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The residence probability of a freely diffusing particle within an open d-dimensional ball is

calculated as a function of time, for an initial distribution that is either a spherical delta function

or uniform within the sphere. The latter is equivalent to the autocorrelation function (ACF) of

fluorescence correlation spectroscopy (FCS) when utilizing near-field scanning optical microscopy

(NSOM) probes. Starting from the general equation for the Laplace transform of the residence

probability, we solve it in Laplace space for any dimensionality, inverting it into the time domain

in one- and three-dimensions. The short- and long-time asymptotic behaviors of the residence

probability are derived and compared with the exact results. Approximations for the two-

dimensional ACF are discussed, and a new approximation is derived for the NSOM-FCS ACF.

Also of interest is an analytic expression for a three-dimensional ACF, which could be useful for

two-photon FCS. Analogy with the binding probability for reversible geminate recombination

suggests that more information could be extracted from the long-time tails in FCS experiments.

1 Introduction

Fluorescence correlation spectroscopy (FCS), developed

40 years ago,1–3 has undergone significant enhancement

20 years later,4 allowing it to detect single molecules. FCS has

since become a reliable tool for monitoring molecular diffusion

in solution, membranes and even living cells.5–16 FCS can also

detect reactive and non-reactive processes in minute concentra-

tions of chemical species, but these aspects are outside the scope

of the present exposition, which deals with translational diffusion.

In FCS one monitors the fluorescence from an open volume,

V, in solution under equilibrium conditions.8 Assuming, for

simplicity, that the exciting laser intensity and the detection

efficiency are uniform throughout V, the autocorrelation

function (ACF) of fluorescence intensity fluctuations is pro-

portional to concentration fluctuations. Because one deals

with very dilute solutions, it is instructive to consider the limit

of a single molecule. Its equilibrium concentration is zero,

hence the deviation from equilibrium is the concentration

itself. The fluorescence signal at time t is then simply propor-

tional to the residence probability of the particle in the

prescribed volume, which we denote by PV(t). Given that the

particle was inside V at time zero, the conditional residence

probability, PV(t|V), plays the role of the ACF. Here we focus

on the d-dimensional ball, V � Bd. The autocorrelation

PBd
(t|Bd) is then the probability that a particle initially

randomly distributed inside the ball is found there by time t.

In confocal FCS, the exciting laser intensity is not uniform

within V and zero outside it, but rather varies more smoothly

in space. A Gaussian intensity profile (perpendicular to the

laser beam) is a common assumption,2 but a number of other

profiles have been suggested, see Table 1 in ref. 12. However,

when FCS is carried out with near field scanning optical

microscopy (NSOM), which brings the light source close to

the sample, a circular step function actually fits the data best.10

NSOM-FCS allows sub-diffraction limit resolution with an

observation area about an order of magnitude smaller than

conventional FCS. This technique seems promising for moni-

toring dynamic processes on biological membranes. Here we

focus on the basic scenario of step-function intensity profiles.

Although a cylindrical geometry may be the most prevalent

for single photon excitation,2,4 two-photon FCS may result in

a more nearly spherical laser excitation profile, because the

probability for absorbing two photons is much higher near the

focal point than in the diffuse wings of the laser spot.7,9

Additionally, the method may be used to monitor diffusion

on membranes and filaments. Thus, spherically symmetric

diffusion in different dimensions may be quite relevant for

FCS. Here we obtain PBd
(t|Bd) for various dimensions as a

basic model for the FCS ACF.

The residence probability may also be viewed as the simplest

model for reversible geminate recombination,17–21 which has

been studied extensively for excited-state proton-transfer

reactions.22–26 The small volume V then represents a binding

site. A particle inside V is considered bound, whereas it is
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unbound when outside V. The unphysical aspect of this model

is that the bound particle continues to diffuse inside V, but this

has a negligible effect at long times. The simplicity of this

model as compared with the general theory of reversible

geminate recombination19 is that binding and unbinding occur

by diffusion into and out of V, rather than with rate coeffi-

cients for association and dissociation. Here one is interested

in more general initial conditions, when at t = 0 the particle

was located at a point r in d-dimensional space. The residence

probability is then denoted by PV(t|r), or PV(t|r) for spherical

symmetry. Integrating over V and dividing by its volume gives

PV(t|V), which depicts both the binding probability for an

initially bound particle, and the FCS ACF.

Finally, the residence probability is also closely related to

the notion of ‘‘residence time’’, ‘‘occupation time’’ in the

mathematical literature,27–30 which has been studied almost

since the conception of random walks. Since then, there has

been growing interest in the application of residence times in

the natural sciences.31–41 The residence probability is just the

time derivative of the residence time. The present work is thus

closely related to previous work41 on the residence times

within Bd. Nevertheless, it is preferable to present the deriva-

tion of PBd
(t|r) independently of the previous results, because

more can be done analytically for this function than for its

temporal integral. Yet, for the ease of comparison, the struc-

ture of the present exposition follows the general format of

ref. 41.

Some of the results summarized below (e.g., in one

dimension) are well known. Other results (e.g., the ‘‘square

approximation’’) are relatively recent. Yet other results may be

new. However, a comprehensive collection of results pertaining

to spherically symmetric residence probabilities is unavailable

elsewhere. These include expressions for both PBd
(t|r) and

PBd
(t|Bd) for all d, in Laplace space and the time domain,

including useful approximations and short- and long-time

asymptotic expansions. The close connection between FCS

and reversible geminate recombination is discussed in more

detail in the Conclusion section.

2 The residence probability

Assume that a particle diffuses in d-dimensional space with a

diffusion coefficient D. Its probability density to be by time t at

the final point rf, given that it was initially (t = 0) at r, is

denoted by p(rf,t|r). This Green’s function obeys the so-called

‘‘backward diffusion equation’’ in the initial coordinate:

@pðrf ; tjrÞ
@t

¼ DDdpðrf ; tjrÞ ð1Þ

where Dd is the d-dimensional Laplacian in the initial variable r.

