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We develop a uniform theory for the many-particle diffusion-control effects on the Michaelis-Menten scheme
in solution, based on the Gopich-Szabo relaxation-time approximation (Gopich, I. V.; Szabo, A.J. Chem.
Phys.2002, 117, 507). We extend the many-particle simulation algorithm to the Michaelis-Menten case by
utilizing the Green function previously derived for excited-state reversible geminate recombination with different
lifetimes (Gopich, I. V.; Agmon, N.J. Chem. Phys.2000, 110, 10433). Running the simulation for representative
parameter sets in the time domain and under steady-state conditions, we find poor agreement with classical
kinetics but excellent agreement with some of the modern theories for bimolecular diffusion-influenced
reactions. Our simulation algorithm can be readily extended to the biologically interesting case of dense
patches of membrane-bound enzymes.

I. Introduction

How important are diffusion effects on chemical reactions
in biological systems? Diffusion is the primary transport
mechanism on the cellular scale, yet diffusion is not usually
depicted as a major factor influencing the kinetics of biochemical
reactions. The example analyzed here is that of enzymatic
catalysis, conventionally depicted by the Michaelis-Menten
(MM) mechanism1

In the present notations, A, B, C, and P represent the enzyme,
substrate, enzyme-substrate complex, and product, respectively.
The first step in this mechanism is a reversible binding of a
substrate B to the enzyme’s active site (with the association
and dissociation rate constantsκ1 and κ2, respectively). The
second step is irreversible product formation and release (with
a rate constantkp).

The simplified textbook treatment of the MM kinetics makes
several implicit assumptions:

(a) The discrete nature of the particles can be ignored and
replaced by mean-field concentrations.

(b) The substrate is at equilibrium at all times as a result of
its fast diffusion. Hence its concentration is uniform, and its
kinetics is not in the “diffusion control” regime.2

(c) Many-body competition effects, of many substrates
competing for binding to a given enzyme or vice versa (many
enzymes competing for binding the few available substrates),
are unimportant.

(d) The enzyme functions under steady-state (SS) conditions,
and hence transient effects can be ignored.3

(e) The effects of protein conformational change on ligand
binding kinetics4-10 may be neglected.

Applying classical SS kinetics then yields the celebrated MM
equation for the catalytic rate at SS,Vss, as a function of substrate
concentration, [B]:

whereVmax is the maximum turn-over rate and the Michaelis
constant,KM, is defined byKM ) (κ2 + kp)/κ1. This equation
(and its various representations) is utilized routinely to fit
experimental data.11

The success of the classical MM approach is partly due to
the fact that most enzymatic reactions are investigated in vitro,
in a test tube of dilute aqueous solution of the enzyme. It is
presently difficult if not impossible to follow individual reactions
in vivo, within the living cell. Nevertheless, it is conceivable
that the conditions within the living cell are so different from
those of dilute solutions that the classical kinetic results are at
best a rough approximation of the biologically relevant case.

It is indeed established that the physical properties of the
cytoplasm differ considerably from those of dilute aqueous
solutions.12,13It appears that obstacles within cells or organelles
impede translational diffusion of macromolecules much more
than predicted from the increase in the internal viscosity.14,15

The obstacles reduce the effective dimensionality of the diffusion
space and alter the enzymatic kinetics, as demonstrated by
Monte Carlo simulations.16,17

Another reason that makes diffusion effects important in vivo
is that enzymes are often immobilized by binding, e.g., to the
inner side of the cell membrane. Near a membrane, an
“unstirred-layer” exists,18 and it results in a nonuniform
concentration profile of the substrate as it approaches the
membrane bound enzyme.19 In addition, an immobilized enzyme
may achieve a relatively high concentration on a membrane
surface or within some organelle, leading to competition between
enzymes on available substrates. Thus many-particle effects may
also become relevant.

The above in vivo situation has been modeled in vitro by
enzymes occupying finite pores within a porous supporting
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medium. The experimental enzymatic rates deviate, sometimes
substantially, from the classical MM behavior.20,21The theoreti-
cal treatment has been limited to SS conditions within a spherical
pore.22 More recently, Brownian dynamics (BD) simulations
for enzymes bound to the internal cell membrane were carried
out.23 When the enzymatic reaction is treated as a single
irreversible step, good agreement with mean-field theories is
found.

The reversible bimolecular step in the MM mechanism is
quite demanding from both theoretical and simulation perspec-
tives. An important biophysical example is reversible neu-
rotransmitter binding in the synaptic gap, for which detailed
simulation programs have been developed.24 The many-body
aspects of receptor binding to a crowded receptor array are
manifested in both the temporal and spatial patterns of the bound
receptors.25,26

The theory of many-body effects on diffusion-influenced
reactions begins with the seminal work of Smoluchowski27 for
irreversible association, shown to be exact for non-interacting
ligands.28 The extension of the theory to the reversible multi-
ligand “ABC-reaction”

has been initiated independently by Lee29 and Szabo.30-32

Notable approximate theories are the multi-particle kernel 1
(MPK1)33 theory and the relaxation time approximation (RTA).34

Evidence for the utility of these approaches came from our
microscopic simulations of this reaction.35,36

The present work focuses on the MM mechanism for a single
immobilized enzyme in three-dimensional space (the “target
limit” 37). The immobilization makes the problem more acces-
sible, but it also represents a common scenario in biological
systems. Our goals here are to (a) extend the RTA to MM
kinetics in a fashion ensuring that the resulting approximation
converges uniformly in all limits,38 (b) extend the simulation
methodology to the MM case using the exact Green function
for an enzyme-substrate pair, and (c) use the simulation
results for testing various theoretical approaches for many-
body diffusion-influenced reactions.39 Two such approaches
were suggested previously for the MM problem: a hybrid
theory by Zhou40 and the renormalized kinetic theory (KT) of
Kim et al.41

Our simulation methodology for reversible diffusion-influ-
enced reactions42-46 has been based, for many years, on the
pair Green function for areVersible encounter.47 This allows
for large and spatially adjustable time-steps without loss in
accuracy for both association and dissociation events. The
algorithm was first applied for testing the kinetics of a single
static receptor within a uniform distribution of substrates in
infinite space.42-45 In want of a suitable Green function for the
MM scheme in eq 1.1, previous simulations were performed
with Green functions for irreversible recombination.40 This
situation is remedied below.

