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The approach to calculate improved, two-state, adiabatic-to-

diabatic transformation angles (also known as mixing angles),

presented before (see Das et al., J Chem Phys 2010, 133,

084107), was used here while studying the F þ H2 system.

However, this study is characterized by two new features: (a)

it is the first of its kind in which is studied the interplay

between Renner–Teller (RT) and Jahn–Teller (JT) nonadiabatic

coupling terms (NACT); (b) it is the first of its kind in which is

reported the effect of an upper singular RT-NACT on a lower

two-state (JT) mixing angle. The fact that the upper NACT is

singular (it is shown to be a quasi-Dirac d-function) enables a

semi-analytical solution for this perturbed mixing angle. The

present treatment, performed for the F þ H2 system, revealed

the existence of a novel parameter, g, the Jahn–Renner

coupling parameter (JRCP), which yields, in an unambiguous

way, the right intensity of the RT coupling (as resembled, in

this case, by the quasi-Dirac d-function) responsible for the

fact that the final end-of-the contour angle (identified with

the Berry phase) is properly quantized. This study implies that

the numerical value of this parameter is a pure number

(independent of the molecular system): g ¼ 2
ffiffiffi
2

p
=p (¼ 0.9003)

and that there is a good possibility that this value is a novel

characteristic molecular constant for a certain class of

tri-atomic systems. VC 2011 Wiley Periodicals, Inc.

DOI: 10.1002/qua.23272

Introduction

As is well-known, the literature contains numerous studies on

the adiabatic-to-diabatic transformation (ADT) angle (also

known as the mixing angle) related to many different systems.

In general, these studies are divided into two categories: (a)

one category contains studies related to ADT angles, which

have their origin in the Jahn–Teller (JT) conical intersections

(CIs) such as H2 þ H,[1–3] C2H,
[4] H2O,

[5] H2N,
[6] C2H2,

[7] NO2,
[8]

CH3NH2,
[9] C5H4NH,

[10] H2 þ Hþ,[11] etc.; (b) the second cate-

gory contains studies related to ADT angles, which have their

origin in the Renner–Teller (RT) CIs such as H2N,
[12] C2H2

þ,[13]

H2CN,
[14] etc. This partitioning is somewhat artificial because

molecular systems have both types of CIs. Therefore, the kind

of numerical treatment to be performed depends first and

most on the type of state to be considered (and to a lesser

extent, also, on the corresponding configuration space). Thus,

if the state is a R-state, we usually expect it to form, with its

nearest state, a JT CI but if it is a P-state then it most likely

forms with that state (which is also a P-state) a RT CI etc.

The experience we had so far is that the two types of CIs

are independent, namely, while calculating the ADT angles

(along given contours) the two calculations can be performed

independently. This belief prevailed until recently, when, as

studying the title system, we encountered difficulties with the

issue known as the quantization[15,16] of the Berry phase[17]

which did not converge to the correct limit (see discussion in

Ref. [18]). These difficulties are elaborated below.

Comment

We just remind the reader that the quantization of the two-

state end-of-the-contour ADT angle, C (which is identified as

the Berry phase) is an integer multiple of p (or zero).[17] Satis-

fying this demand in a given region is the only way to guaran-

tee that the resulting diabatic potential energy surfaces (PESs)

are single-valued in that region of configuration space (see Ap-

pendix A).

Theory

The three-state model

Our goal is to calculate well-behaved diabatic PESs for a tri-

atomic system (in this case F þ H2), and to do that we con-

sider a plane that contains three atoms (A, B, and C) where a

point in configuration space is described in terms of three

(Cartesian) coordinates (r, R, and h). Here, r is the distance

between two atoms (usually the atoms that form the diatomic

molecule, BC), R is a distance between the third atom, A, and

[a] A. Das, D. Mukhopadhyay

Department of Chemistry, University of Calcutta, Kolkata 700 009, India

[b] S. Adhikari

Department of Physical Chemistry, Indian Association for Cultivation of

Science, Jadavpur, Kolkata 700 032, India

[c] M. Baer

The Fritz Haber Research Center for Molecular Dynamics, The Hebrew

University of Jerusalem, Jerusalem 91904, Israel

*E-mail: michaelb@fh.huji.ac.il

#Corresponding author; e-mail: dm.chem.cu@gmail.com

Contract grant sponsor: BRNS, India; contract grant number: 2009/37/42/

BRNS.

VC 2011 Wiley Periodicals, Inc.

International Journal of Quantum Chemistry 2012, 112, 2561–2570 2561

WWW.Q-CHEM.ORG FULL PAPER



the center-of-mass of the diatom, and h is the angle between

the two corresponding vectors r and R (see Fig. 1b). To study

the nonadiabatic coupling terms (NACT), we break-up the

three-dimensional configuration space and present it as a se-

ries of two-dimensional configuration spaces, which are cho-

sen to be planes. Each plane is parameterized by a fixed

value of r. This parameterization leaves, two of the three

coordinates, R and h, free to describe the position of the

third atom, A, on that plane. Atom A serves as a test particle

to examine the values of the NACTs, sjk(R,h|r) at a given series

of grid points. Consequently, atom A is allowed to move

freely on that plane, whereas atoms B and C are fixed so that

r ¼ RBC. It is important to mention that to obtain the NACTs

for the complete three-dimensional configuration space, the

value of r is varied systematically along a given grid. How-

ever, the study of the NACTs, in each plane, is done

independently.

