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RESEARCH ARTICLE

The distribution of acceptor and donor hydrogen-bonds in bulk liquid water
y

Omer Markovitch and Noam Agmon*

Institute of Chemistry and the Fritz Haber Research Center, The Hebrew University, Jerusalem, Israel

(Received 10 October 2007; final version received 18 October 2007)

We analyse the distributions of donor and acceptor HBs in liquid water and their relation to deviations from
tetrahedral symmetry. Their joint, unconditional and conditional distributions are calculated at several
temperatures from classical molecular dynamics trajectories for two water models. Surprisingly, the distribution
of acceptor HBs terminating at the water lone-pairs is wider than the donor distribution emanating from its
hydrogen atoms. This correlates with a higher probability of forming over-coordinated oxygen (OCO) atoms as
compared with bifurcated hydrogen bonds (BHBs). Such bonds are possibly formed by HB exchange reactions
competing with HB cleavage and formation. The latter obey the binomial distribution, whereas OCOs and BHBs
deviate from it considerably.

The conditional HB probabilities indicate that acceptor and donor HBs are correlated, so that forming a
HB of one type increases the probability of the other, particularly for polarizable water. Conditional distributions
exhibit a common intersection suggestive of two types of water structures: high coordination (tetrahedral)
and low coordination (polygons). The temperature effect shows that the enthalpy required to cleave a HB in the
AMOEBA polarizable model is 9.4 kJmol�1, close to the experimental value of 10.5 kJmol�1. As a result, the
fraction of HBs decreases with T near room temperature with a slope closer to experiment than older simulations.

Keywords: acceptor; bifurcated; cooperativity; hydrogen bond; simulation; water

1. Introduction

The network of hydrogen bonds (HBs) is generally

believed to determine the structural and dynamic
properties of water [1,2]. The basic arrangement of
HBs around any given water molecule is tetrahedral,
with two ‘donor bonds’ (D, donated by its hydrogen
atoms) and two ‘acceptor bonds’ (A, accepted by its
oxygen lone-pair orbitals). This amounts to a coordi-

nation number n¼ 4. Yet deviations from perfect
tetrahedral symmetry, with under- and over-coordi-
nated water molecules, is believed to be the key for
dynamic processes such as transport phenomena in
liquid water [3–7]. Several molecular dynamics (MD)

[8] simulations have calculated the distribution of the
total number of HBs in which a water molecule is
engaged [3,9–13]. Whereas at room temperature the
highest probability is of having four HBs per water
molecule, there is a significant fraction with only three
HBs and even some with n¼ 2 or 5. A similar ‘mixture’

presentation (of HB and non-HB water) is also
common in water spectroscopy, for example in
analysing the Raman OH stretching band [14,15].

Experimentally, there is disagreement on the quan-
titative details of the HB distributions, both on the

extent of the tetrahedrality [16] and its temperature

dependence [17]. Indeed, some of the older MD
simulations indicate almost no temperature variation

between 0–100�C in the probability of having four HBs

per water molecule [10], whereas more recent simula-
tions do suggest a stronger dependence [11,13,19], closer

to the strong temperature effect deduced from measure-

ments of the magnetic shielding tensor from liquid

water [17].
In contrast with the overall distribution of HBs,

until recently there has been little discussion of either

joint or separate acceptor and donor distributions

[16,19–21]. For protonated water, we have recently

reported separate A and D distributions [22]. Here

we show that these are interesting quantities also in the

discussion of bulk liquid water.
Clearly, in perfect tetrahedral symmetry the number

of D-bonds per water molecule, i, and of A-bonds,
j, both equal 2. However, once distortions occur

this symmetry is removed and the A- and D-HB

distributions become inequivalent. For example, if one

A-bond is broken and redirected to another oxygen
(Figure 1), i remains 2 but j increases to 3 on one

molecule at the expense of another, for which it
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decreases to 1 (while the total number of HBs does
not change).