The pivotal observation here is that the MM mechanism is
closely related to the excited-state ABC (ES-ABC) reaction with
different lifetimes:36,45,48

wherekA andkC are the unimolecular decay rate constants of
A and C, respectively, to their ground-state (GS). For a single

A-B pair (the “geminate problem”), it is equivalent to the MM
reaction scheme in eq 1.1 after settingkC ) kp, andkA ) 0.
This follows because, for a single B-particle, the enzyme goes
through a single cycle of activity. The Green functions for the
ES-ABC reaction have been found analytically,49-51 and thus
they provide an analytic solution in the limit of small substrate
concentration.52 In simulating high-substrate concentrations, we
use these Green functions to move B particles in the vicinity of
the enzyme. In addition, we utilize several numerical “tricks”
that dramatically reduce the number of particles that need to
be moved and hence speed up the calculation.44,46

This paper is organized as follows. In Section II, we describe
the theoretical approach to the MM mechanism. Following some
general considerations, we summarize the simple chemical
kinetic and RTA approaches. Subsequently, the RTA is extended
in a uniform fashion to the MM mechanism (Section III). The
numerical BD algorithm is described in Section IV. Comparison
of theories with simulations is presented in Section V, showing
that classical kinetics on which the traditional MM equation is
based can lead to considerable errors. In contrast, some of the
modern many-body theories show very good agreement with
simulations. Although it is presently not clear that such high
accuracy is required in analyzing experimental data of enzymatic
kinetics, we envision this as a first step toward an accurate
treatment of membrane-bound enzyme arrays.

II. Theoretical Background

A. General Formulation. We consider the MM mechanism
in eq 1.1 in the pseudo-unimolecular limit (PL), where the
concentration of B is much larger than those of A and C. It can
thus be regarded as a constant, [B]≡ b0, whereas the other
concentrations vary with time: [A]≡ a(t) and [C]≡ c(t). The
product concentration is denoted by [P]≡ p(t). Initially, a(0)
≡ a0, c(0) ≡ c0, andp(0) ≡ p0.

The particles diffuse with the corresponding diffusion con-
stantsDA, DB, DC, andDP. P may be ignored because it is a
spectator in the reversible reaction. The pairs of interest are
therefore AB and CB, whose relative diffusion constants are
given by

For a static enzyme,DA ) DC ) 0, so thatDAB ) DB andDCB

) DB. We assume that interactions between B particles are
absent (point-particle assumption). The potential of mean force
between A and B (or A and C) at a distancer is UAB(r) [or
UAC(r)] in units of the thermal energykBT (kB is the Boltzmann
constant, andT is the absolute temperature). We also assume
that reaction between A and B can occur only upon collision,
at the contact distancer ) R.

It is convenient to begin with the formal rate kernel equation
for the MM mechanism, in which the free enzyme (A) is
generated upon product formation

where the rate kernels,Σ1(t) andΣ2(t), may depend on the rate
constants, substrate concentration, diffusion constants, potentials
of mean force, and contact distance. WhenUAB(r) andUCB(r)
are identical, one can formally show33 that these rate kernels
satisfy the relation

A + B {\}
κ1

κ2
C (1.3)

D1 ≡ DAB ) DA + DB, D2 ≡ DCB ) DC + DB (2.1)

da(t)
dt

) -
dc(t)
dt

) -b0∫0

t
dτ Σ1(t - τ)a(τ) +

∫0

t
dτ Σ2(t - τ)c(τ) + kpc(t) (2.2a)
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whereΣ(t) is a memory kernel that accounts for the history of
the repeated interactions in the reversible reaction. It decreases
monotonically fromΣ(0) ) 1 to 0 ast f ∞. However, its exact
form for t > 0 is not known. The goal of our work is to find
the “best” approximation to it, in the sense that the error is bound
in all limits. We term this a “uniform approximation”. Finally,
the turn-over rate,V, is given by

We will consider the system without interactions between
particles.

The integro-differential equation, eq 2.2a, can be formally
solved by the Laplace transform method, where

for any function of time,f(t). In Laplace space, eqs 2.2 and 2.3
can be written as

We now introduce the “diffusion factor function” (DFF),

which contains the effects of (many-body) diffusion on the
reaction. By substitution, we obtain

wheresp ≡ s + kp, and

Subsequently,â(s) andp̂(s) can be found from eqs 2.4. This
formal solution still depends on the unknown functionF̂(s).

Conversely, from eqs 2.4a and 2.5, one may obtain the DFF
as

Note that, whenkp ) 0, t f ∞ corresponds to true
equilibrium. Then the numerator vanishes by the microscopic
reversibility condition and

Thus, the equilibrium concentration,ceq ) limsf0 sĉ(s) in eq
2.6, is the same as that predicted by classical kinetics, namely,
ceq/(a0 + c0) ) κ1b0/λ0. Equation 2.9 also holds when the system
approaches its SS forkp * 0 becauseFss ≡ F̂(0) is a finite
constant.

The SS concentration of the enzyme-substrate complex,css,
is obtained by taking the long-time limit,s f 0, so that
sĉ(s) f css. It is given by

where the Michaelis constant is defined by

Equation 2.10 reduces to the classical MM result, eq 1.2,
whenFss) 1. In general,cssdiffers from the kinetic prediction.
This contrasts with the true equilibrium limit,ceq, which is
always that predicted by classical kinetics.

The SS solution of the MM kinetics is frequently interpreted
by the Lineweaver-Burk (LB) equation, which is obtained from
eqs 2.3 and 2.10 as

whereVss ) kpcss. The maximum turn-over rate,Vmax, is given
by

Other linear representations of the MM kinetics at SS are the
Eadie-Hoftsee (EH) equation,

and the Woolf-Hanes (WH) equation,

Although the LB plot is the most widely applied method for
interpreting experimental data, it is also the least accurate
because of its double-reciprocal nature.1,11

Below, we focus on the DFF that determines the diffusion
effects on the MM kinetics.

B. Chemical Kinetics. The classical kinetic approach is a
limiting case of the exact solution whenΣ(t) ) δ(t) in eq 2.2b.
Then eq 2.2a reduces to

Because, in a bimolecular diffusion problem, memory effects
can arise only from unequilibrated distributions, one expects to
obtain the kinetic limit for infinite diffusivity (DB f ∞). In this
case,F̂(s) ) 1, andKM in eq 2.11 reduces to its classical limit,
KM

CL, given by

The inverse Laplace transform ofĉ(s) from eq 2.6, or the
solution of the differential eq 2.16, can be easily obtained

Hence, the deviation from SS decays exponentially with the
effective rate constantλ0 + kp.

