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Abstract

An accurate semi-analytic solution for reversible di.usion-in/uenced kinetics is presented in
the pseudo-unimolecular target limit. It is shown to exhibit excellent agreement with Brownian
simulations of the A + B� C + D reaction.
c© 2003 Elsevier B.V. All rights reserved.

PACS: 82.20.−w; 82.20.Uv; 82.20.Wt

Keywords: Di.usion; Kinetics; Many-body; Reversible reactions

1. Introduction

This paper reports the solution to a di<cult problem in solution-phase kinetics, the
kinetics of the di.usion-in/uenced reversible ABCD reaction

A + B
k1
�
k2
C + D : (1)

This reaction depicts reversible group-transfer (AB+C� A+BC) or excitation transfer
(A∗ + B� A + B∗) in solution.
We are treating the ABCD reaction under simplifying conditions. Speci=cally, we

consider the pseudo-unimolecular “target” limit, where a single, static, A molecule
(radius a) may react with a concentration c1 of non-interacting, point particles B, to
produce a single static C molecule (of the same radius a). The latter may, in turn,
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react with a concentration c2 of non-interacting D molecules to regenerate A. The
di.usion constants for B and D are D1 and D2, respectively. The reactions occurs at
the “contact” distance, r = a, when either A and B collide (rate constant k1) or C and
D collide (rate constant k2).
The probability of observing the A molecule at time t, having started from this state

at t = 0, is denoted PA(t|A). It relaxes to its ultimate equilibrium limit

PA(∞|A) = c2k2
c1k1 + c2k2

: (2)

De=ning its “relaxation function” by

R(t) ≡ [PA(t|A) − PA(∞|A)]=[PA(0|A) − PA(∞|A)] ; (3)

we would like to determine its time dependence. Is it closer to exponential (as in
conventional chemical kinetics [1]) or more like a power-law (as in di.usion-in/uenced
geminate-recombination [2])?
A “solution” to this problem is a semi-analytical theory which agrees with micro-

scopic simulations over the whole time regime and parameter range (i.e., Di; ci and
ki). A semi-analytic theory may still involve numerical operations such as Laplace
and inverse-Laplace transforms. Obtaining such a solution is di<cult, because the full
problem involves an in=nite number of di.usion equations (for each B and D particle),
which are all coupled due to the reaction terms [3]. It is only in the irreversible limit,
say when k2 → 0, that the equations decouple and an exact solution is obtainable. This
gives the celebrated Smoluchowski theory [4], which is exact when A is static [5,6].
In spite of these di<culties, such a solution has been obtained for the simpler

association-dissociation reaction,

A + B
k1
�
kd
C (4)

which we call the “ABC reaction”. This solution is provided by the “Multi-Particle
Kernel 1” (MPK1) theory of Sung and Lee [7], which showed close agreement with
our three-dimensional Brownian simulations for this reaction [8]. The ABC reaction is
a special case of the ABCD reaction when D2 → ∞ and c2k2 is identi=ed with kd
[9]. Therefore we set to generalize the MPK1 solution to the ABCD case. The theory
presented below thus uni=es both many-body problems.
To achieve this goal, we have embarked on a three-stage project:
(i) We have obtained analytic expressions for the Green function of the geminate

ABCD problem (for an initial A–B or C–D pair) [10,11]. These serve as the “Brownian
propagator” for multi-particle trajectories in our Brownian simulations.
(ii) We have reported the =rst simulations of this reaction in Ref. [9], and compared

the results with the major theories advocated in the literature [12–23]. Most of these
theories showed poor agreement with our simulations [9], with the exception of the
“Self Consistent Relaxation Time Approximation” (SCRTA [22]), particularly its Mod-
i=ed version (MSCRTA, valid for D1=D2 [22]), and our Generalized MPK1 (GMPK1
[9]). These theories were therefore singled-out for further development.
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(iii) Based on the “Generalized Smoluchowski Theory” (GST) described below, we
extend the MPK1 expression to give an accurate solution to the ABCD problem. It
reduces to MPK1 when D2 → ∞ and to MSCRTA when D1 = D2, and agrees with
the simulations under all conditions.
Here we report on the completion of this =nal stage: Section 2 summarizes the uni=ed

solution (a detailed derivation will be presented elsewhere). Section 3 compares it with
some of our simulations showing that this may indeed be considered as the “ultimate”
solution of the pseudo-unimolecular ABCD problem in the target limit.