The formation of an over-coordinated oxygen
(OCO), which accepts three HBs (Figure 1), is rarely
mentioned in the literature [6]. The commonly dis-
cussed case is that of a bifurcated HB (BHB), when a
single hydrogen atom participates in two HBs, and it is
often perceived as the transition state for partner
switch [6,23–27]. Some experimental evidence for this
was also suggested [7,28]. These two distortions,
depicted schematically in Figure 2, are not equivalent.
We shall show below that OCOs occur much more
frequently than BHBs. In retrospect this might not be
surprising, because most calculations [18,19,21,29,30]
show an asymmetry in the spatial distribution func-
tions (SDF), with a smaller O–O–O angle between two
A-bonds [30] and ‘floppier’ hydrogens in comparison
to the D-bonds.

The present work reports classical MD simulations
of liquid water as a function of temperature (T) for two
potentials: a modified TIP3P potential [31] and the
more recent, polarizable AMOEBA potential [32,33].
Using the conventional geometric definition of a HB,
we obtain specific distributions for D and A HBs, pDi
and pAj , showing that the latter is wider due to the
occurrences of OCO. Only when OCOs and BHBs are
neglected, both distributions become binomial, like
the overall HB distribution previously considered [9].

We also calculate the joint D/A distribution pi,j and the

conditional ones pD(i/j) for a fixed number, j, of

A-bonds, or vice versa. We utilise these distributions to

address the debatable question of HB cooperativity

[2,34,35], showing that there is positive cooperativity

between A and D HBs on the same water molecule.

Other possible implications of our results to water

structure are discussed.

2. Theory

2.1. Joint and conditional distributions

Let us denote by pi,j the joint probability distribution

for a water molecule to have i D-HBs and j A-HBs.

It normalises such that
P

i,jpi,j¼ 1. From it, we

determine other probability distributions, as described

below. The commonly treated distribution, pn,

for having a total of n HBs irrespective of their type

[3,9–12], is given by summing pi,j under the constraint

that iþ j¼ n:

pn ¼
Xn
i¼0

pi;n�i: ð1Þ

This probability is normalised such that
P

npn¼ 1.
The goal of the present work is to separate out the

contributions from the D and A bonds. Therefore,

we consider first the unconditional distributions

for having i D-bonds (irrespective of the number of

A-bonds) or j A-bonds (irrespective of the number

44

3 5

Figure 1. A reaction of HB exchange can convert two
4-coordinated water molecules to one 3-coordinated
molecule and another which is 5-coordinated, involving,
in the present case, an OCO. A similar exchange reaction can
be envisioned for forming a BHB.

5

BHB

OCO

A-bond

D-bond

5

Figure 2. A schematic depiction of a BHB and an OCO.
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of D-bonds). These are denoted by pDi and pAj ,

respectively, and given by the corresponding

summations:

pDi ¼
X1
j¼0

pi;j; ð2aÞ

pAj ¼
X1
i¼0

pi;j: ð2bÞ

Evidently, they are normalised such thatP
i p

D
i ¼

P
j p

A
j ¼ 1. We call the distributions in

Equations (1) and (2) the ‘overall’ (or ‘total’) and

‘specific’ HB distributions, respectively.
In addition, we consider the conditional probabil-

ities of finding i D-bonds given that there are exactly

j A-bonds to the same water molecule, and vice versa.

These distributions are denoted by pD(ijj) and pA(jji),

respectively. They are given by renormalizing the rows

or columns of pi,j:

pDðijjÞ ¼ pi;j

.X1
i¼0

pi;j ¼ pi;j=p
A
j ; ð3aÞ

pAðjjiÞ ¼ pi;j

.X1
j¼0

pi;j ¼ pi;j=p
D
i : ð3bÞ

The second equality is recognised as Bayes’ rule [36],

which states that pi;j ¼ pDðijjÞpAj ¼ pAðjjiÞpDi .
We will use the above distributions to infer on

statistical independence. If D and A are independent

HBs, the conditional probabilities should be indepen-

dent of their condition, thus

pDðijjÞ ¼ pDi ; ð4aÞ

pAðjjiÞ ¼ pAj : ð4bÞ

Either assumption leads, by Equations (3), to the

product rule of independent events

pi;j ¼ pDi p
A
j : ð5Þ

Hence the overall HB distribution in Equation (1) is

given, under conditions of independence, by

pn ¼
Xn
i¼0

pDi p
A
n�i: ð6Þ

2.2. The binomial distribution

If one ignores the possibility of having more than four

HBs per water molecule, the simulated overall HB

distribution can be represented by the binomial

distribution [9]