Classical kinetics neglects the influence of diffusion. To
incorporate its effect, one might replace the intrinsic rate

Σ1(t)

κ1 exp[-UAB(R)]
)

Σ2(t)

κ2
≡ Σ(t) (2.2b)

V ≡ dp(t)
dt

) kpc(t) (2.3)

f̂(s) ≡ ∫ 0
∞ dt e-stf(t)

sâ(s) - a0 ) -sĉ(s) + c0

) -κ1b0Σ̂(s)â(s) + [κ2Σ̂(s) + kp]ĉ(s) (2.4a)

sp̂(s) - p0 ) kpĉ(s) (2.4b)

F̂(s) ≡ Σ̂(s)-1 (2.5)

ĉ(s) )
c0sF̂(s) + κ1b0(a0 + c0)

s[spF̂(s) + λ0]
(2.6)

λ0 ) κ1b0 + κ2 (2.7)

F̂(s) )
κ1b0â(s) - κ2ĉ(s)

spĉ(s) - c0

(2.8)

lim
sf0

sF̂(s) ) 0 (2.9)

css

a0 + c0
)

b0

KM + b0
(2.10)

KM ≡ kpFss+ κ2

κ1
(2.11)

1
Vss

) 1
Vmax

+
KM

Vmax

1
b0

(2.12)

Vmax ≡ kp(a0 + c0) (2.13)

Vss) Vmax - KM

Vss

b0
(2.14)

b0

Vss
)

KM

Vmax
+ 1

Vmax
b0 (2.15)

da(t)
dt

) -
dc(t)
dt

) -κ1b0a(t) + (κ2 + kp)c(t) (2.16)

KM
CL )

kp + κ2

κ1
(2.17)

c(t) ) css- (css- c0)e
-(λ0+kp)t (2.18)
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constants by the SS ones for the irreversible reaction (eq 2.36
below).41 In this case,λ0 is replaced byλss ) λ0kD/(κ1 + kD),
and the Michaelis constant becomesKM

ss ) KM
CL + kp/kD, where

is the diffusion-controlled rate constant.
C. Relaxation Time Approximation. Among the suggested

approximations for the many-body problem of bimolecular
reactivity,39 the RTA of Gopich and Szabo34 has particularly
pleasing properties. It can be formulated for a wide variety of
kinetic schemes and for arbitrary concentrations and diffusivities.
In comparison with simulations in the PL, it involves relatively
small errors, except near the irreversible limit (and for exceed-
ingly high concentrations).36 Moreover, it has been shown to
be a useful starting point for improved, “uniform” approxima-
tions.36,53 In this section, we present the RTA for the pseudo-
unimolecular MM mechanism, with the intention of using it as
a basis for an enhanced approximation in the following section.

The starting point is the formally exact rate equation for the
MM mechanism. A reversible reaction is assumed to occur when
the distancer between A and B approaches the minimal “contact
distance”R,

The distribution function,FAB(r,t), is distance-dependent, obey-
ing a boundary condition that equates the flux and the
bimolecular reaction rate atr ) R,

The distribution of B’s around the complex C is denoted by
FCB(r,t). Because the CB pair is nonreactive, it obeys a reflecting
boundary condition

The deviation of these pair distribution functions from their
chemical kinetic limit is defined by34

The basic assumption of the RTA is that these functions obey
mean-field diffusion equations, subject to the homogeneous
distribution of the other particles. For example, an AB pair can
interact with other A, B, C, or P. However, in the PL, the
concentrations of A and C are negligible, whereas P is not
reactive with the AB pair. Thus, we consider only the
homogeneous bimolecular reaction

in which an AB pair is converted to a CB pair by interaction
with a second B. The effective rate constants for this three-
body problem are denoted byk1 andk2. Generally, these differ
from the microscopic ones,κ1 andκ2, yet satisfy the relation
k1/k2 ) κ1/κ2.

Equation 2.24 couples the deviation functions,p1(r,t) and
p2(r,t), which are therefore assumed to obey the following mean-

field reaction-diffusion equations:

Note that kp appears in both equations because product
formation regenerates the free enzyme. Initially, one has a
uniform distribution of B’s, therefore

The boundary conditions forp1(r,t) andp2(r,t) are given by eqs
2.21 and 2.22, respectively. The coupled partial differential
equations can be solved numerically (e.g., by the SSDP
software54). Here we seek an analytic solution in Laplace space.
Given eq 2.6, it suffices to find an expression forF̂(s).

In the Laplace domain, eqs 2.25 can be written in a matrix
form

where the deviation column vector,p̂, is defined by

The diffusion constantsD1 andD2 enter eq 2.27 via the matrix
M , which is given by

whereD is a diagonal matrix of the relative diffusion constants
(D1, D2). The eigenvalue problem in eq 2.27 is isomorphic to
the ground-state ABC (GS-ABC) reaction,34 with k2 replaced
by k2 + kp. The detailed derivation, partly omitted in the
exposition of ref 34, is given in Appendix A.

In the target limit (D1 ) D2 ) DB), the RTA DFF becomes

where

and the Laplace transform of the time-dependent irreversible
rate coefficient,kirr(t), is given by

with

kD is given by eq 2.19. Note that eq 2.32 has the same structure
as eq 2.7, but with the effective rate constants replacing the
microscopic ones.

