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ABSTRACT: The residence time of a single dye molecule diffusing within a laser spot is propotional
to the total number of photons emitted by it. With this application in mind, we solve the spherically
symmetric “residence time equation” (RTE) to obtain the solution for the Laplace transformof themean
residence time (MRT) within a d-dimensional ball, as a function of the initial location of the particle and
the observation time. The solutions for initial conditions of potential experimental interest, starting in the
center, on the surface or uniformly within the ball, are explicitly presented. Special cases for dimensions 1,
2, and 3 are obtained, which can be Laplace inverted analytically for d = 1 and 3. In addition, the analytic
short- and long-time asymptotic behaviors of theMRTare derived and comparedwith the exact solutions
for d= 1, 2, and 3. As a demonstration of the simplification afforded by theRTE, the Appendix obtains the
residence time distribution by solving the Feynman-Kac equation, from which the MRT is obtained by
differentiation. Single-molecule diffusion experiments could be devised to test the results for the MRT presented in this work.

’ INTRODUCTION

When a laser beam is focused onto a tiny volume element (e.g.,
1 fl) in a solution containing a very low (subnanomolar) concentra-
tion (c) of a fluorophore, fluorescence bursts can be observed.1-8

These photonic fluctuations are largely due to a single dyemolecule
that diffuses (diffusion coefficient D) in and out of the laser focus,
until it eventually escapes to large distances from it (Figure 1).
Under steady-state illumination, for an idealized scenario in which
the laser spot is a three-dimensional ball of radius R, which is
uniformly illuminated, dye molecules arrive at its surface with the
diffusion-control rate coefficient9 4πDRc, which determines the
waiting time between bursts. Once on the surface, the particle
resides in the ball for an average duration R2/3D,2,10 which
determines the average burst duration (hence also the average
number of photons emitted).2 A more detailed theoretical discus-
sion can be found in section IV of ref 11.

Consequently, under steady-state conditions it suffices to con-
sider particles starting on the surface of the sphere (those starting
within the sphere contribute only a fast initial transient). Their
mean residence time (MRT) within a three-dimensional ball (B3)
for an infinite observation time (t f ¥), denoted here by
ÆτB3

(¥|R)æ, is thus a fundamental quantity relevant for analyzing
fluorescence bursts from a single freely diffusing dye molecule.
More generally, the distribution of the number of emitted
photons11,12 is related to the distribution, Fτ(¥|R), of the residence
time τ (see Appendix). Interestingly, not only a spot of light can be
generated but also a “spot of protons”, namely a spatial pH jump.13

Dyes diffusing through this spot will change their protonation state,
and this could be detected spectroscopically.

We have previously evaluated these quantities for tf¥ and an
arbitrary starting point r.14 Setting r = R in eq 3.16 of ref 14 (with
the evident change of notations) indeed yields ÆτB3

(¥|R)æ
= R2/3D, as suggested earlier by Eigen.10

Single molecule diffusion experiments can be performed also on
surfaces, membranes,15 or filaments,16,17 and these depend on the
MRT for dimensions d = 2 or 1, respectively. For example, one-
dimensional single-molecule motion occurs when motor proteins
move along cellular filaments such as myosin on actin or kinesin/
dynein on microtubules. In the so-called “single-motor assay”, the
filament is attached to a glass surface and the motor protein is

Figure 1. Schematic depiction of the residence time scenario. When the
trajectory of the diffusing particle resides within the spherical domain of
radius R, it is photoexcited by a continuous illumination source, resulting
in photon emission (yellow stars). Thus the total number of photons
emitted is proportional to the particle’s residence time within the
domain. The red trajectory starts outside the domain, whereas the green
one starts inside it.
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monitored via the fluorescence of a fused fluorescent dye.16

Evidently, this involves an additional biasing force in the diffusion
equation, which is outside the scope of the present article. Inter-
estingly, however, it was recently found that single myosin Va
molecules diffuse alongmicrotubules (Figure 4 in ref 17), so that the
equations below (for d = 1) may be relevant to such experiments.

Consequently, it is not sufficient to obtain the MRT in three-
dimensions.14 Recently, ÆτBd

(¥|r)æ for arbitrary dimensionality, d,
was obtained in eqs 10 and 11 of ref 18 (one equation is valid for
re R and the other for rg R). Here we obtain the most general
solution, ÆτBd

(t|r)æ, for an arbitrary observation time, t, arbitrary
starting point, r, and arbitrary d. In the special case that r = R, it is
proportional to the average number of emitted photons from the
onset of a burst (t = 0) and up to time t. This quantity is thus
particularly relevant to experiments in which single bursts can be
clearly identified.

A different initial condition may be relevant for anticipated two-
wavelength experiments, in which a laser pulse at one wavelength
initiates a fast irreversible chemical reaction within the laser spot,
and a second wavelength is used to probe the products of this
reaction. For example, a spatial pH jump13 could protonate all dye
molecules within Bd, creating a uniform concentration of proto-
nated dyes there. A second (continuous) laser could selectively
excite the protonated form, whose emitted photons would be
collected in such experiments. If the spots of the two lasers overlap,
the total number of photons collected between the initiating pulse
(t = 0) and time t should be proportional to ÆτBd

(t|Bd)æ, the MRT
when starting uniformly within Bd. If, however, the first spot is
considerably smaller, one could approximate the pH jump as
occurring at the origin, so that the relevant MRT would be
ÆτBd

(t|0)æ.
This scenario closely resembles reversible geminate recombina-

tion,which has been studied experimentally for excited-state proton
transfer,19-21 and also studied with considerable theoretical
detail.22-25 The presence of a specified molecule inside Bd is
analogous to the bound state, but its entry and exit from this region
do not involve additional rate coefficients, as it occurs diffusively.
We therefore expect that the ubiquitous power-law decay of the
geminate recombination binding probability, as (4Dt)-d/2, will
characterize also the long time behavior of the probability to reside
within Bd, PBd