pn ¼
m
n

� �
�n�m�n; ð7Þ

with m¼ 4. Here � is the probability of having a HB to

a given water molecule, whereas �¼ 1� � is the

probability of not having such a bond. If a water

molecule has exactly m sites to which HBs can be

formed randomly and independently, n-bonds implies

that n sites are bound (with a probability � each), and

the remaining m� n sites are unbound (with a

probability � each), giving rise to the binomial

distribution. With appropriate time-dependent �, it

also depicts the kinetics of reversible non-competitive

binding of m equivalent, non-interacting particles to an

unsaturable site, or of m equivalent and independent

single-particle binding sites with a uniform distribution

of particles [37,38]. Clearly, OCOs and BHBs deviate

from the independent-site scenario, so that one does

not expect Equation (7) to correctly describe their

occurrence probability.
The binomial distribution depends on the single

parameter, �, which uniquely determines its average

hni �
Xm
n¼0

npn ¼ m�: ð8Þ

We use this condition to calculate � from the average

of the HB distribution obtained from the MD

simulations, when truncated at n¼ 4 and renormalised

to unity. Implicit is the ergodic hypothesis, that the

time average converges to the ensemble average.
Let us now extend this treatment to the A and D

HBs. Consider first their joint probability, pi,j. Ignoring

the possibility of having more that two HBs of

each type implies that pi,j¼ 0 for i4 2 or j4 2.

Utilizing this condition in Equation (1) allows us to

rewrite the probabilities pn, that total number of HBs

is n, as

p0 ¼ p0;0; ð9aÞ

p1 ¼ p0;1 þ p1;0; ð9bÞ

p2 ¼ p0;2 þ p1;1 þ p2;0; ð9cÞ

p3 ¼ p1;2 þ p2;1; ð9dÞ

p4 ¼ p2;2: ð9eÞ

This differs from the general result only in Equations

(9d) and (9e), in which p3,0, p3,1, p1,3, p0,3, p4,0 and p0,4
are excluded.

Molecular Physics 487
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Now assume that the A-bonds are independent of

each other and their distribution is binomial, and

similarly for the D-bonds. Then

pDi ¼
2
i

� �
�iD�

2�i
D ; ð10aÞ

pAj ¼
2
j

� �
�jA�

2�j
A ; ð10bÞ

where we acknowledge the possibility that the

parameter � may differ for the two types of HBs.

If, however, �A¼ �D� � and A and D HBs are

independent, the insertion of Equations (5) and (10)

into Equation (9) gives the overall binomial distribu-

tion in Equation (7) (where m¼ 4). In this case,

therefore, the binomial distributions for individual

A- and D-bonds are consistent with the conventional

binomial distribution for the total HB number.
If the maximum number of HBs for each type were

indeed two, we would expect that �D¼ �A because by

symmetry the probability of forming an A or D HB

must be identical. It follows that �D 6¼ �A can arise

when the probability for a BHB bond differs from that

of an OCO. This could make the two specific

distributions non-identical.
The equilibrium constant for HB cleavage, KHB, is

best defined as �/� namely, the ratio of the probabil-

ities of breaking or forming a HB. These parameters

are determined from fitting the binomial approxima-

tion to the truncated and renormalised distributions,

which do not include formation of BHBs or OCOs. In

this case, Equation (7) implies that KHB can also be

calculated from the ratio of the appropriate HB states:

K�1HB �
�

�
¼

4p4
p3
¼

3p3
2p2

: ð11Þ

The numerical factors can be interpreted as statistical

weights for the number of identical dissociation

or formation routes of the corresponding HBs.