The initial condition for this partial differential equation is

p(rf,t|r) = d(rf � r), where d(z) is the Dirac delta function.

From the Green’s function, one may define the residence

probability within a volume V at time t (for a particle which

was initially at r) as

PVðtjrÞ �
Z
V

pðrf ; tjrÞdrf ð2Þ

By integrating eqn (1) over the final variable, rf, one finds that

the residence probability obeys the same backward diffusion

equation

@PV ðtjrÞ
@t

¼ DDdPVðtjrÞ ð3Þ

except that the initial condition is PV(0|r) = YV(r) �R
Vd(rf � r) drf, where YV(r) is the characteristic function of

the domain V. Specifically,YV(r) = 1 if rA V and 0 otherwise.

We start by solving this equation in Laplace space, where

the Laplace transform (LT) of a function f(t) is defined by

f(̂s) �
R
N

0 exp(�st)f(t) dt (for s Z 0). The LT of eqn (3) is

sP̂V(t|r) = DDdP̂V(t|r) + YV(r) (4)

in which we have already incorporated the initial condition.

Because the mean residence time, htV(t|r)i, is the time integral

of PV(t|r), their LTs are related simply by P̂V(s|r) = sht̂V(s|r)i.
Inserting this into eqn (4) yields the ‘‘residence time equation’’

as derived in ref. 40. While the specific forms of the LTs for

spherical symmetry can be obtained from those of ref. 41 by

multiplication, they are listed below for completeness.

3 The general solution for the LT in a spherical

domain

3.1 Arbitrary starting point

The diffusion equation simplifies for spherical symmetry. We

thus assume that the domain V is a d-dimensional ball (Bd) of

radius R, centered on the origin. The solution now depends

only on a single spatial coordinate, the radial distance r � |r|.

The spherically-symmetric Laplacian,

Dd ¼ r1�d
@

@r
rd�1

@

@r
ð5aÞ

can be written in an alternative form, which makes the

connection with the Bessel equation more transparent:

Dd ¼ r1�d=2
@2

@r2
þ 1

r

@

@r
� 1

r2
1� d

2

� �2
" #

rd=2�1 ð5bÞ

Changing the dependent variable to f(r) = rd/2�1P̂Bd
(s|r),

eqn (4) with the spherically symmetric Laplacian of eqn (5b)

becomes

D
@2

@r2
þ 1

r

@

@r
� 1

r2
1� d

2

� �2
" #

� s

( )
f ðrÞ ¼ �rd=2�1HðR� rÞ

ð6Þ

where H(x) is the Heaviside function: H(x) = 1 for x > 0 and

zero otherwise. The boundary conditions are zero flux at the

origin, rd�1@P̂Bd
(s|r)/@r- 0 as r- 0, and P̂Bd

(s|r)- 0 as r-N.

In addition, we impose continuity conditions on the solution

and its first derivative at r = R.

Inside of Bd, this ordinary differential equation is inhomo-

geneous, possessing the special solution P̂Bd
(s|r) = s�1. It

remains to find the general solution to the homogeneous

equation, where the right hand side (rhs) is replaced by 0.

Defining a �
ffiffiffiffiffiffiffiffi
s=D

p
and replacing the independent variable

by ar yields a modified Bessel equation of order n = d/2 � 1.
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The boundary conditions eliminate one or the other linearly

independent solutions, so that the solution is proportional to

the modified Bessel functions42 Id/2�1(ar) for r o R and

Kd/2�1(ar) for r > R. [Note that Kn(x) = K�n(x)]. The two

integration constants are determined by matching the solution

and its derivative at r = R, giving:

sP̂Bd
ðsjrÞ ¼ 1� R

r

� �d=2

arKd=2ðaRÞId=2�1ðarÞ ð7aÞ

sP̂Bd
ðsjrÞ ¼ R

r

� �d=2

arId=2ðaRÞK1�d=2ðarÞ ð7bÞ

for r r R and r Z R, respectively. For example, the

equivalence of the two expressions at r = R follows from

the Wronskian identity, In(z)Kn�1(z) + In�1(z)Kn(z) = 1/z, see

eqn (9.6.15) in ref. 42. Although eqn (7), like eqn (7) in ref. 41,

is the most general form of the solution in Laplace space,

various special cases are of interest. Some of these can be

inverted analytically into the time domain.

3.2 Experimentally relevant initial conditions

The standard case for FCS involves a molecule initially within

the laser spot that is there again at time t. Thus when the

excitation profile is uniform within Bd, one is interested in

PBd
ðtjBdÞ ¼

1

Vd

Z R

0

PBd
ðtjrÞ 2pd=2

Gðd=2Þ r
d�1dr

¼ d

Rd

Z R

0

PBd
ðtjrÞrd�1dr

ð8Þ

Here G(x) is the Euler Gamma function, which obeys the

recurrence relation G(x + 1) = xG(x), and Vd is the volume

of Bd:

Vd = pd/2Rd/G(1 + d/2) (9)

Integrating eqn (7a) over Bd and using the definite integral42R
R
0x

nIn�1(x)dx = RnIn(R), we obtain

sP̂Bd
(s|Bd) = 1 � dId/2(Z)Kd/2(Z) (10)

where Z � aR = (sR2/D)1/2, to be compared with eqn (10) of

ref. 41. This equation can be inverted analytically only for

d = 1 and 3 (below).