(t). Because PBd
(t) is just the time derivative of the

MRT, it is also obtainable from the present analysis.
Much before the interest of the physical-chemistry community

in residence times,26 “occupation times” have been investigated by
mathematicians, notably Paul L�evy27 andMarc Kac.28,29 They have
considered the more general problem of calculating “Brownian
functionals” defined along random-walk trajectories. Since then, the
topic has become a textbook subject in randomwalks and diffusion
theory.30-34 Recently there has been growing interest in the
application of Brownian functionals to various problems in physics,
chemistry and economics.14,35-43

The canonical route for calculating the residence time prob-
ability density, Fτ(t|r), employs the Feynman-Kac (FK) formula37

for Sk(t|r), its Laplace transform (LT) with respect to τ. A similar
equation has been derived for the generating function of the
distribution of the number of emitted photons from a freely
diffusing molecule; see eq 5.4 in ref 12. The various residence time
moments (the first one being theMRT) can be generated from this
equation by differentiation with respect to k. This is demonstrated
in the Appendix.

However, when only the MRT is required, the FK route
becomes unnecessarily tedious. A more direct procedure involves

the solution of the “residence time equation” (RTE).18 In ref 18, its
spherically symmetric solution was obtained for t f ¥. Here we
solve it for arbitrary t and in any dimensionality. The initial
condition is either an arbitrary distance, r, or one of the experi-
mentally relevant initial conditions: Starting on the surface of Bd, its
center, or uniformly within its volume. We obtain the special
solutions for d = 1, 2, and 3, as well as the asymptotic behavior at
short and long times.While fragments of this solution can be found
in the literature,14,29,34,39,41 a systematic and comprehensive dis-
cussion is unavailable elsewhere. It appears that the progress in
single molecule diffusion makes such an exposition timely and,
hopefully, also useful.

’RESIDENCE TIME EQUATION

In this section we review the derivation of the RTE18- a partial
differential equation for the MRT as a function of the observa-
tion time, t, and the initial position of the particle, r, within a d-
dimensional Euclidean space. We assume that the particle obeys a
“normal” diffusion equation with a diffusion coefficient D. Its
probability density to be by time t at point r0 given that it was
initially (t = 0) at r, is denoted by p(r0,t|r). This Green’s function
obeys the so-called “backward diffusion equation” in the initial
coordinate:

∂pðr0;tjrÞ
∂t

¼ DΔd pðr0;tjrÞ ð1Þ

whereΔd is the d-dimensional Laplacian in the initial variable r. The
initial condition for this partial differential equation (PDE) is
p(r0,0|r) = δ(r0-r), where δ(z) is the Dirac delta function. The
solution of this PDE is equivalent to an average over an infinitely
large ensemble of random trajectories.

From the Green’s function, one may define the MRT within a
volume element V as26

ÆτV ðtjrÞæ �
Z
V
dr0
Z t

0
pðr0;t0jrÞ dt0 ð2Þ

where Æ...æ denotes averaging over an ensemble of random
trajectories. In the above expression, the infinitesimal residence
time, dt, is averaged with respect to the probability of residing in
V at time t, which is

PV ðtjrÞ �
Z
V
pðr0;tjrÞ dr0 ¼ ∂ÆτV ðtjrÞæ=∂t ð3Þ

By performing the integrations on eq 1 first, one obtains the
RTE:

∂ÆτV ðtjrÞæ
∂t

¼ DΔdÆτV ðtjrÞæþΘV ðrÞ ð4Þ

HereΘV(r) �
R
Vδ(r0-r) dr0 is the characteristic function of the

domainV, which equals 1 if r∈V and0 otherwise. Thus ifD=0, the
MRT is just t for a particle inside V and 0 otherwise. The initial
condition is evidently ÆτV(0|r)æ = 0. Continuity conditions (of the
solution and its first derivative) are imposed on the surface ofV, and
boundary conditions - at the boundaries of the diffusion space.
Equations for the higher moments can also be derived,18 but these
are not dealt with in the present work. [The second moment for a
finite diffusion space is discussed in ref 42].

TheRTE simplifies for spherical symmetry.We thus assume that
the domain V is a d-dimensional ball (Bd) of radius R, centered on
the origin. The solution now depends only on a single spatial
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coordinate, the radial distance r � |r|. The spherically symmetric
Laplacian,

Δd ¼ r1- d ∂

∂r
rd- 1 ∂

∂r
ð5aÞ

can be written in an alternative form, which makes the connection
with the Bessel equation more transparent:

Δd ¼ r1- d=2 ∂
2

∂r2
þ 1
r
∂

∂r
-

1
r2

1-
d
2

� �2
" #

rd=2- 1 ð5bÞ

The boundary conditions are zero flux at the origin,
rd-1

∂ÆτBd
(t|r)æ/∂r f 0 as r f 0, and a vanishing MRT when

starting infinitely far away, ÆτBd
(t|r)æf 0 as rf¥. In addition, we

shall impose continuity conditions on the solution and its first
derivative at r = R.

’GENERAL SOLUTION FOR THE MRT IN A SPHERICAL
DOMAIN

The general solution for the time-dependent MRT (for
arbitrary d) can be obtained only in Laplace space, where
the LT of a function f(t) is defined by f̂ (s) �

R
0
¥exp(-st) f(t)

dt. The LT of eq 4, with the spherically symmetric Laplacian of
eq 5b, is

R- 2r1- d=2 ∂
2

∂r2
þ 1
r
∂

∂r
-

1
r2

1-
d
2

� �2
" #

rd=2- 1 - 1

( )
Æτ̂BdðsjrÞæ

¼ - s- 2HðR- rÞ ð6Þ
where R � (s/D)1/2 (abbreviations are collected in the
Appendix). Inside of Bd, this ordinary differential equation is
inhomogeneous, possessing the special solution s-2. Indeed,
eq 5a implies that Δd f = 0 for any function f that is independent
of r. It remains to find the general solution to the homogeneous
equation, where the right-hand side (rhs) is replaced by 0.