The same process can be applied also to the specific

D- or A-distributions, where Equation (10)

now implies that

K�1HB �
�X
�X
¼

2pX2
pX1
¼

pX1
2pX0

; ð12Þ

where X¼A or D. Operationally, there are therefore

(at least) nine ways to calculate the equilibrium

constant by using either of these three equalities

for either of the three distributions (A, D and total

HB number).

3. Methods

Simulations were performed using the AMOEBA
water model (soft three-point water with multipoles)
[32,33], as implemented in the TINKER 4.2 software

(http://dasher.wustl.edu/tinker/). 500 water molecules
were placed in a box with linear dimension of 24.662 Å,
corresponding to a density of 0.996 g cc�1. Their time
trajectories were obtained at four temperatures: 280,

300, 310 and 320K. For each T we ran three
statistically independent trajectories using uncorrelated
starting coordinates. Each of these trajectories was
first run under constant NVT conditions (with the
Berendsen thermostat) for a few dozen picoseconds,

until equilibrium conditions were achieved. Then the
data-collection stage was continued under the same
conditions for about 200 ps. Hence, the total trajectory
length was about 600 ps for each T. The simulation
time-step was 1 fs. Nuclear coordinates were saved

every 50 fs for analysis. Thus at each T we have a
sample space with six million water molecules for
statistical analysis. To test for box-size effects we have
run one trajectory for 1600 water molecules, finding
only minor deviations from the reported results with

500 water molecules.
For comparison, we have also analysed the water

molecule dynamics from a simulation of protonated
water [22] (216 water molecules þ a proton), using the
MS-EVB2 potential [39] whose underlying water force-
field is that of a flexible TIP3P [31], model, with some
modification of its parameters [40]. In the analysis of

water structure, we then excluded the hydronium and
its first three solvation shells (about 30 water molecules
out of the 216). Trajectories were run at four
temperatures: 277, 288, 300 and 320 K following

about 100 ps of equilibration. Here, the box size was
18.64 Å, the time-step was 0.5 fs, the total trajectory
length was about 2 ns at each temperature, and the
coordinates were saved every 25 fs. Thus, the sample
space at each T consists of almost 15 million water

molecules.
The HB was defined by the conventional geometric

criterion, requiring an O–O distance smaller than 3.5 Å
and an O� � �O–H angle smaller than 30�. Discussions of
other HB definitions may be found elsewhere [41–43].
The number of HBs can depend sensitively on the
chosen cutoff distance. To make the choice less

arbitrary we select a cutoff distance which makes the
HB enthalpy maximal, as discussed in Appendix 1.

For a given water molecule, a D-type HB is
defined as emanating from one of its hydrogens,
whereas an A-type HB terminates at its oxygen atom,
see Figure 2. For each water molecule and each

time-frame we have calculated the number D- and

488 O. Markovitch and N. Agmon
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A-bonds, i and j, respectively. We have considered

i,j¼ 0–5, though already the probability of finding

four A- or D-HBs on the same water molecule is

extremely small. We have then calculated the number of

water molecules with the same values of i and j over the

whole ensemble and normalised by dividing by the

total number of water molecules considered. This yields

the joint probabilities, pi,j, which form the basis for

the various histograms presented below.

4. Results and discussion

The basic result extracted from the trajectories is the

matrix pi,j for the joint probability that a given water

molecule has i D bonds and j A bonds. These results

were generated at a range of temperatures for two

water potentials: the non-polarizable TIP3P potential

[31] and the polarizable AMOEBA potential [32,33],

Table 1 gives these results at 300K. Tables for the

other temperatures are collected in the Supplementary

Online Material (SOM).
Truncated joint probabilities refer to the neglect

of i4 2, j4 2 with re-normalization. This

distribution from an ab initio MD (AIMD) calculation

utilizing the BLYP functional with a discrete

variable representation (DVR) basis set was recently

reported (Tbl. III in reference [21]). These results are

compared with our AMOEBA calculations (using the

same HB definition) in Table 2. It is seen that the

AIMD/BLYP-DVR water is somewhat closer to

perfect tetrahedrality, but otherwise the results

are qualitatively similar, both showing the same

asymmetry in A versus D HBs.