2. Theory

We can conveniently write the Laplace transform (LT) of the relaxation function in
Eq. (3), R̃(s) ≡ ∫ ∞

0 R(t) × exp(−st) dt, as [7]

R̃(s) =
F̃(s)

sF̃(s) + �
: (5)

The “di.usion factor function”, F̃(s), describes the e.ect of di.usion on the reaction,
whereas � is the overall chemical kinetic rate constant

�= c1k1 + c2k2 ; �= c1k1 + kd ; (6)

for the ABCD and ABC reactions, respectively. In the reaction control limit, Di → ∞
for i=1; 2; R(t)=exp(−�t) and F̃(s)=1. Thus F̃(s)−1 depicts the deviation from the
chemical kinetic limit, which is the essence of any many-particle theory. We review
its most promising form for the ABC reaction and suggest a generalization thereof for
the ABCD case.

2.1. Known results for the ABC reaction

Sung and Lee [7] have found an excellent description for the case of the reversible
ABC reaction (the MPK1 theory). Their result can be summarized in Laplace space
by

F̃(s) = 1 +
kd
�
k1g1(s) +

c1k1
�

[F̃girr;1(s) − 1] ; (7)

where gi(s) is the LT of the Green function for radial di.usion outside a sphere of
radius a, starting from r = a, namely

gi(s)−1 = kDi(1 +
√
s�i) : (8)

Here kDi=4�Dia and �i ≡ a2=Di, the di.usion-control rate- and time-constants. Thus the
=rst term in F̃(s) − 1 arises from geminate pair dynamics and leads to the power-law
asymptotics. The second, many-body term is a generalization of the Smoluchowski
theory of irreversible reactions [4] to the reversible case. It is characterized by an
asymptotic exponential decay.
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Speci=cally, the relaxation function of the generalized irreversible (girr) process is

Rgirr; i(t) = exp
[
−(�=ki)

∫ t

0
kirr; i(t′) dt′

]
; (9)

and consequently F̃girr; i(s) is obtained from Eq. (5), namely

F̃girr; i(s) =
� R̃girr; i(s)

1 − s R̃girr; i(s)
: (10)

Here kirr; i(t) is the ubiquitous time-dependent rate function [2,24]

kirr; i(t) = kirr; i(∞)
[
1 + �i�(�i

√
t)

]
; (11)

where we have de=ned

kirr; i(∞) = ki=(1 + �i) ; (12a)

�i = (1 + �i)=
√
�i ; (12b)

�i = ki=kDi ; (12c)

�(z) ≡ exp(z2) erfc(z) ; (12d)

and erfc(z) is the complementary error function. kirr; i(t) is calculated from the di.usive
/ux for an initial uniform distribution and a “radiation” boundary condition (i.e., contact
sink function with strength ki). Its LT is

sk̃ irr; i(s) = ki=[1 + kigi(s)] : (13)

In the time domain, it decays from its initial value, ki, to the smaller steady-state rate
constant kirr; i(∞).
Eq. (9) generalizes the irreversible case because instead of the concentration ci it

has a “generalized concentration”, �=ki, in front of the integral. This is the solution of
the “Modi=ed Rate Equation” (MRE), suggested by Szabo [25]

dPA(t|A)=dt = −c1kirr;1(t)PA(t|A) + (kd=k1)kirr;1(t)PC(t|A) ; (14)

where the Smoluchowski time-dependent rate function is utilized in both directions.
One may understand how this comes about from the results below.

2.2. New results for the ABCD reaction

We suggest to extend the MPK1 expression for the ABC reaction, Eq. (7), so that
it contains generalized geminate (power-law) and many-body (exponential) terms, as
follows

F̃(s) = 1 +
[
c1k1
�
k2g2(s) +

c2k2
�
k1g1(s)

]
+ � [F̃GST(s) − 1] : (15)
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The =rst square brackets contains the geminate term. When D2 → ∞ and c2k2 = kd it
reduces to the geminate term in Eq. (7). This term is common with other theories,
such as the SCRTA [22], and will produce the correct asymptotic behavior [23].
More demanding is the determination of the many-body term, which includes the

factor � and the “Generalized Smoluchowski Theory” (GST) term, F̃GST(s). We derive
it as follows. First, we write a corresponding rate-equation with time-dependent rate
functions

dPA(t|A)=dt = −c1krev;1(t)PA(t|A) + c2krev;2(t)PC(t|A) ; (16)

for the reversible ABCD reaction. Here PA(t) +PC(t) = 1 and the concentrations of B
and D (c1 and c2, respectively) are =xed in the pseudo-unimolecular limit.
The reversible (rev) rate functions, krev; i(t), are obtained from the solution of the

di.usion equation (Eq. (2.2) in Ref. [11]) with a reversible instead of an irreversible
boundary condition at r = a, and the initial condition (denoted by “eq1”):

p1(r1; 0|eq1) = 1 ; p2(r2; 0|eq1) = 0 : (17)