Changing the dependent variable to rd/2-1Æτ̂Bd
(s|r)æ, yields a

modified Bessel equation of order ν = d/2 - 1 in the indepen-
dent variable Rr. The boundary conditions eliminate one or the
other linearly independent solutions, so that the solution is
proportional to the modified Bessel functions44 Id/2-1(Rr) for
r < R andKd/2-1(Rr) for r > R. [Note thatKν(x) =K-ν(x)]. The
two integration constants are determined by matching the
solution and its derivative at r = R, giving

s2Æτ̂Bd
sjrð Þæ ¼ 1-

R
r

� �d=2

RrKd=2ðRRÞ Id=2- 1ðRrÞ re R

ð7aÞ

s2Æτ̂Bd sjrð Þæ ¼ R
r

� �d=2

Rr Id=2ðRRÞ K1- d=2ðRrÞ r g R

ð7bÞ
Thus the LT of the time-dependent MRT for a spherically
symmetric domain is obtained in a straightforward manner from
the RTE for any dimensionality or initial location of the diffusing
particle. Moreover, it is simultaneously the solution for the LT of
the residence probability, because P̂Bd

(s|r) = sÆτ̂Bd
(s|r)æ. Although

eq 7 is the most general form of the desired solution, various
special cases are of interest. These will be discussed in the
remainder of this work.

’EXPERIMENTALLY RELEVANT INITIAL CONDITIONS

As discussed in the Introduction, current experimental setups
excite the fluorophore with a single wavelength from a continuous
or pulsed laser. As steady-state conditions are established, dye
molecules impinge upon the surface of the sphere at a constant rate,
so that only theMRT from the surface is of interest.2 Setting r=R in
eq 7 one obtains

s2Æτ̂Bd
ðsjRÞæ ¼ ZId=2ðZÞ K1- d=2ðZÞ ð8Þ

where Z � RR = (sR2/D)1/2.
Alternately, cagedmolecules may be released in the laser spot by

a short laser pulse and their fluorescence monitored by a second
(continuous) laser. In the simplest scenario, this creates a uniform
concentration of molecules within Bd. The average fluorescence
signal from such decaged dye molecules would be proportional to
the MRT, which is averaged over this volume element:

Æτ̂Bd sjBdð Þæ ¼ 1
Vd

Z R

0
Æτ̂Bd

sjrð Þæ 2πd=2

Γðd=2Þ r
d- 1 dr

¼ d
Rd

Z R

0
Æτ̂Bd

ðsjrÞær d- 1 dr ð9Þ

Here Vd = πd/2Rd/Γ(1þd/2) is the volume of Bd and Γ(x) is
the Euler Gamma function, which obeys the recurrence relation
Γ(xþ1) = xΓ(x). Using the definite integral44

R
0
RxνIν-1(x) dx =

RνIν(R), we obtain

s2Æτ̂Bd
ðsjBdÞæ ¼ 1- dId=2ðZÞ Kd=2ðZÞ ð10Þ

If the probe pulse has a much wider spot than the release pulse
(but they nevertheless share the same center-point), one could
approximate the initial condition as a delta-function at the origin.
Because x-νIν(x) f 2-ν/Γ(νþ1) as x f 0, eq 7a reduces to

s2Æτ̂Bd
ðsj0Þæ ¼ 1- 2ðZ=2Þd=2Kd=2ðZÞ=Γðd=2Þ ð11Þ

It is useful to have the LTs for these special cases, because
sometimes they can be invertedmore easily than the general case.

’ONE, TWO, AND THREE DIMENSIONS

Although eq 7 is valid for any dimensionality, it is useful to write
down the specific expressions for d = 1, 2, and 3. In particular, for
d = 1 and 3 the Bessel functions are of half-integer order, and these
can be written more compactly using hyperbolic functions,44

allowing analytic inversion into the time domain. In these cases
the Laplace inverse can be conveniently written in terms of the
repeated integrals of the coerror function, so we first summarize
some useful properties of these functions.
Repeated Integrals of the Coerror Function. The nth

repeated coerror integral is defined by inerfc(x) �R
x
¥in-1erfc(x0) dx0. These functions obey the recursion relation44

inerfcðxÞ ¼ -
x
n
in- 1erfcðxÞþ 1

2n
in- 2erfcðxÞ ð12Þ

for n = 1, 2, 3, ..., where i0erfc(x) � erfc(x) is the complementary
error (“coerror”) function, and i-1erfc(x)� 2 exp(-x2)/π1/2 is its
derivative. From this relation, the first three functions are obtained
as follows:

i1erfcðxÞ ¼ - x erfcðxÞþ e- x2=
ffiffiffi
π

p ð13aÞ
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4i2erfcðxÞ ¼ ð1þ 2x2Þ erfcðxÞ- 2xe- x2=
ffiffiffi
π

p ð13bÞ

12i3erfcðxÞ ¼ - xð3þ 2x2Þ erfcðxÞþ 2ð1þ x2Þe- x2=
ffiffiffi
π

p

ð13cÞ
Inparticular, inerfc(0) = 1/π1/2, 1/4, and1/(6π1/2) for n=1, 2, and
3, respectively.
A useful LT involving the repeated integrals of the coerror

function is given byZ ¥

0
ð4tÞn=2inerfc xffiffiffiffiffiffiffi

4Dt
p
� �

e- st dt ¼ e-
ffiffiffiffiffi
s=D

p
x

s1þn=2
ð14Þ

see Appendix V in ref 45. This relation will be used repeatedly
below to generate time-domain results.
One Dimension. In one dimension, eq 7 depicts the LT of the