4.1. Bifurcation

Figure 3 shows, for several temperatures, the overall

and specific HB distributions: pn of Equation (1) and pAj
and pDi of Equations (2). The overall distribution

pn peaks at n¼ 4 as previously reported [3,9–12].

The specific distributions have not been compared

before, and the result is at first sight surprising.

Although each HB involves a donor and an acceptor

water molecule, the A and D distributions are different:

theA-distribution is wider than that of theD-bonds.We

attribute this difference to a larger fraction of OCO

atoms than BHBs namely, pA3 > pD3 . Thus, in addition to

simple reactions of breaking and forming of HBs, there

must be competing HB exchange reactions occurring

between two adjacent water molecules

2Aþ 2AÐ 3Aþ 1A; ð13aÞ

2Dþ 2DÐ 3Dþ 1D; ð13bÞ

Table 1. The joint donor (i)–acceptor (j) probabilities, pij, calculated from AMOEBA (top) and TIP3P (bottom) trajectories
at 300K. (�k) denotes � 10�k. Entries in this table are the basis for all the distributions presented in this work. Tables at other
temperatures are collected in the SOM.

j

i 0 1 2 3 4

AMOEBA
0 1.26 (�3) 8.96 (�3) 7.50 (�3) 3.99 (�4) 2.18 (�6)
1 8.69 (�3) 9.69 (�2) 1.33 (�1) 1.09 (�2) 1.00 (�4)
2 1.13 (�2) 2.00 (�1) 4.59 (�1) 5.64 (�2) 8.12 (�4)
3 9.73 (�5) 1.55 (�3) 2.71 (�3) 1.98 (�4) 0.00 (�0)
4 4.67 (�7) 1.56 (�6) 2.65 (�6) 0.00 (�0) 0.00 (�0)

TIP3P
0 1.93 (�3) 1.64 (�2) 1.71 (�2) 1.18 (�3) 9.35 (�6)
1 1.18 (�2) 1.10 (�1) 1.45 (�1) 1.35 (�2) 1.35 (�4)
2 2.04 (�2) 2.19 (�1) 3.83 (�1) 5.28 (�2) 7.27 (�4)
3 2.32 (�4) 2.39 (�3) 3.53 (�3) 2.85 (�4) 0.00 (�0)
4 4.54 (�7) 6.62 (�6) 6.10 (�6) 0.00 (�0) 0.00 (�0)

Table 2. Truncated joint donor/acceptor prob-
abilities for the current AMOEBA (upper
entries) and AIMD/BLYP-DVR [21] (lower
entries) calculations. The AMOEBA data are
from Table 1, after eliminating the entries with
i,j4 2 and re-normalizing.

j

i 1 2

1 0.11 0.15
0.08 0.11

2 0.23 0.52
0.16 0.64

Molecular Physics 489
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in which two adjacent water molecules with a ‘normal’

coordination of two acceptor or donor HBs exchange

an A or a D bond. Reaction (13a) is depicted in

Figure 1. It has its equilibrium shifted more to the right

than reaction (13b). Hence, more water molecules with

j¼ 1 and j¼ 3 are created at the expense of j¼ 2.

This makes the A-distribution wider.
Figure 4 shows the same three distributions

(at 300K) truncated at 4 and 2, respectively, and

renormalised. Shown are simulation results (symbols)

for TIP3P (open symbols), AMOEBA (closed symbols)

and the TTM2.1-F (crosses, bottom panel) water

models. The simulated distributions are compared

with binomial distributions (lines) which utilise

�’s calculated from the average of the simulated

distributions via Equation (8). It was previously

shown that pn fits Equation (7) extremely well [9].

This is corroborated here particularly for n5 4. The

untruncated distribution does not agree at all with the

binomial distribution (not shown).
The bottom two panels show the specific HB

distributions for A- and D-bonds (truncated at i, j¼ 2).

Both show good agreement with the binomial

distributions in Equation (10). Again, the untruncated
specific distributions do not fit the binomial distribu-
tion at all, which is understandable if OCO and BHB
are formed by a different mechanism, namely HB

n

0 1 2 3 4 5

Donor

BHB

Acceptor

Total

F
ra

ct
io

n

Figure 3. The unconditional total, pn, and specific, pAj and
pDi , HB distributions from AMOEBA simulations at the
three indicated temperatures. Lines are to guide the eye.