This gives the probability densities for both the A–B reactants at distance r1 and the
C–D products at distance r2 at later times t, denoted p1(r1; t|eq1) and p2(r2; t|eq1),
respectively. This detailed solution is already worked out in Eqs. (3.16) of Ref. [11].
The desired rate functions are then calculated as the net reactive /ux at r = a. For

example, in the forward direction we start from a uniform distribution of B’s around
an A, and thus

krev;1(t) = k1p1(a; t|eq1) − k2p2(a; t|eq1) : (18)

Utilizing Eqs. (3.16) of Ref. [11] for pi(a; t|eq1), we =nd that

krev;1(t)
krev;1(∞)

= 1 +
1

�+ − �−

{
[�1(1 − √

�2�−) + �2(1 − √
�1�−)]�+�(�−

√
t)

−[�1(1 − √
�2�+) + �2(1 − √

�1�+)]�− �(�+
√
t)

}
; (19)

where the �± are (real and positive) roots of a quadratic equation [10,11]

2�± = �1 + �2 ±
√
(�1 − �2)2 + 4�1�2=

√
�1�2 : (20)

�i and �(z) are already de=ned in Eqs. (12), but the expression for the ultimate rate
function generalizes to krev; i(∞) = ki=(1 + �1 + �2). To obtain krev;2(t) interchange the
indices 1 and 2 in Eq. (19). Then, from symmetry

krev;2(t) = (k2=k1)krev;1(t) : (21)

As t varies from 0 to ∞; krev; i(t) decays from its initial large value, ki, to the smaller
steady-state value ki=(1 + �1 + �2).
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The LT of the reversible rate function has a simple looking form

sk̃ rev; i(s) = ki=[1 + k1g1(s) + k2g2(s)] : (22)

From Eq. (22) it is easy to verify Eq. (21), so that only one time-dependent func-
tion appears in the rate-equation (16). This makes its solution feasible, giving for the
relaxation function

RGST(t) = exp
[
−(�=k1)

∫ t

0
krev;1(t′) dt′

]
: (23)

At long-times it decays as RGST(t) ∼ exp[ − �t=(1 + �1 + �2)]. Finally, F̃GST(s) is
obtained as in Eq. (10), using GST instead of girr.
From Eq. (22) it is also simple to see how F̃GST(s) reduces in two important limits:
(a) The ABC limit is obtained by letting D2 → ∞, so that g2(s) → 0. Then with

kd = c2k2; krev; i(t) reduces to kirr; i(t), and F̃GST(s) reduces to F̃girr(s). Consequently,
the GST reduces to the MRE. Evidently, if also kd = 0, the MRE reduces further to
the irreversible Smoluchowski solution.
(b) When D1 = D2, we have g1(s) = g2(s), so that the GST again reduces to the

MRE, but with a rate constant k1 + k2 replacing ki in the denominator of Eq. (13).
To determine �, we take advantage of the two limiting cases discussed above. When

D2 → ∞, both terms in Eq. (15) reduce to the MPK1 expression in Eq. (7), whereas
when D1 = D2 both reduce to the corresponding terms in the MSCRTA expression.
The latter is obtained from Eq. (7.13) in the work of Gopich and Szabo [22] via the
substitution suggested at the end of Sec. V there. If we adopt the values of � for these
two limiting cases,

� = c1k1=� ; for D2 → ∞ ;

� = (c1k21 + c2k
2
2 )=[(k1 + k2)�] ; for D1 = D2 ; (24)

we could use them to guide us in obtaining its general form. Our ansatz is hence that

� =
c1k1�1 + c2k2�2
�(�1 + �2)

: (25)

Various limiting forms in symmetric and non-symmetric cases are given in Tables 1
and 2, respectively. To calculate R(t), we =rst (numerically) LT Eq. (23), then insert

Table 1
Limiting values of the �-factor, Eq. (25), in symmetrical cases

D1 = D2 c1 = c2 k1 = k2

D1 = D2
c1k21 + c2k22
�(k1 + k2)

k21 + k22
(k1 + k2)2

1
2

c1 = c2
k1�1 + k2�2

(k1 + k2)(�1 + �2)
1
2

k1 = k2
c1�1 + c2�2

(c1 + c2)(�1 + �2)
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Table 2
Limiting values of the �-factor in some non-symmetrical cases

D2 c2 k2

0
c2k2
�

c1k1
�(�1 + �2)

1

∞ c1k1
�

�2
�1 + �2

1

it and Eq. (25) into Eq. (15) and (numerically) back-transform it. We compare this
result with our Brownian simulations below.