MRT in the interval [-R, R] for diffusion on the infinite line, and
the particle placed initially (with equal probabilities) at þr or -r
(we assume that r g 0). This solution is also applicable for the
interval [0,R] when diffusion takes place on the positive half-line. It
is rewritten in terms of hyperbolic functions as

s2Æτ̂B1ðsjrÞæ ¼ 1- coshðRrÞ e-RR re R ð15aÞ

s2Æτ̂B1
ðsjrÞæ ¼ sinhðRRÞ e-Rr rg R ð15bÞ

Using eq 14 with n = 2 we get

ÆτB1 tjrð Þæ ¼ t- 2t i2erfc
R- rffiffiffiffiffiffiffi
4Dt

p
� �

þ i2erfc
Rþ rffiffiffiffiffiffiffi
4Dt

p
� �� �

re R

ð16aÞ

ÆτB1 tjrð Þæ ¼ 2t i2erfc
r-Rffiffiffiffiffiffiffi
4Dt

p
� �

- i2erfc
rþRffiffiffiffiffiffiffi
4Dt

p
� �� �

r g R

ð16bÞ
The second repeated coerror integral is given explicitly in eq 13b.
Figure 2 depicts the behavior of this solution as a function of t for

various values of r. Clearly, ÆτB1
(t|r)æ < t, decreasing with increasing

r. When r < R, the short time behavior of ÆτB1
(t|r)æ is like t (black

dashed line), whereas when r = R it is t/2 (dash-dot line), because
from the boundary the particle can step with equal probabilities left
or right. When r > R, it starts off with a delay due to the time
required to diffuse from r into the residence interval. Figure 2B
shows this function to longer times on a log-log scale. Because for
d < 2 the random walk is recurrent, returning to the specified
interval with unit probability, the MRT becomes independent of
the initial location of the particle as tf¥, though the approach to
the dashed line is slower for larger r values.
Returning to the experimentally relevant initial conditions, we

note that when r = R, we get Æτ̂B1
(s|R)æ = [1-exp(-2Z)]/(2s2),

which is eq 57 in ref 39. [As before, we use the abbreviation Z�
(sR2/D)1/2]. From eq 14, its Laplace inverse is

ÆτB1 tjRð Þæ ¼ t
2
½1- 4 i2erfcð2zÞ� ð17Þ

where z� R/(4Dt)1/2. This result, of course, can be obtained also
by setting r = R in eq 16 and noting that i2erfc(0) = 1/4. Thus,
initially, the particle spends equal time inside and outside the
interval, and this explains the leading t/2 term. The solution when

starting at the origin has a similar structure

ÆτB1ðtj0Þæ ¼ t½1- 4 i2erfcðzÞ� ð18Þ
except that now it begins as t, and the i2erfc term varies faster
with time.
For a uniform distribution inside the interval one gets

s2Æτ̂B1ðsjB1Þæ ¼ 1- sinhðZÞ e-Z=Z ð19Þ
This can be verified by setting d = 1 in eq 10 or by integrating
eq 15a. It inverts as

ÆτB1 tjB1ð Þæ ¼ t 1-
1

3
ffiffiffi
π

p
z
þ 2

z
i3erfcð2zÞ

� �
ð20Þ

where the third repeated integral of the coerror function is given
in eq 13c.
Two Dimensions. This geometry is relevant for a single-

molecule diffusing on a planar membrane on which a circular laser
spot is focused. Equation 7 now reduces to

s2Æτ̂B2
ðsjrÞæ ¼ 1-RR K1ðRRÞ I0ðRrÞ r e R ð21aÞ

s2Æτ̂B2ðsjrÞæ ¼ RR I1ðRRÞ K0ðRrÞ r g R ð21bÞ
These relations can be inverted only numerically. Alternatively,
the MRT can be calculated numerically from the double integral

Figure 2. Time dependence of the mean residence time in the interval
[-R, R] for a particle diffusing on the line, starting from various initial
positions, r (indicated). Here D = 1 and R = 1. The MRT was evaluated
here in two equivalent routes: (i) from eqs 16 and 13b, using MatLab
(TM); (ii) by performing the double integral in eq 2. In the latter case, the
spatial integral was performed numerically over the “Special region” in the
“Variables” menu of our Windows application for solving the Spherically
Symmetric Diffusion Problem (SSDP ver. 2.6646), whereas the temporal
integral was performed using MatLab’s trapezoidal numerical integration.
(A) Short times, linear scale. Dash and dash-dot lines depict the functions t
and t/2. Dash-dot-dot lines are the short-time approximation from eq 36b.
(B) Longer times on a log-log scale. The dashed black line is the universal
long-time asymptotics of eq 42.
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of eq 2. We have used this to produce Figure 3, showing the MRT
in the unit circle for different initial distances, r, of the particle from
the origin.
In the special case that the particle starts on the perimeter of

the circle one obtains

s2Æτ̂B2
ðsjRÞæ ¼ ZI1ðZÞ K0ðZÞ ð22Þ

whereas for a uniform initial distribution within the circle we get

s2Æτ̂B2
ðsjB2Þæ ¼ 1- 2I1ðZÞ K1ðZÞ ð23Þ

These LT’s do not appear to be invertible in terms of familiar
special functions.
However, when the random walk starts at the center of the

disk, the solution can be obtained analytically. Utilizing the fact
that I0(0) = 1, eq 21 reduces to

s2Æτ̂B2
ðsj0Þæ ¼ 1-ZK1ðZÞ ð24Þ

This, of course, can also be obtained by setting d = 2 in eq 11. Its
Laplace inverse is

ÆτB2ðtj0Þæ ¼ t½1- z2Γð- 1;z2Þ� ð25Þ

where Γ(a,x) � R x¥exp(-y)ya-1 dy is the (upper) incomplete
Gamma function.44 It is related to the exponential integral,
E1(x) �

R
x
¥exp(-y)y-1 dy, by

Γð- 1;xÞ ¼ expð- xÞ=x- E1ðxÞ ð26Þ

This provides a more practical way to calculate Γ(a,x) when
a = -1, because it is usually defined only for positive a.
The result in eq 25 can alternately be obtained by integrating

the diffusion Green’s function for d = 2 according to eq 2. A first,
spatial, integration over the disk gives