P
n

P
A

j
P

D
i

0

0 1 2

1 2 3
n

j

0 1 2
i

4

Figure 4. A comparison of the truncated and renormalised
300K distributions from Figure 3 (symbols) to the binomial
distributions (lines) in Equations (7) and (10) for the two
water models. Full symbols and lines are for the AMOEBA
potential whereas open symbols and dashed lines depict the
TIP3P results. The �’s were calculated from the average of
the simulated data using Equation (8). For the AMOEBA
model we find �¼ 0.832, �A¼ 0.812 and �D¼ 0.856 with
RMS deviations of 0.024, 0.018 and 0.0034, respectively.
Note that � is approximately the (geometric or arithmetic)
average of �A and �D. Blue crosses in the lower panel are
donor HB distributions for the new TTM2.1-F polarizable
potential (Table II in [19]).

490 O. Markovitch and N. Agmon
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exchange (Equation (13)). Note that while pDi for the

two water models is very similar, pAj shows larger

differences. Possibly, the effect of polarizability is

manifested mainly in the A-bond distribution through

more polarizable lone-pair electrons on the oxygen

atom. The polarizability of the lone-pairs might also be

the reason that the competing exchange reaction (13) is

more prominent for the A-bonds, leading to a larger

fraction of OCOs than BHBs. This increases also the

ratio of pA1 =p
A
2 in comparison to pD1 =p

D
2 (singly and

triply bonded water molecules are formed at the

expense of the doubly bonded species), resulting in

�A5�D (cf. Equation (12)). Thus, the smaller � for the

A-bond does not mean that it is a weaker HB than the

D-bond (each HB has both A- and D-ends), but rather

reflects the fact that there is a sizeable probability to

form OCOs.

4.2. Cooperativity

Previous simulations have found correlations between

adjacent HBs [35], without specifying the HB type

(A or D). We now demonstrate cooperative effects

between A- and D-bonds on a given water molecule, by

considering their joint and the conditional HB
distributions. Figure 5 shows deviations from the
independence condition of Equation (5). For indepen-
dent A- and D-bonds one expects the plotted ratio to
be unity. The figure shows systematic deviations from
unity, particularly when the number i of donor bonds
is held constant.

A more instructive test of cooperativity is obtained
from the conditional probabilities, pA(jji) and pD(ijj).
These were calculated from the data of Table 1 via
Equation (3) and are plotted in Figure 6. If the A and
D bonds on a given water molecule were independent
of one another, one would expect Equation (4) to hold.
Then pD(ijj) would not depend on j, and vice versa.
The figure shows that there is a systematic dependence.
Most notably, pD(2jj)/pD(1jj) increases with increasing
j, suggesting that formation of an A-bond increases the
probability of forming D bonds. Such behaviour was
observed in quantum calculations of the water dimer
(Section 4 of [2]): the electron distribution on its two
ends is non-symmetric. The acceptor molecule within

Figure 5. Test of the independence criterion of Equation (5)
for the joint probability of having i D-bonds and j A-bonds.
For independent A- and D-bonds the ratio plotted should
be unity.

j
0 1 2 3

i
0 1 2 3

Figure 6. Conditional HB distributions for AMOEBA
trajectories calculated from pij of Table 1 via Equation (3).
Shown are the the probabilities for having j acceptor HBs
given a fixed number, i, of donor HB’s (top), and vice versa
(bottom). Lines are to guide the eye.
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the dimer becomes an even better HB donor and vice
versa. This promotes the formation of linear chains
and rings of HB water molecules, as demonstrated for
small water clusters [44].