The RTA depends on the yet unspecified rate constants,ki

(i ) 1 or 2), which fulfill k1/k2 ) κ1/κ2, but may otherwise be
chosen in several different ways:

∂p1(r,t)/∂t ) D1∇2p1 - k1b0p1 + (k2 + kp)p2 (2.25a)

∂p2(r,t)/∂t ) D2∇2p2 + k1b0p1 - (k2 + kp)p2 (2.25b)

p1(r,0) ) p2(r,0) ) 0 (2.26)

Mp̂ ) D1∇2p̂ (2.27)

p̂T ≡ (p̂1(r,s), p̂2(r,s) ) (2.28)

DM ) D1(s + k1b0 -k2 - kp

-k1b0 s + k2 + kp
) (2.29)

F̂(s)
κ1

) µ
sk̂irr(s)

+ 1 - µ
(sp + λ)k̂irr(sp + λ)

(2.30)

µ ) (k2 + kp)/(λ + kp) (2.31)

λ ) k1b0 + k2 (2.32)

s k̂irr(s) )
κ1

1 + κ1g(s)
(2.33)

g(s) ≡ [kD(1 + xτs)]-1 (2.34)

τ ≡ R2/D1 (2.35)

kD ) 4πRD1 (2.19)

da(t)
dt

) -
dc(t)
dt

) -κ1FAB(R,t) + (κ2 + kp)c(t) (2.20)

4πR2D1

∂FAB(r,t)

∂r |
r)R

) κ1FAB(R,t) - κ2c(t) (2.21)

4πR2D2

∂FCB(r,t)

∂r |
r)R

) 0 (2.22)

p1(r,t) ≡ FAB(r,t) - b0a(t) (2.23a)

p2(r,t) ≡ FCB(r,t) - b0c(t) (2.23b)

AB + B {\}
k1

k2
CB (2.24)
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(a) The simplest choice is the intrinsic rate constants,ki )
κi. This choice typically produces poor results.

(b) The SS condition for the irreversible reaction,

defines the steady-state RTA (SSRTA).
(c) A better choice is the self-consistent SS condition (SCSS)

for the MM mechanism,

which yields the self-consistent RTA (SCRTA) for the MM
mechanism. For the GS-ABC reaction, eq 2.37 is equivalent to
the self-consistency (SC) condition in ref 34. For the ES-ABC
reaction, a SC condition for the GS reaction (i.e., forkp ) 0)
has been previously utilized.36 Here we find that using the SC
condition for the actual reaction under investigation is more
consistent and gives better results. For the GS- and ES-ABC
reactions, the SCRTA correctly reduces to the geminate limit
(the small concentration limit;b0 f 0) and the chemical kinetics
limit (the reaction controlled limit;DB f ∞), but it breaks down
near the irreversible limit. For this reason, we seek to improve
upon the SCRTA, as described below.

III. Uniform Approximation

The “best” approximations are those whose error is uniformly
bound throughout the parameter space. The behavior of such
uniform approximations may be contrasted with that of non-
uniform ones, like the RTA, which can perform well in one
limit, but become poor in another. In the MPK theory for the
GS-ABC reaction (MPK1),33 a Smoluchowski-like relaxation
function was introduced into the DFF,

with the effective concentration

This has since been realized as a key step for obtaining uniform
approximations.36,53

Gopich and Szabo have noted that the transformation34

reduces the RTA to MPK1.33 For the ES-ABC reaction, Popov
et al.36 have utilized this transformation with the SS rate
constants of eq 2.36 to yield the unified Smoluchowski
approximation (USA), shown to be accurate over a wide range
of parameters.

When kp ) 0 (the GS-ABC reaction), the coefficientµ
in eq 2.31 does not depend on the choice of effective rate
constants (provided thatk1/k2 is fixed), and thus the application
of eq 3.3 to the RTA with any choice of these constants gives
the MPK1.33 In contrast, for the MM mechanism,µ does depend
on the choice of the effective rate constants. Because the SCSS
condition gives the most reliable RTA DFF, which is accurate
at both short- and long-times, it is natural to apply eq 3.3 to the
SCRTA. Inserting it into eq 2.30 with the SCSS rate constants
gives

We term this approximation the Michaelis-Menten USA (MM-
USA). Whenkp ) 0, it reduces to MPK1, which is exact in the
geminate, chemical kinetic, and irreversible limits, and shows
excellent agreement with the simulations over a wide range of
parameters.33

A. Nonuniform Theories. It is interesting to compare the
theoretical approximation developed here with some nonuniform
approximations encountered in the literature.

Ivanov et al.55 proposed a matrix-form integral encounter
theory (IET) for the ES-ABC reaction based on the formalism
of effective particles.56,57 Application of the IET to the MM
mechanism gives

which is the same as the DFF for the GS-ABC reaction in the
IET approximation.58

Sung and Lee59 proposed another MPK theory, MPK3, in
whichk1 andk2 are time-dependent and their Laplace transforms
are given by

For the GS-ABC reaction, MPK3 is equivalent to the modified
encounter theory (MET).58 Its application to the MM mechanism
is straightforward and gives the DFF of eq 2.30 with the rate
coefficients from eq 3.6.

The DFF of the renormalized KT41 hasF̂(s) given by eq 2.30,
but the rate coefficients are calculated self-consistently at every
s by

rather than ats ) 0 as in eq 2.37.
The empirical formula proposed by Zhou40 is a linear

combination of the convolution approximation (con)30 and the
modified rate equation (MRE).32 For example, the product
concentration,p(t), is given as

ki
ss) κi/(1 + R), R ≡ κ1/kD (2.36)

ki
SC ≡ κi/F̂(0) ) κi/Fss (2.37)

R(t;beff) ) exp[-beff∫0

t
dτ kirr(τ)] (3.1)

beff ) b0 + κ2/κ1 (3.2)

(s + λ)k̂irr(s + λ) S beff
-1[R̂(s;beff)

-1 - s] (3.3)

F̂(s) ) µSC
κ1

s k̂irr(s)
+ λSC

λSC + kp

κ1b0

R̂ (sp;beff)
-1 - sp

(3.4)

Figure 1. Schematic representation of the simulation system and basic
algorithm. The static trap (A or C) of radiusR is located at the origin.
The radii of the reaction zone and initial outer boundary arers and
RS(0), respectively. The initial uniform distribution of particles outside
the reaction zone (white circles) are mapped on its surface with properly
assigned internal times,tin’s, by the enhanced particle elimination
algorithm. A particle within the reaction zone moves with the minimal
time step,τ0 (gray circles). Particles outside it move with larger time
step, ∆tin (longer arrows in the figure). Once a particle enters the
reaction zone, it is frozen (dark-gray circles) untiltin g t. As the
simulation proceeds, the outer boundary of radiusR(t) shrinks. Particles
outside of it are then eliminated.

F̂(s) ) 1 + κ1g(s) (3.5)

k̂i(s) ) κi/[1 + κ1g(s)] (3.6)

k̂i(s) ) κi/F̂(s) (3.7)
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The other quantities are described analogously by replacingp(t)
by a(t) or c(t) in eq 3.8. We summarizeFss for various theories
in Table 1.

