darameter value units 
8 ns-’ 
7.4 &ns 
5.3 ns 

P 930 
28.3 
2.0 M-l/2 

7.0 A 

As the pH is lowered below 3, homogeneous protons start 
competing with the geminate dissociated proton for rebinding. 
Unfortunately, we do not have three-dimensional simulations 
but may compare the experimental data to the mean-field 
approximations. These approximations require the solution of 
an effective single-particle Smoluchowski equation. Assuming 
that adding protons does not affect the intrinsic rate parameters, 
we use the same parameters as obtained in the high-pH limit 
(Table 1). Proton self-screening is described by the Debye- 
Hiickel screening function, see the Appendix. This potential 
of mean force is accurate at low concentrations. Fortunately, 
the concentrations required for observing the many-body effects 
(< 10 mM) are within its applicability range. 

The theoretical curves have not been convoluted with the 
“instrument response function” (IRF). Its width, 50-60 ps, has 
a negligible effect on the data for t > 100 ps. Unfortunately, 
the IRF has a small satellite peak around t = 0.3 ns (log t = 
-0.5). Its amplitude is a few percent of the main peak (see 
Figure 1 in ref 43, leading to the small hump in the 
experimental data around 300 ps. Since this produces deviations 
which are small in comparison with differences between the 

various approximations, we felt it was not justified to distort 
the theoretical curves by convolution. 

B. Comparison with Approximations. Figure 1 has 
compared HPTS data with the RE and MRE approximations, 
showing unsatisfactory agreement. The RE constitutes the most 
drastic approximation considered here. It is expected to hold 
only in the limit that both Kd and K~ are small as compared with 
D. The MRE, which involves time-dependent rate coefficients 
(eq 18), is a noticeable improvement at high concentrations but 
still rather poor for small c. It always approaches equilibrium 
faster than experiment. The same behavior was observed in 
comparing the MRE with the Id simulations (Figure 6). 

Figure 10 shows that the CA and SA perform considerably 
better than the various rate equations. These mean-field 
approximations are calculated for a three-dimensional system 
and a Debye-Hiickel potential of mean force without adjusting 
any parameter. They are a realistic description of the reaction, 
except that the many-body effect is treated only approximately. 
In evaluating the CA, we use k(t)  from eq 8b, which is inaccurate 
for small t when V(x) f 0. At short times, the experiment is 
not a faithful delta-function response due to the secondary peak 
in the IRF (see above), so that its agreement with the CA is 
coincidental. Thus the SA depicts the correct short-time 
behavior in this case. At long times the SA and CA slightly 
underestimate the ultimate equilibrium limit (e.g., for c = 4 
mM). This could be due to inaccuracies in the DH potential. 
At the highest concentrations both CA and SA seem to perform 
equally well. 

The two approximations differ, however, in their approach 
to equilibrium shown in Figure 11. For c > 0, the SA is always 
above the experimental data. This resembles the Id simulations 
in Figure 6. In contrast, the CA is quite close to the 
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Figure 8. Same as Figure 7 (lower panel) for smaller Kd values (indicated). The simulation data (symbols) are compared with four approximations. 

experimental data. This might indicate that for large c the CA 
becomes more accurate with increasing dimensionality. 

The HPTS data apparently correspond to the intermediate 
rather than the asymptotic time regime. The slopes of the 
measured curves for large concentrations are larger than 3/2. If 
these measurements could be extended to longer times with good 
signallnoise ratios, we expect to see a crossover to the 
asymptotic power-law behavior resembling that of Figure 9. 

VI. Conclusion 

More than a century after Arrhenius, it is surprising to 
discover how little of chemical kinetics we really understand. 

A widespread misconception is that the time course of a 
reaction essentially obeys an appropriate form of a rate equation, 
so that the main problem is to determine, from first principles 
if possible, the magnitude of the reaction rate coefficients. Much 
of current day study of chemical kinetics, from gas-phase 
dynamics to surface reactions, centers on understanding the 
factors governing rate coefficients. While such studies are of 
fundamental interest and importance, the concomitant neglect 
of a more rigorous and comprehensive study of the time course 
of chemical reactions is unjustified. 

Bimolecular chemical kinetics is complicated because it 
represents a many-body problem. Nonequilibrium distributions 
of reacting particles and their competition over binding sites 
may have marked effects on the reaction course, particularly in 
fast reactions in which reversibility cannot be neglected. One 
might expect that, in a system containing many particles, mean- 
field theories should be adequate. This depends on the level 
of the mean-field approximation. The traditional rate equations 
completely neglect the microscopic individuality of the reacting 

particles and their spatial distribution. They are incapable of 
explaining the simulation or experimental data. More refined 
mean-field theories with microscopic origin, like the CA and 
SA, are quite successful in reproducing correctly various limiting 
behaviors, such as at long times, low concentrations, and slow 
and fast dissociations. However, even these theories are 
incapable of reproducing all the details revealed by the Brownian 
simulations. 

Until recently it was not possible to explore the full spectrum 
of feasible behaviors. The many-particle Brownian simulation 
technique has allowed us to perform a systematic search of 
parameter space, albeit only in one dimension (Id). It is 
nevertheless often the case that Id systems provide the most 
stringent test for approximate kinetic theories. Simulations in 
Id are easier to perform and, in addition, the number of 
independent physical parameters is smaller. Because the contact 
distance between two points is zero, there is no natural distance 
scale, so that an arbitrary determination of D and K, is equivalent 
to setting the time and distance scales. The transient behavior 
is then determined by Kd and c .  We have therefore performed 
two series of simulations, a concentration and reactivity series, 
which together paint a rather complete picture of the situation 
in Id. 