For completeness, we also calculate the cases r = R and

r = 0. In the first case

sP̂Bd
(s|R) = ZId/2(Z)K1�d/2(Z) (11)

In the second case, we insert x�nIn(x) - 2�n/G(n + 1), the

limiting value as x - 0, into eqn (7a) to get

sP̂Bd
(s|0) = 1 � 2(Z/2)d/2Kd/2(Z)/G(d/2) (12)

Unlike the analogous result for the mean residence time,

eqn (11) in ref. 41, eqn (12) can be Laplace inverted analyti-

cally in all dimensions [cf. eqn (II.13.43) in ref. 43]. This gives

PBd
(t|0) = g(d/2,z2)/G(d/2) (13)

where g(a,x) �
R
x
0exp(�y)ya�1 dy is the (lower) incomplete

gamma function,42 and we have defined z � R=
ffiffiffiffiffiffiffiffi
4Dt
p

. In this

case it may be simpler to integrate directly the Green’s

function for diffusion, p(x,t|0), over Bd. Changing variables,

y = x2/4Dt, we get

PBd
ðtj0Þ ¼

Z R

0

expð�x2=4DtÞ
ð4pDtÞd=2

2pd=2

Gðd=2Þx
d�1dx

¼ 1

Gðd=2Þ

Z z2

0

expð�yÞyd=2�1dy

ð14Þ

which is identical with eqn (13). This result is shown for

various dimensions in Fig. 1. As discussed below, the long-

time decay follows a t�d/2 power-law behavior.

4 One, two and three dimensions

Although eqn (7) is valid for any dimensionality, it is useful to

write down the specific expressions for d = 1, 2 and 3. In

particular, for d = 1 and 3 the Bessel functions are of half-

integer order, and these can be written more compactly using

hyperbolic functions,42 allowing analytic inversion into the

time-domain.

4.1 One dimension

In one dimension, all the results are well known and are

summarized here for convenience. Consider the residence

probability in [0,R] for diffusion on the positive half-line, or

in [�R,R] for diffusion on the infinite line. Here eqn (7)

becomes

sP̂B1
(s|r) = 1 � cosh(ar) e�aR, 0r rr R (15a)

sP̂B1
(s|r) = sinh(aR) e�ar, r Z R (15b)

compare with eqn (15) in ref. 41. This is inverted to give

2PB1
(t|r) = erf(z + z0) + erf(z � z0) (16)

where erf(x) is the error function,42 and we have defined

z � R=
ffiffiffiffiffiffiffiffi
4Dt
p

; z0 � r=
ffiffiffiffiffiffiffiffi
4Dt
p

ð17Þ

This solution is also obtainable by direct integration of the

diffusion Green’s function in one dimension, for example

eqn (2.2.3) in ref. 44.

Fig. 1 Time dependence of the residence probability in the unit

sphere, R = 1, for diffusion (D = 1) in d-dimensional Euclidean

space starting from the origin, r = 0. Shown is the incomplete gamma

function of eqn (13) for (top to bottom) d = 1, 1.5, 2, 2.5, 3, 4, and 5.

Note the log–log scale.
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Fig. 2 depicts this solution for various values of r. The short

time behavior depends sensitively on the initial conditions:

When r o R, PB1
(t|r) starts from unity and decays mono-

tonically with time; when r= R it starts from 1/2 and is flat for

a while prior to its rapid decay phase; when r > R it first

increases from zero to a maximum. The final decay is a power

law which is independent of r (straight dashed line).

This solution simplifies, of course, when r = R or 0. In the

first case

PB1
(t|R) = 1

2
erf(2z) (18)

Whereas in the second case

PB1
(t|0) = erf(z) (19)

This is obtained also by setting d = 1 in eqn (13), because

gð1=2; z2Þ ¼
ffiffiffi
p
p

erfðzÞ. These two functions differ only by

factors of 2, so that they indeed behave similarly in Fig. 2

(cyan and black lines, respectively).

For a uniform initial distribution within the interval one gets

sP̂B1
(s|B1) = 1 � sinh(Z) e�Z/Z (20)

This can be verified by setting d = 1 in eqn (10) or by

integrating eqn (15a). It inverts as

PB1
ðtjB1Þ ¼ 1� 1

2z

1ffiffiffi
p
p � ierfcð2zÞ
� �

¼ erfð2zÞ þ 1

2
ffiffiffi
p
p

z
½expð�4z2Þ � 1�

ð21Þ

where ierfc(x) is the integral of the coerror function (see

Appendix). Notably, the square of the last expression has been

used for analyzing FCS results with an assumed squared spatial

intensity distribution, see Table 1 in ref. 17, eqn (3) in ref. 10

and eqn (33) in ref. 11 (which has a superfluous factor of 2).

4.2 Two dimensions

In two dimensions no closed-form analytic solutions exist, and

approximations are required. Now eqn (7) reduces to

sP̂B2
(s|r) = 1 � ZK1(Z)I0(ar), rr R (22a)

sP̂B2
(s|r) = ZI1(Z)K0(ar), r Z R (22b)

see eqn (21) in ref. 41. As before, Z � aR. These relations can
be inverted numerically or else one could integrate numerically

the diffusion Green function. In Fig. 3 we have used an

application for solving the spherically symmetric diffusion

problem (SSDP ver. 2.66)45 to obtain the Green function

numerically and integrate it over the disk. Another route

involves analytical integration over the angle variable, to

obtain the circularly symmetric Green’s function, which is

integrated over distance

PB2
(t|r) = 2e�z

02
Z z

0

e�x
2

I0(2xz
0)xdx (23)

see Section 10.3 in ref. 44.

When the particle starts on the perimeter of the circle one

obtains

sP̂B2
(s|R) = ZI1(Z)K0(Z) (24)

When it starts in the center, the Laplace inverse can be found

analytically. Utilizing I0(0) = 1, eqn (22a) reduces to

sP̂B2
(s|0) = 1 � ZK1(Z) (25)

as verified by setting d = 2 in eqn (12). Subsequently

PB2
(t|0) = 1 � exp(�z2) (26)

which is, of course, a special case of eqn (13) with g(1,x) =
1 � exp(�x). It also follows from eqn (23) with z0 = 0 and

I0(0) = 1, see eqn (10.3.13) in ref. 44.