PB2ðtj0Þ ¼
Z R

0

expð- r02=4DtÞ
4πDt

2πr0 dr0

¼ 1- expð- z2Þ ð27Þ
A second, temporal, integration then gives theMRT: ÆτB2

(t|0)æ =R
0
t PB2

(t0|0) dt0, from which eq 25 is obtained by a change of
variables, y = 1/t0.
Three Dimensions. The three-dimensional problem depicts a

freely diffusing single molecule in solution,1-8 as discussed at
length in the Introduction. The simplifying assumptions are that
the laser spot is spherical and its intensity is uniform therein. In
reality, the spot may assume other geometrical shapes (such as a
cylinder) and the light density distribution may be nonuniform
(e.g., Gaussian). Such technical complications are beyond the goals
of the present exposition, which focuses on the simplest physical
scenario.
For d = 3 the Bessel functions are of half-integer order and can

thus be written in terms of hyperbolic functions.44 Subsequently,
eq 7 reduces to

1- s2Æτ̂B3ðsjrÞæ ¼ ð1þRRÞ sinhðRrÞe-RR=ðRrÞ r e R

ð28aÞ

s2Æτ̂B3
ðsjrÞæ ¼ ½RR coshðRRÞ- sinhðRRÞ�e-Rr=ðRrÞ r g R

ð28bÞ
in agreement with eqs 8 and 9 in ref 41. These authors have
inverted this LT as follows:

ÆτB3ðtjrÞæ ¼ ÆτB3ð¥jrÞæþφðR;r;tÞ-φð-R;r;tÞ ð29Þ
The infinite time limit is given by14DÆτB3

(¥|r)æ = R2/2-r2/6 for
r e R and R3/(3r) for r g R (see below), and the function φ is
defined as

φðR;r;tÞ ¼ t

3
ffiffiffi
π

p
z0
½1þðzþ z0Þðz0 - 2zÞ� e- ðzþz0Þ2

þ t
1
2
þ z02

3
-
2z3

3z0
- z2

 !
erfðzþ z0Þ ð30Þ

where z � R/(4Dt)1/2 and z0 � r/(4Dt)1/2. The time depen-
dence of theMRT for various r values is demonstrated in Figure 4.

When starting on the surface of the sphere, one has

Æτ̂B3
ðsjRÞæ ¼ ½Z- 1þðZþ 1Þ expð- 2ZÞ�=ð2Zs2Þ ð31Þ

By eq 14, its Laplace inverse is

ÆτB3 tjRð Þæ ¼ t
1
2
-
2
3

ffiffiffiffiffiffiffiffi
Dt
πR2

r
þ 2i2erfc

Rffiffiffiffiffi
Dt

p
� �"

þ 4

ffiffiffiffiffi
Dt

p

R
i3erfc

Rffiffiffiffiffi
Dt

p
� ��

ð32aÞ

Figure 3. Time dependence of the mean residence time in the unit circle
for a particle diffusing in the plane, starting from various indicated values of
r, for D = 1 and R = 1. Calculated from the double integral of eq 2; see
legend of Figure 2 for detail. For r = 0 the MRT was calculated also from
eq 25, and this revealed that the double integral computation is accurate to
about 2% (less than can be resolved in the figure). (A) Short times, linear
scale. The dashed black lines depict the short-time approximation from
eq 36. The dash-dot line is from eq 39 (for r = 1). (B) Longer times,
log-log scale. Dotted black lines show the long-time approximation from
eq 52 with γ(r) = 0.46, 0.23, -0.13, and -0.49 for r = 0, 1, 2, and 4,
respectively.
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with explicit expressions for the repeated integrals of the coerror
function in eqs 13b and 13c. Inserting these two relations, and
substituting z � R/(4Dt)1/2, allows one to rewrite this result as

ÆτB3 tjRð Þæ ¼ t
2

1þ 8z2

3
- 1

 !
erfcð2zÞ

(

þ 2

3
ffiffiffi
π

p 1
z
- 2z

� �
expð- 4z2Þ- 1

z

� ��
ð32bÞ

This result is obtained also by inserting z0 =( z into eq 30. The
two coefficients of erfc(2z), namely t/2 and 4z2t/3, are the
limiting behaviors when tf 0 and tf ¥, respectively (because
the last term vanishes in both limits). The asymptotic behavior
will be discussed in more detail below.
When starting at the origin we take the limit sinh(x)/xf 1 as

x f 0 to obtain Æτ̂B3
(s|0)æ = 1/s2 - (Z þ 1) exp(-Z)/s2. This

inverts to give

ÆτB3ðtj0Þæ ¼ t½1- 4z ierfcðzÞ- 4 i2erfcðzÞ� ð33aÞ
With the aid of eq 13 one can rewrite this as

ÆτB3ðtj0Þæ ¼ t½1þð2z2 - 1Þ erfcðzÞ- 2z e- z2=
ffiffiffi
π

p � ð33bÞ
For a uniform initial distribution within the sphere one obtains

Æτ̂B3 sjB3ð Þæ ¼ 1
s2
-

3
2Zs2

1-
1
Z2

þ 1þ1
Z

� �2

expð- 2ZÞ
" #

ð34Þ

’ASYMPTOTIC BEHAVIOR

The behavior of the solution in eq 7 is best clarified from its
asymptotic limits t f 0 and t f ¥, which are discussed below.