Our simulations demonstrate that pseudo-unimolecular reac- 
tions may show up to three phases in their transient behavior. 
The short-time behavior resembles the exponential decay 
predicted by chemical rate equations when Kd is large. The long- 
time behavior seems always to be a universal power law, 
indicative of diffusional motion. Under strong competition 
conditions, an intermediate phase emerges, with faster than 
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Figure 10. Experimental data of Figure 1 as compared with the two more sophisticated approximations. Parameters are listed in Table 1 

power law approach to equilibrium. Subsequently, we assign 
this phase to the competition effect. 

In 3d, the contact distance a > 0, already sets the distance 
scale so that both K~ and Kd may be independently varied. One 
may envision a situation where both are small with respect to 
D. This is the “reaction control” limit in which rate equations 

are expected to dominate. The opposite case where both rate 
parameters are large as compared with D is expected to be 
“superposition dominated”. Additionally, one may consider the 
cases when one rate coefficient is large and the other small. If 
Kd is the small rate parameter the problem reduces (save at very 
long times) to irreversible recombination. Little is known about 
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Figure 11. Approach to equilibrium of the experimental data (symbols), obtained by subtracting the asymptotic limit from the data of Figure 10 
and applying some numerical smoothing, as described in ref 3. The MRE is shown only for c = 15 mM. 

the opposite limit of small K~ and large Kd. In addition, the 
behavior in each of these limits varies with c. To fully explore 
this richness of possible behaviors, a three-dimensional simula- 
tion project is required. 

Rather than waiting until 3d simulations become available, 
we have proceeded to apply the lessons learned from Id 
simulations to experiment. An interesting unexplained observa- 
tion in the HPTS data3 was the increase of the long-time slope 
with increasing concentration. From the Brownian simulations 
it seems that these data may indeed reflect many-body effects 
in fast, reversible chemical reactions. This follows because the 
relation between various approximations, MRE, CA, and SA, 
and the experimental data closely resembles the behavior 
observed in the Id simulation. The simulations indeed exhibit 
faster approach to equilibrium at intermediate times and high 
concentrations, which correlates with increasing deviations from 
the above approximations. The large sensitivity and dynamic 
range of the TCSPC system are insufficient to cover all three 
transient phases revealed by the simulations because at longer 
times there should be a crossover into the asymptotic t-3/2 
behavior. It would be interesting if the experimental technique 
could be further perfected to detect this switchover. 

While pH variations yield a “concentration series”, it may 
also be possible to obtain a “reactivity series” involving a 
variation of Kd. For example, changing the solvent from water 
to a 50150 mixture of methanol-water is known45 to diminish 
Kd by an order of magnitude, while reducing K~ and D by only a 
factor of 2. Monitoring the pH effect on this reversible reaction 
in water-alcohol mixtures may thus allow one to span a much 
larger reactivity range than in pure water. We expect to observe 
a more drastic switchover into the universal power-law behavior 
in these solvents, see Figure 9. 

Finally, proton transfer across and between membranes is an 
essential step in oxidative phosphorylation, leading to the 
synthesis of ATP from ADP. In this process, a transmembranal 
proton gradient is utilized for energy storage. While little is 
known about the elementary microscopic steps, they undoubt- 
edly include proton diffusion and binding to membrane proteins. 
The HPTS system has been applied successfully in the study 
of reversible geminate recombination between membranes and 

within biological c a v i t i e ~ . ~ ~ . ~ ~  It would be interesting to extend 
such studies to low pH values in order to monitor many-body 
effects within spatially restricted cavities. 
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Appendix: The DH Potential 

the screened Coulomb potential of Debye and H u ~ k e l ~ ~  
Since the experiment involves ions, the potential applied is 

Here RD is the Debye (sometimes, Onsager) radius 

where zi are the ionic charge numbers (-4 and + 1 for the HPTS 
proton pair, since the HPTS anion has three charged sulfonate 
groups), e is the electronic charge, and c is the static dielectric 
constant. Taking E w 80 for water one obtains for the HPTS 
proton pair at room temperature RD = 28.3 A. K D H - ~  is the 
radius of the “ionic atmosphere”. For a 1-1 electrolyte (the 
added acid) of concentration c it is given by 

KD$ = (8Jce2c)l(€kBT) (28b) 

For room temperature water KDH = 0 . 3 2 8 ~ ’ ~ ~  A, when c is in 
molar. Taking for the contact radius, as customa~y‘~ a = 7 A, 
we get 

(28c) 
1 I2 

KDHa = Bc 

with B = 2.3 M-’/*. Unfortunately, the DH potential is only a 
mean-field approximation for the many-particle interaction 
potential, which breaks down at ionic concentrations above a 
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few millimolar. To compensate for this, we modify B to a value 
suggested by Weller$9 B = 2.0 M-’”. Up to c = 15 mM (the 
largest concentration in Figure 1) this correction produces 
reasonable values of S(m), namely, a correct “equilibrium salt 
effect”. 
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