The possibility that liquid water is made of regions
rich in tetrahedra versus regions rich in polygons [3,9]
may thus originate from distributions such as shown in
Figure 6. Here, pD(ijj) for different j values intersect at
a point intermediate between i¼ 1 and 2. This is
analogous to an isosbestic point in spectroscopy, which
indicates the existence of two absorbing species. An
example is the isosbestic point in the temperature
dependence of the OH stretching band in the Raman
spectrum from liquid water (e.g. Figure 4 in [14]),
where the high frequency band is attributed to water
molecules with one less HB. We also observe an
isosbestic point in the temperature dependence of our
data (Figure 7), although the effect is small because
of the limited temperature range investigated here
(40K). Increasing T causes HBs to break so that
pD(1jj) increases at the expense of pD(2jj) (and
similarly for A). Thus the isosbestic point seen in the
conditional distributions might reflect two different

water structures: tetrahedral water patches (coordina-
tion number of 4) versus water polygons in which one
D-bond (and perhaps also one A-bond) are broken.

It is interesting to consider also the deviation
from independence in the overall HB distribution pn.

Figure 8 shows the simulated data (red), in comparison
with the approximation in Equation (6) which is based
in turn on the independence assumption, Equation (5).
Note also that the deviations from independence are

somewhat smaller for TIP3P than for AMOEBA, in
line with the latter being a polarizable water model,
where correlations play a larger role than for non-

polarizable water [12].

4.3. Temperature effect

Finally, we investigate the temperature effect on the
equilibrium constant for the HB cleavage reaction

using the truncated distributions (cf. Figure 4),
calculated at each T from the data supplied in the
SOM. One can either use the �/� ratio from the

binomial fit, or else the appropriate ratios of HB states

0 1 2 3

0 1 2

i

3 0 1 2

j

3

280 K

300 K

320 K

Figure 7. Temperature dependence of the conditional HB distributions shows an isosbestic point between i, j¼ 1 and 2. Other
detail as in Figure 6.
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as depicted in Equations (11) and (12). In the latter

case, it is immaterial whether the distribution is first

truncated/normalised or not. Figure 9 shows the

temperature dependence of KHB as calculated from

AMOEBA trajectories using either (a) the D-distribu-

tion (bottom panel), (b) the A-distribution (middle

panel), or (c) the overall distribution (upper panel).

A similar analysis was performed for the TIP3P

trajectories (not shown). The slopes of the lines fitted

through the theoretical points give the HB strength

according to the van’t Hoff equation

�HHB ¼ �R
d lnKHB

dð1=TÞ
: ð14Þ

These values are collected in Table 3 (R is the gas

constant).
From the figure it is evident that Equation (12) is

obeyed better for the D- than for the A-bonds (note the

difference in scale), because then the three ways of

calculating the equilibrium constant more closely

coincide. From the three methods for estimating

KHB, the most accurate is apparently the �/� ratio

because it is based on fitting the whole distribution.

Therefore the most reliable method for calculating

�HHB is from the temperature dependence of �D/�D.
The result is somewhat larger than for �A/�A.

p
n

p
n

Figure 8. Overall distribution of HB numbers in 300K
TIP3P and AMOEBA and simulations (red) as compared
with the independence criterion of Equation (6). Lines are to
guide the eye.

Figure 9. Temperature dependence for the equilibrium
constants of HB cleavage (symbols), as calculated from the
truncated and normalised D, A and overall HB distributions,
see Equations (12) and (11). The slopes of the lines fitted to
the simulation data give the HB strengths (cf. Equation (14))
which are collected in Table 3.

Table 3. HB enthalpies (in kJmol�1) as calculated from
the slopes of the lines in Figure 9 using Equation (14).
For the TIP3P potential, a previous analysis [45] based on
the average number of HBs, KHB¼ (4�hni)/hni, and over
a smaller temperature range (298� 10K), gave
�G (300K)¼ 4.0 kJmol�1 and �H¼ 7.0 kJmol�1. Using
the same procedure for the untruncated distribution we
obtain the same �G at room-temperature but a weaker
temperature dependence, �H¼ 5.4 kJmol�1. We attribute
this difference to the different force-field parameters of the
MS-EVB2 water potential.