For a uniform initial distribution within the circle one

obtains, e.g. from eqn (10), that

sP̂B2
(s|B2) = 1 � 2I1(Z)K1(Z) (27)

While this cannot be Laplace inverted analytically, approxi-

mations for PB2
(t|B2) can be found in the FCS literature. Elson

Fig. 2 Time dependence of the residence probability in the unit interval,

[0,1], for diffusion (D = 1) on the positive half line, eqn (16), for various

initial positions (top to bottom) r = 0, 0.9, 1.0, 1.1 and 1.5 (black, blue,

cyan, red and green respectively). Dash-dotted lines depict the short-time

approximation from eqn (45), whereas the dashed magenta line is the

long-time asymptotics of eqn (55). Note the log–log scale.

Fig. 3 Time dependence of the residence probability in the unit circle

(R = 1) for a diffusing particle (D = 1) in the plane, starting from

various initial positions (top to bottom) r = 0, 0.9, 1.1 and 1.5 (black,

blue, red and green, respectively). Full lines are numerical calculations

(SSDP ver. 2.66)45 with the ‘‘special region’’ set to the unit circle.

[Getting both short- and long-time behavior accurately in a single run

required about 10 000 (logarithmic) time-steps]. For r = 0 agreement

is obtained with the analytical result of eqn (26), which is compared

with the ‘‘square approximation’’, eqn (30), with A = 1.01 (black

circles). The short time approximation of eqn (45) is shown by dash-

dotted lines, whereas the universal long-time decay, eqn (55) with

d = 2, is the dashed magenta line.
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and Magde have derived an expression in terms of modified

Bessel functions plus an infinite series [eqn (34) in ref. 2]:

PB2
ðtjB2Þ ¼ z2 expð�2z2Þ½I0ð2z2Þ þ I2ð2z2Þ�

þ 2
X1
k¼0

ð�1Þkð2þ 2kÞ!ðkþ 1Þ!z2ðkþ2Þ

½ð2þ kÞ!�2ðk!Þ2
ð28Þ

This form is actually an asymptotic expansion, see the blue

lines in Fig. 4, though simpler asymptotic expansions are

derived below.

For practical applications (e.g., fitting FCS data), an

excellent analytical approximation is afforded by the solution

for a square intensity distribution,10 which is defined as unity

for |x| r R1, |y| r R1 and zero otherwise (x and y being the

Cartesian coordinates in the plane). It is given by the square of

the 1d solution in eqn (21), in which the length, R1, of the

interval is chosen so that the areas of the circle (pR2) and

square (4R2
1) are made equal, R1 ¼

ffiffiffi
p
p

R=2. This ensures that

the long-time asymptotic decay for the two geometries will be

identical (see below). Thus, this ‘‘square approximation’’

gives10

PB2
ðtjB2Þ � ½PB1

ðtjB1Þ�2

¼ ½erfð
ffiffiffi
p
p

zÞ þ ðe�pz2 � 1Þ=ðpzÞ�2 ð29Þ

Fig. 4 compares it to the exact result for the circle [cf. Fig. 2 of

ref. 10]. It has the correct long-time behavior (derived below),

but not the precise short-time behavior. To improve the

behavior at short times, it can be multiplied by a (near-unity)

normalization factor, e.g. 1.02. An approximation which

reduces to the exact behavior both at long- and short-times

will be derived below.

Such a ‘‘square approximation’’ does not work for an initial

delta-function, except for r = 0, when

PB2
(t|0) E A[PB1

(t|0)]2 (30)

This is depicted by the circles in Fig. 3, with R in eqn (19)

replaced by R1 ¼
ffiffiffi
p
p

R=2. Since there is an analytic solution

for r = 0, eqn (26), this remarkable agreement implies the

following approximation for the error function:

erf(x) E [1 � exp(�4x2/p)]1/2 (31)

It reproduces correctly the small x behavior, erfðxÞ � 2x=
ffiffiffi
p
p

,

and the limit x-N, when erf(x)- 1. At intermediate values

of x the maximal error is about 0.7%. It can be further

reduced by multiplying the rhs by a pre-factor of B0.995

(at the expense of a less accurate approximation at the two

limits). Interestingly, this approximation is not listed in mathe-

matical handbooks (e.g., Chap. 7 of ref. 42). It is, however, a

special case of a handy approximation suggested by Winitzki46

erfðxÞ � 1� exp �x2 4=pþ ax2

1þ ax2

� �� �1=2
ð32Þ

where a = 0.14. The error here is below 0.04%. Evidently,

eqn (31) is obtained by setting a = 0.

4.3 Three-dimensions

For d = 3 the Bessel functions are of half-integer order and

can thus be written in terms of hyperbolic functions.42 Subse-

quently, eqn (7) reduces to

1 � sP̂B3
(s|r) = (1 + Z) sinh(ar) e�Z/(ar) (33a)

sP̂B3
(s|r) = [Z cosh(Z) � sinh(Z)] e�ar/(ar) (33b)

for r r R and ZR, respectively, see eqn (28) in ref. 41. Using

eqn (A.3), one can find the Laplace inverse

PB3
(t|r) = 1 + fB3

(z,z0), rr R (34a)

PB3
(t|r) = fB3

(z,z0), r Z R (34b)

where we have introduced the function

fB3
ðz; z0Þ ¼ z

2z0
½erfcðz0 þ zÞ þ sgnðz0 � zÞerfcðjz0 � zjÞ�

þ 1

2z0
½ierfcðz0 þ zÞ � ierfcðjz0 � zjÞ�

ð35Þ

sgn(x) is the sign of x, erfc(x) = 1 � erf(x), and ierfc(x) is its

indefinite integral (see Appendix). Inserting eqn (A.2a), one

obtains:

2fB3
ðz; z0Þ ¼ 1ffiffiffi

p
p

z0
½e�ðzþz0Þ

2

� e�ðz�z
0Þ2 �

� erfcðz0 þ zÞ þ sgnðz0 � zÞerfcðjz0 � zjÞ
ð36Þ

The time dependence of the residence probability for various r

values is demonstrated in Fig. 5.