Short Times. For short times one utilizes the x f ¥
asymptotics: Iv(x) ∼ (2πx)-1/2ex and Kv(x) ∼ (π/2x)1/2e-x

[see eqs 9.7.1 and eq 9.7.2 in ref 44 for the complete expansion].
For s f ¥ one thus finds

1- s2Æτ̂Bd
sjrð Þæ∼ 1

2
R
r

� �ðd- 1Þ=2
e-RðR- rÞ r e R ð35aÞ

s2Æτ̂Bd
sjrð Þæ∼ 1

2
R
r

� �ðd- 1Þ=2
e-Rðr-RÞ rg R ð35bÞ

By eq 14, the Laplace inverse is then

ÆτBd tjrð Þæ∼ t- 2t
R
r

� �ðd- 1Þ=2
i2erfc

R- rffiffiffiffiffiffiffi
4Dt

p
� �

re R

ð36aÞ

ÆτBd tjrð Þæ∼ 2t
R
r

� �ðd- 1Þ=2
i2erfc

r-Rffiffiffiffiffiffiffi
4Dt

p
� �

rg R ð36bÞ

For d = 1 this corresponds to neglecting the i2erfc[(rþR)/
(4Dt)1/2] terms in eq 16.
From eq 36 it is immediately evident that, irrespective of

dimensionality, when starting inside the ball ÆτBd
(t|r)æ ∼ t

(because until its first exit, the particle moves entirely within Bd),
whereas for r = R one has ÆτBd

(t|R)æ ∼ t/2; namely, the particle
initially spends half of its time inside and half outside Bd (because
from the boundary, the particle can enter or exit the sphere with
equal probabilities). When starting outside, ÆτBd

(t|r)æ rises with a
delay determined from the second repeated integral of the coerror
function.
For a uniform initial distribution within Bd, the LT in eq 10

involves a product of the form Kν(Z) Iν(Z). Therefore, the
exponential terms in the asymptotic expansion of the modified
Bessel functions vanish identically, leaving a power series in 1/Z2.
This gives

s2Æτ̂Bd sjBdð Þæ ∼ 1-
d
2Z

1-
d2 - 1
8Z2

þ :::

 !
ð37Þ

which inverts to give a power series in t:

ÆτBd tjBdð Þæ ∼ t 1-
d

3
ffiffiffi
π

p
z

1-
d2 - 1
80z2

þ :::

 !" #
ð38Þ

For d = 1 all the correction terms involving d2 - 1 vanish. This
leaves a two-term series that corresponds to neglecting the
i3erfc(2z) term in eq 20. The functions inerfc(x) decay at large
x proportional to exp(-x2), which is faster than any power, and
hence they can be neglected. Higher order terms will involve a
factor of d2 - 9; hence they vanish for d = 3 and the series ends
here: ÆτB3

(t|B3)æ∼ [1- (1- 0.1z-2)/(π1/2z)]t. Indeed, for d =
3 eq 37 corresponds to the neglect of the exp(-2Z) term in
eq 34.
Let us compare this to the case r = R, where the asymptotic

expansion of the modified Bessel functions gives s2Æτ̂Bd
(s|R)æ ∼

[1 - (d - 1)/(2Z)]/2 þ .... This is inverted as

ÆτBd tjRð Þæ∼ t
2

1-
d- 1

3
ffiffiffi
π

p
z
þ :::

� �
ð39Þ

Figure 4. Time dependence of themean residence time in the unit sphere
for a particle diffusing in three-dimensional space, starting from various
indicated values of r, for D = 1 and R = 1. Calculated from eq 29, or
alternately from eq 32b and eq 33b for r = 1 and 0, respectively. In this
three-dimensional case the numerical evaluation of the double integral of
eq 2 did not produce accurate results, unlike the case of Figure 2. The short
time asymptotics are shown by black dashed lines: eq 39 for r = R = 1 and
eq 36 otherwise (where for r = 0we just took the leading term, t). The long
time asymptotics, eq 50, is shown by the black dash-dot lines. Note the
log-log scale.
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For d = 3, where the full analytic solution was found in eq 32a, it
again corresponds to neglecting the inerfc terms. The improved
approximation achieved by the 1/z correction term is demon-
strated for d = 2 and 3 in Figures 3 and 4, respectively.
In comparisonwith eq38,wehave alreadynoted that at short times

the MRT for trajectories that start on the surface is multiplied by a
factor 1/2, because of the two opposing directions along the surface
normal: The inside move contributes to the MRT whereas the
outside move does not. Now we see that the difference in the 1/z
term is in the dimensionality, which reduces by 1when starting on the
surface as compared to starting within the volume of the sphere. One
may tentatively interpret this term as due to trajectories that leave Bd
by moving perpendicular to the surface normal. When d = 1, there is
no such perpendicular direction, and the 1/z term in eq 39 vanishes,
as implied also by the exact result in eq 17.
Long Times: d < 2. The behavior at long times depends more

profoundly on the spatial dimension. The critical dimensionality is
d = 2, because for d < 2 the random walk is recursive whereas for
d > 2 it is transient. In the first case, the random walker will return
with certainty to the origin, so that the long-time asymptotics must
be independent of the initial location, r. Thus we can start from any
of the two relations in eq 7. Employing the x f 0 limit of the
modified Bessel functions:44

IνðxÞ∼ ðx=2Þν=Γðνþ 1Þ ð40aÞ

KνðxÞ∼ ðx=2Þ- jνjΓðjνjÞ=2 ð40bÞ
we obtain for d < 2 and sf 0 that

Æτ̂Bd
sjrð Þæ ∼ Γð1- d=2Þ

Γð1þ d=2Þ
ðRR=2Þd

s2
ð41Þ

Its Laplace inverse is

ÆτBd tjrð Þæ ∼ zdt
ð1- d=2ÞΓð1þ d=2Þ ¼ Vd t

ð1- d=2Þð4πDtÞd=2
ð42Þ

Because the random walk is recursive, the MRT increases indefi-
nitely with t and is independent of r. In particular, for d = 1 (where
V1 = 2R) we get ÆτB1

(t|r)æ∼ 2R(t/(πD))1/2, in agreement with eq
61 in ref 39 and eq 42 in ref 43.
The asymptotic behavior of the residence probability can be

obtain by differentiation with respect to time

PBdðtjrÞ �
∂ÆτBdðtjrÞæ

∂t
∼ Vd

ð4πDtÞd=2
ð43Þ

As anticipated in the Introduction, this decay is the same as that
observed for reversible geminate recombination,20-24 with the
volume Vd playing the role of the equilibrium constant there.
Long Times: d> 2. When d > 2, the random-walk is transient,

so that a maximal and time-independent MRT is obtained as tf
¥. Using the Bessel asymptotics from eq 40, one finds that the
s f 0 limit for r g R is given by