HB KHB AMOEBA TIP3P

D �D/�D 9.14 5.38

D pD1 =p
D
2 9.31 5.48

D pD0 =p
D
1 9.43 4.03

A �A/�A 7.83 4.78

A pA1 =p
A
2 8.35 5.54

A pA0 =p
A
1 9.54 3.37

W � / � 8.22 4.90

W p3/p4 8.37 5.02

W p2/p3 6.55 4.26
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In addition, the AMOEBA potential gives larger

values than TIP3P. Its �HHB¼ 9.4 kJmol�1, just

1.2 kJmol�1 smaller than the experimental value [15]

of 10.6 kJmol�1.
Figure 10 shows the temperature dependence of the

double-donor probability, pD2 , for our calculations in

comparison with those in the literature [16,19]. Also

shown are p1=24 of reference [13] (the square-root

follows because p4 � pD2 p
A
2 ). We note the excellent

agreement between the classical calculations using

polarizable models: AMOEBA (our calculations) and

TTM2.1-F (see reference [19]). From Equations (12)

and (14) one obtains the temperature variation of pD2 as

dpD2
dT
¼ �pD2 ð1� pD2 Þ

�HHB

RT2
: ð15Þ

From this result or a linear fit to the AMOEBA data in

Figure 10 we find that dpD2 =dT ¼ �0:0025K
�1, as

compared with �0.0043K�1 from the magnetic shield-

ing measurements analysed by the two-state model

[17]. The model was criticised because it yielded such a

large value as compared with MD simulations avail-

able at the time. It is now seen that this tetrahedrality

measure has a stronger temperature dependence than

previously calculated. Interestingly, however, for

quantal nuclear dynamics (qTTM2.1-F [19]) there is

a noticeable reduction both in pD2 and its temperature

dependence.

5. Conclusion

The present work shows that the distributions of A and
DHBs on a given water molecule are not equivalent: the
A-distribution is wider, commensurate with a higher
probability of forming an OCO as compared to a BHB.
Thus the equilibrium between water with different
coordination numbers can be perceived as governed by
two competing reactions: pseudo-unimolecular HB
cleavage and formation on a single water molecule
versus bimolecular HB exchange between two neigh-
bouring water molecules. The latter, depicted in
Equation (13) and Figure 2, plays a larger role in the
equilibrium of A-type HBs. Thus the equilibrium
constant for HB cleavage is best calculated from the
D-distribution. Its temperature dependence gives the
most reliable estimate for the HB enthalpy.

In addition we find a moderate cooperativity effect,
where the conditional A- and D- distributions depend
on the number of HBs of the other type. The formation
of an A-bond increases the probability for forming a
D-bond and vice versa. Such an effect has been
previously found in quantum calculations of the water
dimer [2], and is extended here to liquid water. The
mutual dependence of A- and D-bonds results in an
isosbestic-like point where all the conditional distribu-
tions intersect. This may be interpreted as evidence for
two structures of liquid water: a region rich in
tetrahedral molecules (n¼ 4) versus a region rich in
rings and polygons (where n¼ 3 or 2). An interesting
question is how the local cooperativity (on a single
water molecule) discussed herein relates to the global
cooperativity in liquid water, which seems to encompass
clusters of at least 10 water molecules [46,47].
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Appendix 1

The HB enthalpy is sensitive to the choice of the O� � �O cutoff
distance that is implemented in the HB definition.
The dependence of �HHB on R(O� � �O) is shown in
Figure 11. To obtain this figure we plot, for each cutoff
value, �lnKHB as a function of 1000/T, and use the slope in
Equation (14) to obtain the bond enthalpy [45]. The ‘best’
cutoff distance is that which gives maximum to �HHB. Near
the maximum say, in the range of 3.2–3.6 Å, �HHB changes
only slightly with R(O� � �O). In the example shown, the
maximum is obtained at 3.3 Å, not far from the literature
accepted value of 3.5 Å (red square). Here, we choose the
latter value for consistency with the literature.

In
 K

∆H
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kJ
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Figure 11. The ‘best’ R(O� � �O) cutoff value is that which
maximises the HB enthalpy (lower panel). The upper panel
demonstrates the van’t Hoff plot for the cutoff distance used
here (R(O� � �O)¼ 3.5 Å).
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