When starting on the surface of the sphere, one has

P̂B3
(s|R) = [Z � 1 + (Z + 1) exp(�2Z)]/(2Zs) (37)

From eqn (A.3), its Laplace inverse is

2PB3
ðtjRÞ ¼ 1� 1ffiffiffi

p
p

z
þ erfcð2zÞ þ 1

z
ierfcð2zÞ

¼ erfð2zÞ þ 1ffiffiffi
p
p

z
½e�4z2 � 1�

ð38Þ

which is obtained also by inserting z0 = z into eqn (35).

Fig. 4 Time dependence of the residence probability (FCS auto-

correlation function) in the unit circle (R = 1) for a particle diffusing

in the plane (D = 1), starting from a uniform distribution within

the circle, as calculated numerically using SSDP ver. 2.6645 with the

‘‘special region’’ set to the unit circle (black line). Green circles are the

square approximation, eqn (29). Blue lines are cumulative terms from

the solution in eqn (28): full line—leading Bessel function term; dashed

and dashed-dotted lines include also the first and second correction

terms there.
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When starting at the origin, we take the limit sinh(x)/x - 1

as x - 0 to obtain P̂B3
(s|0) = 1/s � (Z + 1)exp(�Z)/s. This

inverts to give

PB3
ðtj0Þ ¼ erfðzÞ � 2z expð�z2Þ=

ffiffiffi
p
p

ð39Þ

It is a special case of eqn (13) with d = 3, because

gð3=2; z2Þ ¼
ffiffiffi
p
p

erfðzÞ=2þ z expð�z2Þ.42
For a uniform initial distribution within the sphere one

obtains

P̂B3
ðsjB3Þ ¼

1

s
� 3

2Zs
1� 1

Z2
þ 1þ 1

Z

� �2

expð�2ZÞ
" #

ð40Þ

as compared with eqn (34) in ref. 41. However, in contrast to

the latter, eqn (40) can be inverted, yielding

PB3
ðtjB3Þ ¼ 1� 3

2

1ffiffiffi
p
p

z
� 1

6
ffiffiffi
p
p

z3
þ 1

z
ierfcð2zÞ

�

þ 2

z2
i2erfcð2zÞ þ 1

z3
i3erfcð2zÞ

� ð41Þ

Inserting the special functions from the Appendix and collecting

terms, one gets

PB3
ðtjB3Þ ¼ erfð2zÞ � 3

2
ffiffiffi
p
p

z
þ 1

4
ffiffiffi
p
p

z3
½1� ð1� 2z2Þe�4z2 �

ð42Þ

The author is unaware of previous derivations of this result,

which is depicted in Fig. 6.

The figure also shows a ‘‘cube approximation’’, based on the

cube of eqn (21):

PB3
ðtjB3Þ � A erfð2z1Þ þ

1

2
ffiffiffi
p
p

z1
ðe�4z21 � 1Þ

� �3
ð43Þ

in which the volume of the cube (8R3
1) is made equal to that of

the sphere (4pR3/3) by setting z1 = (p/6)1/3z. This expression,
however, is not simpler than the exact result in eqn (42), which

should therefore be useful for depicting the ACF for two-

photon FCS.

5 Asymptotic behavior

The behavior of the solution in the asymptotic limits when

t - 0 and t - N can be obtained in a closed form even when

eqn (7) cannot be inverted. Asymptotic expansions are useful

also in cases (such as d= 3) when the time-dependent solution

is available, because they usually have a simpler functional

form than the full solution. We will show below that power-

laws prevail in both limits: t1/2 for t - 0 for a uniform initial

distribution (irrespective of d), and t�d/2 as t - N (irrespec-

tive of the initial distribution).

5.1 Short times

For short times one utilizes the x - N asymptotics: In(x) B
(2px)�1/2ex and Kn(x) B (p/2x)1/2e�x [see eqn (9.7.1) and

(9.7.2) in ref. 42 for the complete expansion]. For s - N

(and r > 0) one thus finds:

1� sP̂Bd
ðsjrÞ � 1

2

R

r

� �ðd�1Þ=2
e�aðR�rÞ ð44aÞ

sP̂Bd
ðsjrÞ � 1

2

R

r

� �ðd�1Þ=2
e�aðr�RÞ ð44bÞ

for r r R and ZR, respectively. By eqn (A.3), the Laplace

inverse is then

PBd
(t|r) B 1 � fshort(z,z

0), 0 o rr R (45a)

PBd
(t|r) B fshort(z,z

0), r Z R (45b)

with z and z0 defined in eqn (17) and fshort(z,z
0) given by

fshortðz; z0Þ ¼
1

2

z

z0

� �ðd�1Þ=2
erfcðjz0 � zjÞ ð45cÞ

For d = 1 this corresponds to approximating erf(z + z0) E 1

in eqn (16). For d = 3, in addition, one neglects the two ierfc

terms in eqn (35). The approximation in eqn (45) is demon-

strated as dash-dotted lines for d = 1, 2, and 3, in Fig. 2, 3

and 5, respectively. Its utility appears to deteriorate with

Fig. 5 Time dependence of the residence probability in the unit

sphere (R = 1) for a particle diffusing (D = 1) in three-dimensional

space, starting from (top to bottom) r = 0, 0.9, 1, 1.1 and 1.5 (black,

blue, cyan, red and green lines, respectively). Full lines are from

eqn (34) and (36), or eqn (39) for r = 0. Dash-dotted lines depict

the short-time approximation from eqn (45), whereas the dashed

magenta line is the long-time asymptotics of eqn (55).