Æτ̂Bd
sjrð Þæ ∼ 1

dðd- 2Þ
R
r

� �d r2

Ds
ð44Þ

Its Laplace inverse is

DÆτBd ¥jrð Þæ ¼ 1
dðd- 2Þ

R
r

� �d

r2 ð45Þ

in agreement with eq 11a of ref 18. In particular,

DÆτBd ¥jRð Þæ ¼ R2

dðd- 2Þ ð46Þ

Hence, ÆτB3
(¥|R)æ = R2/(3D), which is the result obtained by

Eigen.10

For re R, inserting the leading term of the Bessel asymptotics,
eq 40, into eq 7 gives zero. Apparently higher terms in the
asymptotic expansion should be employed. Alternately, one can
solve the steady-state form of the RTE18 to obtain

2DÆτBd ¥jrð Þæ ¼ R2

d- 2
-
r2

d
ð47Þ

see eq 10a of ref 18. For r = R it reproduces eq 46. By integration
according to eq 9, one obtains

2DÆτBd ¥jBdð Þæ ¼ 4R2

ðd- 2Þðdþ 2Þ ð48Þ

Hence ÆτB3
(¥|Bd)æ = 2R2/(5D), which is larger than ÆτB3

(¥|R)æ =
R2/(3D). It is indeed expected that a transient random walk will
reside longer in a domain when starting in its interior than on its
surface.
For d = 3 one can show that the approach to the infinite-time

limit also follows a t-1/2 power law. This correction term to eq 47
is obtained by expanding the exponentials in eq 28a up to fourth
order:

s2Æτ̂B3
sjrð Þæ∼ ðRRÞ2

2
-

ðRrÞ2
6

-
RRð Þ3
3

þ ::: ð49Þ

By Laplace inversion, one obtains

ÆτB3 ¥jrð Þæ- ÆτB3 tjrð Þæ∼ R3

3D
1

ðπDtÞ1=2
¼ 2V3t

ð4πDtÞ3=2
ð50Þ

where, for r e R we have DÆτB3
(¥|r)æ = R2/2 - r2/6. However,

eq 50 is valid also for r g R, when DÆτB3
(¥|r)æ = R3/(3r),

because the general solution for d = 3 in eq 29 has the
same functional form for ÆτB3

(¥|r)æ - ÆτB3
(t|r)æ irrespective of

whether r is inside or outside Bd. This approximation is demon-
strated as dash-dot lines in Figure 4. Here, too, partial differ-
entiation with respect to t results in eq 43 (with d = 3),
demonstrating the connection with the geminate recombination
problem.
Long Times: d = 2. The two-dimensional case should

be treated separately. Utilizing the small x limits:44 I0(x)
∼ 1, I1(x) ∼ x/2, K0(x) ∼ -ln x, and K1(x) ∼ 1/x, one
obtains29

Æτ̂B2
ðsjrÞæ∼ - ðR2=4DsÞ ln s ð51Þ

irrespective of r. Darling and Kac29 have inverted it using
Karamatra’s Tauberian theorem to obtain ÆτB2

(t|r)æ ∼
(R2/4D) ln t. In practice, this expression may not be very
useful, because convergence to this asymptotic behavior is
extremely slow. Figure 3 shows that better agreement with the
(preasymptotic) long-time behavior is obtained when an
empirical correction term, γ(r), is added

ÆτB2 ðtjrÞæ ∼ ðR2=4DÞ ln tþ γðrÞ ð52Þ
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’CONCLUSION

In this work we have obtained the general solution for the LT of
the MRT within a d-dimensional ball, ÆτBd

(t|r)æ, for arbitrary
observation time, t, and starting point, r. Because present or
anticipated experimental setups depend on the MRT from r = R,
r = 0 or a uniform distribution within Bd, specific expressions were
obtained for these initial conditions. Subsequently, specialized
results were presented for dimensions 1, 2, and 3. For d = 1 and
3, the modified Bessel functions in eq 7 reduce to hyperbolic
functions, which can then be inverted analytically. In addition, the
analytic short- and long-time asymptotic behaviors were obtained
(for arbitrary d) and compared with the exact solutions for d = 1, 2,
and 3.

In single-molecule diffusion experiments, mostly the solution for
r = R and t f ¥ was utilized thus far. The present theoretical
exposition may pave the road for more extensive application of the
MRT in analyzing experimental results. Since it is nowadays
possible to identify the onset of fluorescence bursts, one could
measure ÆτBd

(t|R)æ by collecting the emitted photons from the
onset of a burst and up to an arbitrary time t, with subsequent
averaging over all collected bursts.

Another anticipated experiment could prepare a constant con-
centration of a dye molecule within the laser spot, e.g., by the
photorelease of caged reactants using an ultrafast laser pulse. Their
diffusion out of the spot could then be followed by single-molecule
fluorescence methods, a process somewhat analogous to reversible
geminate recombination. The total number of photons emitted
between the photorelease pulse and until some time t later, could
be compared with expressions derived here for ÆτBd

(t|Bd)æ or
ÆτBd

(t|0)æ. The correct analysis of the diffusion process is, in turn,
a first step before deconvoluting it from other processes of interest,
such as fluorescence quenching and conformational changes.

’SOLUTION OF THE FEYNMAN-KAC EQUATION

In this Appendix we consider Fτ(t|r), the probability density for
residence time τwithinV, for trajectories started at r andmonitored
for a duration t. Evidently, it is normalized so that

R
0
t Fτ(t|r)

dτ = 1. This is the zeroth residence time moment. Its nth moment
is given by

ÆτnV ðtjrÞæ ¼
Z t

0
FτðtjrÞτn dτ ð53Þ

Define the LT of Fτ(t|r) with respect to τ by

SkðtjrÞ �
Z t

0
FτðtjrÞ expð- kτÞ dτ ð54Þ

noting that the upper integration limit may be replaced by ¥,
because Fτ(t|r) = 0 for τ > t. As tf 0, exp(-kτ)f 1, and the last
integral tends to the normalization condition, so that Sk(0|r) = 1.
Alternately, this follows because Fτ(t|r) f δ(τ) as tf 0.