B. Long-Time Asymptotic Behavior. Here, we investigate
the long-time asymptotic behavior of the enzyme-substrate
complex concentration,c(t). The smallsexpansion of its Laplace
transform,ĉ(s) in eq 2.6, is obtained as

where∆F̂(s) ≡ F̂(s) - Fss. Therefore, the smalls behavior of
∆F̂(s) determines the asymptotic behavior ofc(t). We denote
its leading term whens f 0 by ∆F̂0.

For the SCRTA and MM-USA,∆F̂0 is obtained from the
first term in the right-hand side of eq 2.30 [withg(s) ∼ (1 -
xτs)/kD] as

where µSC is obtained by introducingki
SC’s into eq 2.31.

Inserting eq 3.10 into eq 3.9 and inverting it, the asymptotic
behavior ofc(t) is obtained as

∆F̂0 values for the other theories are summarized in Table 1.
For KT and MPK3/MET, the derivation of the long-time
asymptotic behavior is given in Appendix B.

The t-1/2 power-law approach tocss in eq 3.11 differs from
the t-3/2 power-law for the GS-ABC reaction.60,61 The reason
for this t-1/2 power-law is the regeneration of the free enzyme
(if A is not regenerated, eq 1.1 is the ES-ABC reaction withkA

) 0, whose asymptotic behavior is given by Gopich48). This
behavior was already noted by Kim et al.,41 but they did not
derive it analytically. In addition,c(t) approaches its SS value
(css) always from above, in contrast to chemical kinetics, where
the approach is from below whencss> c0 and from above when
css < c0.

IV. Brownian Dynamics Simulations

A. General Considerations.We consider a system consisting
of N point-like B particles and an A (or a C) at the origin. The
radius of A (or C) isR, and it remains static (the “target
problem”). In contrast, the B particles diffuse with diffusion
constantD1 () DB) and they are randomly distributed att ) 0
in a big sphere of radiusRs(0) ) R + âx2D1tmax, whereâ ≈
8 andtmax is the total simulation time.44-46,53The value ofâ is
chosen so that a particle atRs(0) has negligible chance to reach
the static trap (A or C) withintmax (see Figure 1).

A hard-core collision between A and B may either lead to
association (A+ B f C) or else B remains unbound. The
collisions between B and C are assumed to be inert. The
enzyme-substrate complex C may dissociate into A+ B or A
+ P. Our simulation algorithm was described before.44,46 Its
main features are (1) an accurate description of the many-body
diffusion problem with finite time-steps and at the least
computational cost, and (2) an efficient particle elimination

method, so that the same result is generated with fewer particles.
This saves computation time without compromising the ac-
curacy. These goals are realized as follows:

(1) Decoupling of the AB pair dynamics from the reactive
many-body dynamics within a reaction zone of radiusrs [R <
rs , Rs(0)]. Within the reaction zone, a particle moves with
the minimal time stepτ0, which is given byτ0 ) [(rs - R)/
â]2/(2D1). Outside it, a particle moves by free diffusion, keeping
its own internal time,tin. Fromr > rs, it moves with a distance-
dependent time step,∆tin ) kτ0, wherek is the integer part of
[(r - R)/(rs - R)]2. Once a particle enters the reaction zone, it
remains frozen until the system time,t, catches up with itstin.

(2) Eliminating particles whose dynamics do not contribute
to the reaction is essential for efficient three-dimensional
simulations. We utilize two different particle elimination
algorithms:

(a) The shrinking sphere algorithm.44 B particles outside a
shrinking sphere of radiusRs(t) ) R + âx2D1(tmax-t) would
not reach the static trap during the remaining simulation time,
tmax - t, hence they are eliminated throughout the simulation.

(b) Enhanced particle elimination.46 The initial uniform
distribution of B particles (in infinite space) is mapped onto
the surface of a sphere of radiusrs, defining the “reaction zone”.
Particles must impinge on this sphere in order to react. Their
(Poissonian) arrival time distribution atr ) rs can be calculated
from the theory of diffusion outside an absorbing sphere of
radiusrs. Particles whose arrival times exceedtmaxare eliminated
from the onset.

B. Brownian Propagator. The Brownian propagator deter-
mines the location of a particle within the reaction zone and
the state of the trap after a time step,τ0, on the basis of the
exact Green functions for the geminate MM mechanism. These
Green functions are defined as follows (cf. Appendix C):

For an initially unbound state (an AB pair with a separation
r0), we denote the probability density of finding the AB pair
separated to distancer after timeτ0 by p(r,τ0|r0). The probability
of the AB pair to be bound (A+ B f C) after timeτ0 is denoted
by p(/,τ0|r0). For an initially bound state (C), we denote the
probability density for dissociating C to an AB pair with
separationr by p(r,τ0|/). The probability of C remaining in the
bound state isp(/,τ0|/). The exact Green functions for the
geminate MM mechanism follow from those for the ES-ABC
reaction51 (see Appendix C). The difference from the algorithm
for the ES-ABC reaction45 is in the regeneration of A in the
MM mechanism.

The fate after timeτ0 can be determined by comparing the
probabilitiesp(/,τ0|/), p(/,τ0|r0), ∫ d3r p(r,τ0|r0), or ∫ d3r p(r,τ0|/)
with a uniform random number, 0< ø < 1, as described below.
When the static trap is in the unbound state (an AB pair
separated byr0), B turns into P with a probability

Thus, if ø e pprod, the B particle becomes P. Because P does
not participate in the reaction, we do not simulate its dynamics.
The AB pair associates ifpprod < ø e p(/,τ0|r0) + pprod.
Otherwise, ifø > p(/, τ0|r0) + pprod, B remains unbound and
its end point,rø, is determined from

When the static trap is in the bound state (C at the origin),
we have the following two cases:

p(t) )
λsspcon(t) + kppMRE(t)

λss+ kp

(3.8)

ĉ(s) ∼ css

s [1 -
kp

KM + b0

∆F̂(s)
κ1

] (3.9)

∆F̂0

κ1
) - µSC

4πD1 x s
D1

(3.10)

c(t) ∼ css[1 +
kpµ

SC(1 - µSC)

4πb0D1xπD1t ] (3.11)

pprod ≡ 1 - [∫R

∞
d3r p(r,τ0|r0) + p(/,τ0|r0)] (4.1)