Fig. 6 Time dependence of the residence probability in the unit

sphere (R = 1) for a particle diffusing (D = 1) in three-dimensional

space, starting from a uniform distribution within this sphere,

eqn (42)—black line. This function was also calculated numerically

using SSDP ver. 2.6645 with the ‘‘special region’’ set to the unit sphere.

Nearly superimposed green circles are the ‘‘cube approximation’’:

eqn (43) with A = 1.04. Red lines depict the short-time series from

eqn (49): up to the t1/2 (dashed) or t3/2 (dash-dotted) term. Dashed

magenta line is the long-time asymptotics of eqn (55).
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increasing d. Irrespective of dimensionality, PBd
(0|r) = 1, 1/2

and 0 for r smaller, equal or larger than R, respectively.

However, eqn (45) is not useful when r equals exactly 0 or R.

For r = 0 one may use the asymptotic expansion of the

incomplete gamma function [eqn (6.5.32) in ref. 42] in eqn (13)

to obtain

PBd
(t|0) B 1 � zd�2 exp(�z2)/G(d/2) (46)

For d = 2 this coincides with the exact result in eqn (26). For

d = 1 it corresponds to using the asymptotic behavior of the

coerror function, erfcðzÞ � expð�z2Þ=ð
ffiffiffi
p
p

zÞ, in eqn (19),

whereas for d = 3 it follows from eqn (39) by setting

erf(z) E 1.

For r = R eqn (45) gives just the leading term of 1/2. To

obtain an additional term, we return to the asymptotic expan-

sions of the modified Bessel functions, which yield sP̂Bd
(s|R)B

[1 � (d � 1)/(2Z)]/2. This is inverted as

PBd
ðtjRÞ � 1

2
� d � 1

4
ffiffiffi
p
p

z
þ � � � ð47Þ

For d = 1 the z�1 term vanishes, so that the residence

probability is initially flat, as can be seen in Fig. 2 (cyan line).

For d = 3, when the exact analytic solution is given by

eqn (38), this corresponds to neglecting the inerfc terms

(n = 0,1).

For a uniform initial distribution within Bd, the LT in

eqn (10) involves a product of the form Kn(Z)In(Z), for which

the exponential terms in the large Z expansion cancel. Thus

additional terms in the asymptotic expansions of the modified

Bessel functions, eqn (9.7.1) and (9.7.2), of ref. 42, are

required. Going up to third order gives

sP̂Bd
ðsjBdÞ � 1� d

2Z
1� d2 � 1

2ð2ZÞ2
þ 3ðd2 � 1Þðd2 � 9Þ

8ð2ZÞ4

 !

ð48Þ

which inverts as a power series in t:

PBd
ðtjBdÞ � 1� d

2
ffiffiffi
p
p

z
1� d2 � 1

48z2
þ ðd

2 � 1Þðd2 � 9Þ
640z4

� �
ð49Þ

For d = 1 the correction terms involving d2 � 1 vanish. This

leaves a single term from the asymptotic expansion,

corresponding to neglecting the ierfc(2z) term in eqn (21).

For d = 3 the expansion ends after two terms, so that

PB3
ðtjB3Þ � 1� 3ð1� z�2=6Þ=ð2

ffiffiffi
p
p

zÞ, which corresponds

to the neglect of the inerfc(2z) terms in eqn (41). This series

is demonstrated by the dash and dash-dotted red lines in

Fig. 6.

The leading term survives in all dimensionalities, and it

involves a power of t which is independent of d:

PBd
ðtjBdÞ � 1� d

R

ffiffiffiffiffiffi
Dt

p

r
ð50Þ

The additional terms survive for d = 2, and they might be

useful because there is no analytic inverse to the LT in this

case. However, adding too many terms does not necessarily

improve the convergence. For the example in Fig. 4 it is better

to omit the last term in eqn (49) and change the numerical

factor in the previous term from 4 to 3.2, giving:

PB2
ðtjB2Þ � 1� 1

R

ffiffiffiffiffiffiffiffi
4Dt

p

r
1� Dt

3:2R2

� �
ð51Þ

This is shown by the dash-dotted red line in Fig. 7.

In comparison, we show (green dotted line) the celebrated

FCS ACF for a Gaussian intensity profile perpendicular to the

beam axis,2 which in our notations is simply

PB2
(t|Gaussian) = z2/(1 + z2) (52)

It can be seen that the difference is only in the short-time

behavior. This has been noted before, where it was concluded

that the step-function ACF is ‘‘significantly stretched at fast-

time scales compared to the Gaussian profile’’.10 However, it

was not analyzed to show that this stretched behavior is a t1/2

power-law. It can now be seen that eqn (51) describes the

short-time behavior very accurately, up to times where

eqn (52) takes over.

5.2 Long times

The leading term in the long-time behavior has a universal

functional form for all d. Let us start with do 2, for which the

random walk is recursive. Because the random walker returns

with certainty to the origin, the long-time asymptotics is

independent of the initial location, r. Thus we can start from

any of the two LTs in eqn (7). Employing the x - 0 limit of

the modified Bessel functions:42

In(x) B (x/2)n/G(n + 1) (53a)

Kn(x) B (x/2)�|n|G(|n|)/2 (53b)

we find for d o 2 and s - 0 that

P̂Bd
ðsjrÞ � Gð1� d=2Þ

Gð1þ d=2Þ
ðaR=2Þd

s
ð54Þ

This is indeed independent of r. Its Laplace inverse is

PBd
ðtjrÞ � Vd

ð4pDtÞd=2
ð55Þ

Fig. 7 Time dependence of the residence probability (FCS ACF) in

the unit circle (R = 1) for a particle diffusing (D = 1) in the plane,

starting from a uniform distribution within the circle (full black line, as

in Fig. 4). Green dotted line is the result for a Gaussian initial

distribution, eqn (52). Red lines depict the short-time approximation

from eqn (51) without (dashed) or with (dash-dotted) the last term

included. Note the lin–log scale.
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where Vd is the volume of Bd, eqn (9). Interestingly, this decay

is the same as that observed for reversible geminate recombi-

nation,19–21,23 with the volume Vd playing the role of the

equilibrium constant there.