3. Comparison with simulations

Our =rst simulations of the ABCD reaction (in three-dimensions) were recently re-
ported in Ref. [9]. To di.erentiate between various theories, these simulations need
to be accurate and have a large dynamic range, covering several orders of magni-
tude in time and in R(t). To achieve this goal, several numerical methodologies were
developed.
Accuracy is guaranteed by moving B/D particles which are close to A/C using

random numbers drawn in accordance with the analytic Green-function of the geminate
ABCD problem, recently derived in Ref. [11]. The end-point of each single-particle
move is determined as the upper limit of the integrated Green-function for a preselected
time-step, when the integral is equated to a preselected uniform random-number. If,
however, these particles wander away from the static A/C at the center of our coordinate
system, we use simpler Gaussian random numbers instead. As our method is o.-grid
and allows variable time-steps, we increase the time-steps as the B/D particles meander
away from the center. Consequently, each particle carries its own “clock”, and waits
to adjust it to the “real time” only once it returns into a small sphere of radius r0
surrounding the central A/C particle.
Other methodologies to speed-up the calculation involve the reduction in the number

of particles that are actually moved. First, we invoke the di.usional /ux of particles
impinging onto an absorbing sphere of radius r0, to calculate the time epochs when
these particles are placed at r0. The remaining particles are eliminated from the onset.
Subsequently, the impinging particles are propagated as described above, but they too
are eliminated if they cross an outer sphere of radius R(t)¿r0. This R(t) shrinks with
time because, with diminished time till the end of the simulation, di.using particles
can traverse smaller distances.
Our simulations are shown in Figs. 1 and 2 (circles). The case of equal di.usion

coe<cients (for varying concentrations) is depicted in Fig. 1. In this case our new
theory coincides with MSCRTA (full line), and the agreement with the simulations
is perfect. The dash-dot line shows another generalization of MPK1, called GMPK1,
which we have proposed in a previous publication [9]. It is slightly less accurate than
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Fig. 1. Brownian simulations of the ABCD reaction (from Fig. 4 of Ref. [9]). Here c1 = c2 ≡ c vary as
indicated, whereas k1 = k2 = 4�a2 (1000 RA=ns); D1 =D2 = 200 RA2=ns and a= 5 RA. The bold line shows the
new theory from Eq. (15), which coincides with MSCRTA because D1 = D2. Dash-dot line is GMPK1.
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Fig. 2. Brownian simulations of the ABCD reaction for unequal di.usion coe<cients. Here c1=c2=10−3 RA2,
whereas k1 = k2 =4�a2(100 RA=ns); D1 =200 RA2=ns (whereas D2 varies as indicated) and a=5 RA. The bold
line is the new theory from Eq. (15), and the dash-dot line is GMPK1.
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the present theory at intermediate times. The case of unequal di.usion coe<cients
(where MSCRTA does not apply) is demonstrated in Fig. 2. Here the new theory is
again somewhat better than GMPK1, except at the smallest D2 value, where it deviates
slightly from the simulation. Such minute deviations may, however, be a numerical
problem. Additional simulations need to be run to clarify the distinction between the
two models.

4. Conclusion

This work reports a solution for a complex many-body problem of di.usion theory,
namely the kinetics of the reversible ABCD reaction. Although we apply idealized
conditions, of non-interacting particles and a single static A/C particle, we believe
the solution in Eq. (15) captures the major feature of bimolecular kinetics which is
a mixture, in Laplace space, of a geminate and a many-body theory of the general-
ized Smoluchowski type. Interestingly, the latter determines the initial time behavior,
whereas the geminate part produces the ultimate power-law decay of the relaxation
function. Incorporating into Eq. (15) the generalized Smoluchowski theory from
Eqs. (19) and (23) and the � factor from Eq. (25), results in excellent agreement
with the Brownian dynamics simulations. Hence the complicated problem of the re-
versible ABCD reaction can be considered to be solved in the target limit.
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