Knowledge of Sk(t|r) allows one to calculate the nth residence
time moment14

ÆτnV tjrð Þæ ¼ ð- 1Þn ∂
nSkðtjrÞ
∂kn

� �
k¼ 0

ð55Þ

The goal of the present Appendix is to show that this route yields
the same expression for the MRT as eq 7.

Kac has shown28 that Sk(t|r) is the survival probability for
diffusion with a uniform depletion rate constant, k, within the

domain V (see also refs 30-32, 34, and 37):

∂SkðtjrÞ
∂t

¼ ½DΔd - kΘV ðrÞ�SkðtjrÞ ð56Þ

A closely related equationwas derived for the generating function
of the probability to observe N photons up to time t in a single
molecule diffusion experiment; see eq 5.4 in ref 12. This attests to
the close connection between the residence time and the single
molecule problems.

For spherical symmetry, utilizing the initial condition
Sk(0|r) = 1, one may write the LT of eq 56 as

Dr1- d=2 ∂
2

∂r2
þ 1
r
∂

∂r
-

1
r2

1-
d
2

� �2
" #

rd=2- 1

(

- kHðR- rÞ- s

�
ŜkðsjrÞ ¼ - 1 ð57Þ

whereH(x) is the Heaviside function, which equals 1 if x > 0 and
zero otherwise, and we have introduced the Laplacian from eq 5b.
The boundary conditions are rd-1

∂Ŝk(s|r)/∂rf 0 as rf 0, and
Ŝk(s|r)f 1 as rf ¥. A special solution for this inhomogeneous
differential equation is, clearly, Ŝk(s|r) = 1/[s þ kH(R-r)]. We
need to add to this the general solution of the homogeneous
equation, for which the -1 on the rhs is replaced by 0.

Defining a function f(r)� rd/2-1Ŝk(s|r), and the independent
variable y � ([s þ kH(R-r)]/D)1/2r, we find that the homo-
geneous equation is transformed into

∂
2

∂y2
þ 1
y
∂

∂y
-

1
y2

1-
d
2

� �2

- 1

" #
f ðyÞ ¼ 0 ð58Þ

This is a modified Bessel function of order ν = d/2 - 1, whose
linearly independent solutions are I(ν(y) andKν(y). BecauseKν(y)
diverges as yf 0, it cannot play a role inside the sphere. Of the two
functions I(ν(y), the function Id/2-1(y) obeys the boundary
condition at the origin because44 yνd(y-νIν(y))/dy = Iνþ1(y) f
0 as y f 0. Outside the sphere the only solution is Kν(y), which
decays to 0 as y f ¥ [so that Ŝk(s|r) f s-1 as r f ¥]. The
functions I(ν(y) diverge as exp(y)/y, so they do not play a role
there. Subsequently, the general solution to eq 57 is

ŜkðsjrÞ ¼ 1
sþ k

þ r1- d=2AId=2- 1ðβrÞ r e R ð59aÞ

ŜkðsjrÞ ¼ 1
s
þ r1- d=2BK1- d=2ðRrÞ r g R ð59bÞ

where we have defined R� (s/D)1/2 and β� [(sþ k)/D]1/2. Cf.
eqs 3 and 4 in ref 41.

The coefficients A and B are next obtained from the continuity
of the solution and its first derivative at r = R. This yields

A ¼ k Rd=2- 1

ðsþ kÞ ffiffi
s

p Kd=2ðRRÞ
Ω

ð60aÞ

B ¼ -
k Rd=2- 1

s
ffiffiffiffiffiffiffiffiffi
sþ k

p Id=2ðβRÞ
Ω

ð60bÞ

where the denominator, Ω, is given by

Ω ¼ ffiffiffiffiffiffiffiffiffi
sþ k

p
K1- d=2ðRRÞ Id=2ðβRÞþ

ffiffi
s

p
Kd=2ðRRÞ Id=2- 1ðβRÞ

ð61Þ
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Inserting into eq 59 gives the solution for Ŝk(s|r) for a ball in any
dimensionality, d. This solution is known in the mathematical
literature, and tabulated as eq 4-1.5.1 in Part II of ref 34.

In spite of the complex dependence of Ŝk(s|r) on k, the
evaluation of the first derivative in eq 55 is simple because A and
B are proportional to k. Thus Ŝk(s|r) has the form kg(k) [where g(k)
is some function of k], so that the MRT is simply-g(k). Utilizing
the identity44 Kν(x) Iνþ1(x) þ Kνþ1(x) Iν(x) = x-1 in evaluating
the denominator, Ω(k=0) = D1/2/R, one obtains eq 7. By
comparing this derivation to the solution for the MRT using the
LT of the spherically symmetric RTE in eq 6, one can appreciate
the considerable simplification afforded by the RTE.

’ABBREVIATIONS

a. Scalars

R �
ffiffiffiffiffiffiffiffi
s=D

p
Z � RR ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
sR2=D

p
z � R=

ffiffiffiffiffiffiffi
4Dt

p

Vd ¼ πd=2Rd=Γð1þ d=2Þ

b. Special Functions

Γða;xÞ ¼
Z ¥

x
ya- 1e- y dy

ΓðxÞ ¼ Γðx;0Þ ¼
Z ¥

0
yx- 1e- y dy

E1ðxÞ ¼ Γð0;xÞ ¼
Z ¥

x
y- 1e- y dy

erfcðxÞ ¼ 1- erfðxÞ ¼ 2ffiffiffi
π

p
Z ¥

x
e- y2 dy

inerfcðxÞ ¼
Z ¥

x
in- 1erfcðyÞ dy
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