When d > 2 the leading term in the LT is a constant, which

inverts to give d(t) that vanishes at long times, so that

additional terms for the series in eqn (53) are required. These

are not easily available for Kn(x). However, for d = 3 there

exists a closed form solution, eqn (34) and (35). It is

thus possible to check that eqn (55) holds also for d = 3.

For the remaining values of d we proceed in a more heuristic

manner.

Consider a particle initially at the origin, whose binding

probability is given by eqn (13) for all d. Its asymptotic

expansion is easily obtained from the series expansion of the

incomplete gamma function:42

PBd
ðtj0Þ � Vd

ð4pDtÞd=2
1� dz2

d þ 2
þ dz4

2ðd þ 4Þ � � � �
� �

ð56Þ

This expansion is demonstrated in Fig. 8. It suggests that the

leading term, eqn (55), is valid universally: for all dimensions

and all initial conditions.

Now imagine independent particles with starting positions

on a spherical shell of radius r. After very long times

these particles will traverse such large distances that their

probability density, p(rf,t|r), will appear as if they all started

at the origin, p(rf,t|0). Therefore, the leading term in eqn (56) is

independent of the initial condition. Only the correction terms

depend on it.

5.3 Approximations for two-dimensions

One can utilize asymptotic expansions to obtain additional

approximations for d = 2, an experimentally important case

for which analytic results are unavailable. Starting from

the integral representation in eqn (23), inserting the series

expansion I0(x) = 1 + x2/4 + x4/64 +� � �, integrating each

term, expanding exponentials into Taylor series and collecting

terms in the order of increasing powers of time, one obtains

the long-time expansion

PB2
ðtjrÞ � z2 1� z2

2
þ z2

2

z2

3
þ z02

� �� �
e�z

02 ð57Þ

The leading term is z2 = R2/(4Dt) = V2/(4pDt), because

exp(�z02) - 1 as t-N. When z0 = 0, this reduces to

eqn (56) with d = 2, which is the Taylor series for

1 � exp(�z2), the exact result according to eqn (26). The

r-dependent exponential term affects the correction terms.

This expansion is demonstrated in Fig. 9.

We obtain the long-time asymptotic behavior for the

uniform initial condition by integrating eqn (57) term by term

according to eqn (8). The leading terms are

PB2
(t|B2) B (1 � z2/2)[1 � exp(�z2)] (58)

which may also be viewed as PB2
(t|0), corrected by a factor

1 � z2/2. This expansion is demonstrated in Fig. 10.

Note that the leading asymptotic behavior is z2 for both

initial conditions, as well as for a Gaussian intensity profile,

eqn (52). Together with the two leading terms from the short

time expansion (red dash-dotted line), the whole time behavior

is covered.

One can utilize the asymptotic expansions to obtain a

Padé-like approximation valid over the whole time-regime.

To derive an approximation which reproduces the leading terms

both in the short- and long-time expansions, we add A(Dt/R2)a

to the short-time behavior from eqn (50) and divide by

1 + 4A(Dt/R2)1+a. These (Dt)a terms become negligible as

t-0, provided that a > 1/2, whereas when t - N this

expression reduces to R2/(4Dt), in agreement with eqn (55).

The two parameters, A and a, are adjusted to give a best fit to

the exact result. With A = 3/2 and a = 2 we obtain

PB2
ðtjB2Þ �

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Dt=ðpR2Þ

p
þ 1:5ðDt=R2Þ2

1þ 6ðDt=R2Þ3
ð59Þ

Fig. 8 A demonstration of the asymptotic expansion in eqn (56). Full

black lines show the exact solution of eqn (13) for the residence

probability in the unit sphere (R = 1) for diffusion (D = 1) which

starts from r = 0 in d-dimensional Euclidean space, where d = 1, 2, 3

and 4 (top to bottom). In comparison to Fig. 1, a lin–log scale is used

here. Dashed magenta lines show the leading term in eqn (56), dash-

dotted blue lines include also the first correction term and dash-dot-

dot green lines depict the series up to the second correction term.

Fig. 9 A demonstration of the asymptotic expansion in eqn (57). Full

lines show the exact numerical solution (see Fig. 3) for the residence

probability in the unit disk (d = 2 and R = 1) for diffusion (D = 1)

starting from (top to bottom) r = 0.9 (blue), 1.1 (red) and 1.5 (green).

Dashed magenta line is the leading term of eqn (55), while dash-dotted

and dash-dot-dot lines include also the first and second correction

terms in eqn (57).
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This approximation is demonstrated in Fig. 11 for 3 values of

R. As Dt/R2 is the sole independent variable, varying R is

equivalent to changing the time scale. Experimentally, both t

and R can be varied.16

In comparison, the ‘‘square approximation’’ in eqn (29) has

the exact long-time asymptotics of eqn (55) due the imposed

condition that V2 = V2
1. However, its short-time asymptotics

is 1 � 2(Dt/p)1/2/R1, and because R1 o R it goes below the

exact result at short times (Fig. 4), giving only the limit

PB2
(0|B2) = 1 correctly. Thus the merits of eqn (59) are that

it gives also the t1/2 term correctly without the need to recruit

special functions, such as erf(z).

6 Conclusion

In this work we have obtained solutions of the diffusion

equation for the residence probability within a d-dimensional

ball, PBd
(t|r), for arbitrary observation time, t, and starting

point, r. The case of an initial uniform distribution within the

ball, PBd
(t|Bd), was also worked out in detail. First, the LT of

these functions was obtained in terms of modified Bessel

functions for any dimension, d. Then specialized results were

derived for dimensions 1, 2 and 3. For d = 1 and 3, the

modified Bessel functions reduce to hyperbolic functions,

which can be inverted analytically. While the results for

d = 1 are well known, those for d = 3 are harder to locate

in the literature. Short- and long-time asymptotic behaviors

were obtained (for arbitrary d), and compared with the exact

solutions for d = 1, 2 and 3.