ø ) ∫R

rød3r p(r,τ0|r0) + p(/,τ0|r0) + pprod (4.2)
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(1) The enzyme-substrate complex C dissociates into A and
P with a probability

Thus, P is formed whenø e pprod. If pprod < ø e p(/,τ0|/) +
pprod, it does not react. Ifø > p(/,τ0|/) + pprod, it dissociates
into A and B at a distancerø, which is found from

(2) When a B particle is in the reaction zone, it does not
react with C. Therefore, it moves torø, which is determined
from ø ) ∫R

rø d3r G(r,τ0|r0), whereG(r,t|r0) is the nonreactive
Green function for a reflecting boundary atr ) R.62

V. Comparison of Theories and Simulations

Figures 2-4 compare the time dependence ofc(t) from our
BD simulations (gray circles) with various theories for the MM

kinetics. Some of the theories are available in the literature:
the KT (green lines),41 Zhou’s approximation (black lines),40

and classical kinetics with either intrinsic or SS rate constants
(black dashed and dotted lines, respectively). For others, we

TABLE 1: Fss and ∆F̂(s)/K1 of the Various Theories for the MM Kinetics

Fss≡ F̂(0)a ∆F̂0/κ1
b

IET 1 + R - 1
4πD1x s

D1

MPK3/MET 1 + µssR +
(1 - µss)R

1 + xτ(λss+ kp)
- µss+ γss

4πD1 x s
D1

SCRTA 1 + µSCR +
(1 - µSC)R

1 + xτ(λSC + kp)
- µSC

4πD1x s
D1

KT 1 + µSCR +
(1 - µSC)R

1 + xτ(λSC + kp)
-

µSC(1 - γSC)-1

4πD1 x s
D1

MM-USA µSC(1 + R) + λSC

λSC + kp

κ1b0

R̂ (kp; beff)
-1 - kp

- µSC

4πD1 x s
D1

a R ) κ1/kD and the superscripts ss and SC forµ andλ mean that the corresponding rate constants,ki
ss andki

SC are introduced forki in eqs 2.31
and 2.32.beff ) b0 + κ2/κ1. b The leading term of the smalls expansion of∆F̂(s)/κ1 ≡ [F̂(s) - Fss]/κ1. The coefficientsγss andγSC are given by eqs
B5 and B3, respectively.

Figure 2. The time-dependence of the enzyme-substrate complex,
c(t), calculated from various theories and from our BD simulation. The
parameter values areb0/cR ) 1, κ1/kD ) 5, κ2τ ) 1, andkpτ ) 10.
Classical kinetics with intrinsic and SS rate constants are denoted by
CL and SS-CL, respectively. While classical kinetics approaches SS
exponentially, BD simulations as well as diffusion theory show that
c(t) goes through a maximum and approaches its SS following at-1/2

power-law.

pprod ≡ 1 - [∫R

∞
d3r p(r,τ0|/) + p(/,τ0|/)] (4.3)

ø ) ∫R

rød3r p(r,τ0|/) + p(/,τ0|/) + pprod (4.4)

Figure 3. The same as Figure 2 except thatb0/cR ) 10.

Figure 4. The same as Figure 3 except thatκ1/kD ) 50. The other
theories are not shown because of even larger deviations from
simulation.
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derived the MM versions here: IET (cyan lines), MPK3/MET
(orange lines), and SCRTA (red lines). Finally, we also propose
a new theory for the MM kinetics: the MM-USA (blue lines).
We have simulated the case of an initially free enzyme, i.e.,a0

) 1 andc0 ) 0.
In the simulations, we choseR ) 40 Å as the radius of an

enzyme andD1 ) 5 Å2/ns as the diffusion constant of substrate.
This givesτ ) 320 ns,kD ≈ 1.5 × 109 M-1 s-1, and

of about 2 mM. The other parameters,κi, kp, andb0, were chosen
so that their values are in the experimentally relevant range.
For in Vitro solution-phase reactions, the typical values1 are
summarized in Table 2. Note thatb0/cR roughly corresponds to
the number of substrate molecules in the volume occupied by
an enzyme.

The time dependence of the enzyme-substrate complex
concentration,c(t), is shown in Figure 2. As previously noted,41

c(t) goes through a maximum before decreasing to its SS value,
css. The SCRTA and MKP3/MET are nearly indistinguishable
from the MM-USA and KT, respectively, in this case, thus we
omit them for the clarity. All the modern theories show good
agreement with the simulation, except Zhou’s expression at
intermediate times and the IET, which approaches the lower
css predicted by classical kinetics with SS rate constants.

For a higher substrate concentration (b0 ≈ 20 mM), theories
start diverging as shown in Figure 3. The IET deviates from
the simulation even at short times and then approaches much
lower css. The MPK3/MET shows better agreement with the
simulation up to intermediate times, but then it approaches a
lowercss. The SCRTA, and more so Zhou’s expression, deviate
from the simulation at intermediate times. In contrast, the
KT and MM-USA show good agreement over the whole time
range.

For even more extreme values of the parameters, differences
between theories increase further as seen in Figure 4. Here,
κ1/kD ) 50, which is larger than the values for typical enzymatic
reactions in solution cited in Table 2. As discussed above, inside
the cell, diffusion is considerably slower than in solution,
thereforekD is smaller, and thus the larger value forκ1/kD mimics
the situation in vivo. We note that now KT and SCRTA deviate
substantially from the BD simulation at intermediate times, while
the MM-USA deviates only at longer times, as it approaches a
highercss.

Next, we consider the solution for the MM kinetics at SS.
Figure 5A shows a WH plot (eq 2.15) for the SS rate as a
function of substrate concentration. The errors in the simulated
data are much smaller than the size of open circles in the figure.
At SS, KT and SCRTA are equivalent because theirFss≡ F̂(0)
are identical by definition, while the IET is equivalent to
classical kinetics with SS rate constants. The KT/SCRTA and

MM-USA show excellent agreement with the simulation data,
while Zhou’s expression and MPK3/MET are less satisfactory.

Conventionally,1 one estimatesKM andVmax from the intercept
and slope of eqs 2.12, 2.14, or 2.15. In the linear WH plot,
Vmax

-1 is the slope andKM/Vmax is itsy-intercept. When diffusion
effects are operative, the plot becomes nonlinear (Figure 5A),
and the extrapolation procedure forKM/Vmax is no longer valid.
However, one can still estimateVmax from the slope at largeb0.
From it one can estimate the concentration-dependent Michaelis
constant via eq 2.15 as

It is shown in Figure 5B. The KT/SCRTA and MM-USA show
good agreement with the BD simulation, while the other theories
deviate significantly.KM decreases fromKM

ss ) KM
CL + kp/kD

(b0 ) 0, Fss ) 1 + R) to KM
CL ) (kp + κ2)/κ1 (b0 ) ∞, Fss ) 1)

for all the theories except classical kinetics and the IET, for
which KM is constant (insertFss from Table 1 into eqs 2.11,
2.31, and 2.32). For the MM-USA, the value ofKM asb0 f ∞
can only be calculated numerically. The above result can be
interpreted qualitatively as follows. Whenb0 is sufficiently
small, there are only few substrates near an enzyme. Therefore,
the SS kinetics is controlled by substrate diffusion. In contrast,
whenb0 is large, the SS kinetics is controlled by the intrinsic
rate constants.

TABLE 2: Typical Range of the Parameters for the
Enzymatic Reactions in Solution1

b0 (mM) 10-3-10 b0/cR
a 10-3-10

kp
b (s-1) 10-107 kpτ 10-5-10

κ1 (M-1 s-1) 106-1011 κ1/kD 10-3-1
κ2 (s-1) 10-106 κ2τ 10-5-1

a cR ) (4πR3)-1, whereR is the radius of an enzyme.b0/cR is an
estimate for the number of substrate molecules in the volume occupied
by an enzyme.b High kp is characteristic of carbonic anhydrase (kp )
106 s-1) and catalase (kp ) 4 × 107 s-1).1

cR ≡ (4πR3)-1 ) (kDτ)-1 (5.1)

Figure 5. (A) The WH plot for the MM kinetics at SS. Parameters
for the rate constants are the same as Figure 2. The non-MM behavior
is shown in the low substrate concentration regime. (B) The concentra-
tion dependence of the Michaelis constant,KM, calculated by eq 5.2
using data from the upper panel. Asb0 increases,KM decreases from
KM

CL + kp/kD to KM
CL.

KM ) Vmax(b0/Vss) - b0 (5.2)
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VI. Concluding Remarks

In this work we have performed a systematic test of various
theories for the MM-kinetics under conditions where both
diffusion and many-substrate effects are important. The bench-
mark for comparison are accurate simulation data, generated
with an algorithm that utilizes the exact Green function for a
single substrate-enzyme pair obeying the relevant coupled
diffusion- and rate-equations. Near the diffusion-control limit
the classical approaches (using either the microscopic or SS
rate-constants) fail miserably. Among the many-particle diffu-
sion theories, the IET, an approximation valid only at small
concentrations, deviates the most from simulations. Moreover,
it cannot explain the concentration-dependent nonlinearity in
the MM kinetics at SS. The other theories all give reasonable
agreement with simulations, except at high substrate concentra-
tions, where the KT and MM-USA appear to deliver the best
overall performance.

The new theory introduced herein, the MM-USA, is based
on the RTA of Gopich and Szabo, which is known to deteriorate
near the irreversible limit.34 However, it was noted34,36 that by
replacing one term in the Laplace-transformed DFF by a
Smoluchowski term, the error can be constrained, so that it
becomesuniform in all limits. This criterion arguably character-
izes the “best” available approximations,38 such as the USA for
ES-ABC reactions.36 The success of the MM-USA (and the USA
upon which it was based) indicates that, as a multi-purpose
theory for different reaction-schemes, the RTA offers a much
improved starting point over the routinely applied IET.39,55-57

Admittedly, the accurate results obtain herein will generate
little interest in the biochemical community in the absence of
experimental demonstration for their utility. For low concentra-
tions of an enzyme in bulk solution, there might be little role
for many-particle diffusion effects. However, such conditions
are arguably remote from those within the living cell.12-15,18-22

The success of the MM-simulation algorithm developed herein
suggests that it may be readily extended to the case of dense
patches of enzymes bound to the inner cell-membrane, or within
organelles. A similar extension of the algorithm was previously
achieved for ligand binding to (reversible) receptor arrays.25 This
could then allow for a realistic simulation of enzymatic kinetics
under biologically relevant conditions.
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Appendix A: Derivation of the RTA DFF

Here we complete some details from the derivation of Gopich
and Szabo34 as applied to the MM kinetics.

Assuming that the two eigenvalues ofM in eq 2.27 are
different,σ1 * σ2, it can be diagonalized asM ) TσT-1, where
σ is a diagonal matrix of eigenvalues (σ1, σ2) andT is a matrix
whose columns are the two eigenvectors ofM . The two eqs
2.27 now decouple

where

is the transformed deviation vector. It depends onsonly through
the eigenvaluesσi’s.

The 2× 2 eigenvalue problem can be solved explicitly by
standard linear algebra. Since the eigenvectors are not 0, the
eigenvalues obey

where I is the unit matrix. Theσi’s are the solution of the
quadratic equation forσ obtained from eq A3. WhenD1 ) D2,
they are

Solving the 2× 2 set of linear equations for the eigenvectors
then gives

and by matrix inversion

As mentioned in Section II-C, theσi’s andT are the same as
those for the GS-ABC reaction,34 except thatk2 is replaced by
k2 + kp.

We now connect thehi in eq A2 to the time-dependent rate-
coefficient of an irreversible reaction,kirr(t).28 According to the
theory of irreversible reactions,2 the Laplace transformed pair
correlation function,q̂(r, σ) ≡ F̂AB(r, σ)/(a0b0), obeys the
following equation:

whereσ here is the Laplace variable. It satisfies the boundary
condition

Comparison with eq A1 shows that the structure ofhi (i ) 1,
2) is

where theσi’s are functions ofsvia eq A4, and the two unknown
functions,úi(s), will be determined from the boundary condi-
tions.