An experimental motivation for this work is the rapid

development of single-molecule FCS techniques, since

PBd
(t|Bd) is related to the fluorescence ACF. True, in confocal

FCS the laser intensity is distributed non-uniformly in space.

But the recently introduced NSOM-FCS method brings the

light tip very close to the sample, so that a uniform intensity

distribution within a disk provides the best description. There-

fore, special emphasis was put here on various approximations

for PB2
(t|B2). The Padé approximant of eqn (59) appears to be

the preferable approximation for the NSOM-FCS ACF. The

analytic result for PB3
(t|B3), eqn (42), may prove useful for two-

photon FCS, where the light intensity is more closely spherical.

The long time behavior of the ACF is seldom discussed in

the FCS literature. Its t�d/2 decay is quite universal and

independent of the initial conditions. It is therefore valid for

FCS with any laser profile, not just under NSOM conditions,

which produce a uniform light density spot. This power-law

originates from the probability of a diffusing particle to

return to the origin. Interestingly, a similar long-time

asymptotics was previously obtained for reversible geminate

recombination.19,23 The difference between the two problems

is that while here the particle leaves and enters Vd with

diffusion limited rates, for reversible geminate reactions the

particle leaves and enters the bound state from the surface of Bd

with rate coefficients kd and ka, respectively, so that the binding

equilibrium coefficient, ka/kd, replaces Vd in eqn (55). This

difference affects only the amplitude of this power-law kinetics.

For excited-state proton transfer to solvent, the power-law

kinetics has been measured very accurately using the time-

correlated single photon counting technique.26 This tail has

then been exploited for an accurate estimation of ka/kd in cases

that D was known. FCS work thus far has overlooked the

long-time tail of the ACF. It may be profitable to invest more

efforts in its accurate measurement, as it carries potentially

valuable information concerning the exact value of Vd as seen

by the diffusing molecule. Determining it may allow for a more

accurate determination of D.

Strictly speaking, this asymptotic behavior is expected to

hold only if the dynamics reflect multiple re-entries into Bd of

the same molecule(s). If, however, new molecules arrive from

bulk solution and enter Bd at long times, the tail would decay

to a finite level, which depends on the bulk concentration of

the dye molecules, following a modified power-law with a

concentration-dependent amplitude. Such behavior, observed

in excited state proton transfer to solvent at low pH

values,24,25 reflects a complicated many-body effect when the

binding site is limited to bind a single ligand.47 For single

molecule diffusion, however, several molecules could coexist

independently within the laser spot, so that their effect on the

observed signal could be describable by a more pedestrian

theory.48

Fig. 10 Two terms in the short- and long-time expansions cover the

whole time behavior of the ACF in two dimensions. Full line is the

exact numerical solution (see Fig. 4) for diffusion (D = 1) starting

from a uniform distribution within the unit sphere (R= 1). Red dash-

dotted line depicts the short-time approximation from eqn (51), see

Fig. 7. Magenta lines show the long-time asymptotic behavior: dashed

line—the leading z2 term; dash-dotted line—the 2-term expansion

from eqn (58).

Fig. 11 A Padé-like approximation for the 2d ACF. Full black lines

are the exact results for (top to bottom) R = 2, 1 (Fig. 4), and 0.5

(D=1 throughout). Green dashed lines show the approximation from

eqn (59).
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Appendix Repeated integrals of the coerror

function

The nth repeated coerror integral is defined by inerfc(x) �R
N

x in�1erfc(x0) dx0. These functions obey the recursion relation42

inerfcðxÞ ¼ � x

n
in�1erfcðxÞ þ 1

2n
in�2erfcðxÞ ðA:1Þ

for n = 1,2,3,. . ., where i0erfc(x) � erfc(x) is the comple-

mentary error (‘‘coerror’’) function, and i�1erfcðxÞ �
2 expð�x2Þ=

ffiffiffi
p
p

is its derivative. From this relation, the first

three functions are obtained as follows:

ierfcðxÞ � i1erfcðxÞ ¼ �x erfcðxÞ þ e�x
2
=
ffiffiffi
p
p

ðA:2aÞ

4i2erfcðxÞ ¼ ð1þ 2x2ÞerfcðxÞ � 2xe�x
2
=
ffiffiffi
p
p

ðA:2bÞ

12i3erfcðxÞ ¼ �xð3þ 2x2ÞerfcðxÞ þ 2ð1þ x2Þe�x2=
ffiffiffi
p
p

ðA:2cÞ

In particular, inerfcð0Þ ¼ 1=
ffiffiffi
p
p

, 1/4 and 1=ð6
ffiffiffi
p
p
Þ for n = 1, 2

and 3, respectively.

The LT of the repeated integrals of the coerror function is

given by

Z 1
0

ð4tÞn=2 inerfc xffiffiffiffiffiffiffiffi
4Dt
p
� �

e�stdt ¼ e�
ffiffiffiffiffiffi
s=D
p

x

s1þn=2
ðA:3Þ

see Appendix V in ref. 44.

Note added in proofs

If I(r) is the spatially-dependent laser intensity, which is low

enough for neglecting non-linear effects, then the intensity

ACF may be defined by

PI ðtjIÞ �
R
dr
R
drf Iðrf Þpðrf ; tjrÞIðrÞR

drIðrÞ2

where p(rf,t|r) is the diffusion Green function from eqn (1). At

asymptotically long times p(rf,t|r) - (4pDt)�d/2, indepen-

dently of r or rf, so that PI(t|I) is given by eqn (55) with

Vd �
R
drIðrÞ

	 
2R
drIðrÞ2

When, as in this work, I(r) is the characteristic function of a

spatial domain, then Vd is its volume.

I thank Attila Szabo for this comment.
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