From eqs 2.21 and 2.22, the boundary condition forhi is

Inserting eqs A8 and A9, we obtainhi(R,s) as

On the other hand, by Laplace transforming and inserting eq
2.20 into eq 2.8, we find that

σh ) D1∇2h (A1)

h ) (h1(r, s)
h2(r, s) ) ≡ T-1p̂ (A2)

det(M - σI ) ) 0 (A3)

σ1 ) s, σ2 ) s + λ + kp (A4)

T ) (1 1
k1b0

k2 + kp
-1) (A5)

T-1 )
k2 + kp

λ + kp (1 1
k1b0

k2 + kp
-1) (A6)

σq̂(r,σ) - 1 ) D1∇2q̂(r,σ) (A7)

4πR2D1
∂

∂r
q̂(r,σ)|r)R ) κ1q̂(R,σ) ≡ k̂irr(σ) (A8)

hi(r,s) ) úi(s)[σiq̂(r,σi) - 1] (A9)

4πR2D1
∂

∂r
hi(r,s)|r)R ) 4πR2D1

∂

∂r
(T-1p̂)i|r)R

) T i1
-1[κ1F̂AB(R,s) - κ2ĉ(s)]

(A10)

hi(R,s) ) T i1
-1[κ1F̂AB(R,s) - κ2ĉ(s)]( 1

κ1
- 1

σik̂irr(σi)) (A11)
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Insertingp̂1 ) ∑i)1
2 T1ihi and eq A11, and using∑i)1

2 T1iT i1
-1

) 1, we obtain the RTA DFF as

It indeed has the same structure as the DFF for the GS-ABC
reaction.34

Appendix B: Asymptotic Behavior for KT and MPK3/
MET

Here we derive the long-time asymptotic behavior ofc(t) for
the KT and MKP3/MET. In these theories, time-dependent
effective rate coefficientski(t) appear in the DFF, hence we need
to consider first the asymptotic expansions ofµ(s) andλ(s).

For the KT, eqs 2.31 and 2.32 can be written for small∆F̂(s)
≡ F̂(s) - Fss as

Substituting eqs B1 into eq 2.30 and expanding it, we obtain

where

For the MPK3/MET, a similar analysis gives

whereγss is given by

Inserting eqs B2 and B4 into eq 3.9, and inverting it, the
asymptotic behaviors ofc(t) for the KT and MPK3/MET are
obtained as

wheref ) µSC(1 - γSC)-1 for the KT andf ) µss + γss for the
MPK3/MET.

Appendix C: Look-Up Tables

The exact Green functions for the geminate MM kinetics can
be written as51

whereR ) κ1/kD, W(x, y) ) exp(2xy + y2)erfc(x + y), and

with erfc(x) ≡ 1 - erf(x) being the complementary error
function. The probability density,p(r,τ0|/), is obtained by the
detailed balance condition,κ1p(r,τ0|/) ) κ2p(/,τ0|r).

In order to calculate the Brownian propagator (e.g., eqs 4.1-
4.4), one also needs the spatial integrals ofp(r,τ0|r0) and
p(r,τ0|/). These can be written as

F̂(s) ) 1 -
κ1p̂1(R,s)

κ1F̂AB(R,s) - κ2ĉ(s)
(A12)

F̂(s)

κ1

) ∑
i)1

2 T1iT i1
-1

σik̂irr(σi)
(A13)

µ(s) ≈ µSC +
kpλ(1 - µSC)

λ0(λ + kp)
∆F̂(s) + O([∆F̂(s)]2) (B1a)

λ(s) ≈ λSC - λSC

Fss
∆F̂(s) + O([∆F̂(s)]2) (B1b)

(1 - γSC)
∆F̂(s)

κ1
∼ - µSC

4πD1 x s
D1

(B2)

γSC )
k1

SCλSC(1 - µSC){λSC + 2kp[1 + xτ(λSC + kp)]}

8πD1xD1(λ
SC + kp)[1 + xτ(λSC + kp)]

2
(B3)

∆F̂(s)
κ1

∼ - µss+ γss

4πD1 x s
D1

(B4)

γss)
k1

ssλss(1 - µss){λss+ 2kp[1 + xτ(λss+ kp)]}

8πD1xD1(λ
ss+ kp)[1 + xτ(λss+ kp)]

2
(B5)

c(t) ∼ css[1 +
kp

KM + b0

f

4πD1xπD1t] (B6)

4πrr 0 p(r,τ0|r0) )
1

x4πD1τ0
{exp[-

(r - r0)
2

4D1τ0
] +

exp[-
(r + r0 - 2R)2

4D1τ0
]} +

∑
i)1

3 σi(σj + σi)(σk + σi)

(σj - σi)(σk - σi)
W(r + r0 - 2R

x4D1τ0

, -σixD1τ0) (C1a)

p(/,τ0|r0) )

R

r0
∑
i)1

3 σi

(σj - σi)(σk - σi)
W( r0 - R

x4D1τ0

, -σixD1τ0) (C1b)

p(/,τ0|/) ) -∑
i)1

3 σi(σj + σk)

(σj - σi)(σk - σi)
W(0, -σixD1τ0) (C1c)

σ1 + σ2 + σ3 ) -(1 + R)/R (C2a)

σ1σ2 + σ2σ3 + σ3σ1 ) (kp + κ2)/D1 (C2b)

σ1σ2σ3 ) -[(1 + R)kp + κ2]/(D1R) (C2c)

∫R

rød3r p(r, τ0|r0) )

xD1τ0

πr0
2

{exp[-(Fø + F0)
2] - exp[-(Fø - F0)

2]} +

1

2
[erf(Fø + F0) + erf(Fø - F0)] -

Rkp

κ2 + (1 + R)kp

R

r0

[erf(Fø + F0) - erf(F0)] -

∑
i)1

3 (1 + σirø)(σj + σi)(σk + σi)

r0σi(σj - σi)(σk - σi)
W(Fø + F0, -σixD1τ0) +

∑
i)1

3 (1 + σiR)(σj + σi)(σk + σi)

r0σi(σj - σi)(σk - σi)
W(F0, -σixD1τ0) (C3a)
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whereFø ) (rø - R)/x4D1τ0 andF0 ) (r0 - R)/x4D1τ0. The
limits of these integrals asrø f ∞ can be easily obtained (see
eqs 28 and 29 in ref 52). In addition, we need the spatial integral
of the nonreactive Green function,G(r,τ0|r0), which is given
by62

The look-up tables are one-dimensional arrays for the
functions appearing in the above equations, such as erf(x),
W(x,y), and so forth. They are calculated once when initiating
the simulation. We typically use 20 000 bins forR < r < rs

within the reaction zone to represent these arrays. At any given
time step, a uniform random number, 0< ø < 1, is compared
with the appropriate linear combination of these arrays to yield
the two flanking values ofrø. To further enhance the accuracy,
we perform linear interpolation between these two values for
estimation ofrø.
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