The system we intend to study is made-up of three states:

the lowest state is a R-state and the two upper states are P-

states. Next, we assume that the two lowest states, namely, the

R-state and one of P-states (designated as 1A0 and 2A0, respec-
tively) form a JT CI which is located on the collinear axis and

the two upper P-states (designated as 2A0 and 2A00, respec-
tively), which are known to become degenerate along the col-

linear tri-atom axis, form a line of RT CIs along this axis. Accord-

ing to the JT terminology,[19] such a line of degeneracy points is

called a seam, and therefore, the RT study is usually performed

using closed contours, K, that surrounds the collinear seam.[12–

14] To be more specific, just like in the study of the JT

effect,[19,20] we may calculate the corresponding RT-NACTs and

follow their behavior along open and/or closed K-contours.
However, this is not the study to be done in the present treat-

ment. As the study of the JT-NACTs is performed in planes

formed by the three atoms (which naturally contain also the

collinear axis), there is no room to consider RT-NACTs along, the

aforementioned, contours, K. Instead, we study the RT-NACTs,

just like the JT-NACTs, only along C-contours located in these

planes. As expected, these contours intersect the collinear axis

(at two points) and at these intersection points we reveal the

RT effect, as will be explained later. As the two types of NACTs,

the JT-NACT and the RT-NACT, are associated with the collinear

axis, it is expected that they are strongly entangled (see a gen-

eral discussion on this issue in Ref. [21]).

The two-state system

The two-state ADT angle, c(s|C) is calculated via line-integrals

of the form[20]:

cðsjCÞ ¼
Zs

s0

sðs0jCÞ � ds0 (1)

where sðsÞð¼sijðsÞÞ ¼ fiðsÞjrfjðsÞ
� �

, fi(u|q) and fj(u|q) are the

eigenfunctions related to the two interacting states fi and fj
and ! is the Grad operator. Here, the integration is performed

along a contour, C, located in the planar configuration space

(the two points s and s0 are on C) and the dot stands for a

scalar product. It is noticed that the tangential component is

the only component relevant for calculation of the ADT angle.

Equation (1) was applied for both, the JT-NACTs[2–11] and the

RT-NACTs.[12–14]

To calculate the NACTs for this study, we choose a point on

the collinear axis and assume the various contours, C, to be

circles, which eventually cover the planar configuration space

relevant for our study, all having the same center. The circles

are defined in terms of the two polar coordinates (q,u) which
differ from (R,h; see Fig. 1). As the ADT angle is determined

only by the tangential component along C and because C is a

circle, the equation for c(q,u) simplifies to become[22]:

cðujqÞ ¼
Zu
0

suðu0jqÞdu0 (2)

where su(u|q)/q is the angular component of the correspond-

ing NACT with the operator, su defined as

s/ijð/jqÞ ¼ fið/jqÞjð@=@/Þfjð/jqÞ
� �

. The two systems of coordi-

nates (q,u) and (R,h), for a given r-value, are connected via

simple geometrical relations.

The RT effect and the three-state system

Whereas the calculations of two-state JT-NACTs in a plane is

well-known and also straightforward, we, mainly, concentrate

on the RT-NACT along the same planar circle, C. As the collinear

axis is a straight line along the infinite interval �1\ R\ þ1,

each circle in that plane intersects this line at two points, that

is, at u ¼ 0 and at u ¼ p (see Fig. 1b). It is well-known that at

each such intersection point, along a short interval

Figure 1. A schematic picture of the system of coordinates: a) positions of

atoms, point of (1,2) CI and the center of all circular contours. b) System of

coordinates: (R,h|r) vs. (u,q|r). In this figure, atoms F, H1, and H2 stand for

atoms A, B, and C, respectively, mentioned in the text. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]
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perpendicular to the collinear axis, is formed a non zero NACT

(in this case, an angular NACT) with features reminiscent of a

Dirac d-function (this finding was established on various occa-

sions—see Ref. [23]). Thus, our first tendency is to assume that

the angular RT-NACTs in the planar configuration space take

the form:

sRTu ðujq;CÞ ¼ p
2
dðu� #Þ (3a)

for any circle C with a radius q (here W designates the intersec-

tion points and is either zero or p—see Fig. 1b). Equation (3a)

has to be applied with some care because as it stands it yields,

for any circle, a quantized Berry phase (¼ p) to be expected

for an undisturbed RT effect along C. However, in ‘‘The three-

state model’’ section, we assumed the existence of a JT CI on

the collinear axis, and therefore, the RT effect is most likely

being disturbed by that CI (a detailed discussion on this phe-

nomenon is given in Ref. [21]). Consequently, the quantization

is disturbed, and to achieve that feature Eq. (3a) has to be

modified. The most straightforward way to do that is to

assume:

sRTu ðujq;CÞ ¼ p
2
gdðu� pÞ (3b)

where g is a parameter expected to be smaller than 1. In what

follows, Eq. (3b) is termed as the quasi-Dirac d-function.
Following the presented three-state model in ‘‘The three-state

model’’ section, we assert that the system contains the primary

NACT, s12 (formed by the two lower states 1A0 and 2A0) and

two additional NACTs associated with the upper state 2A00,
namely, s23 and s13. These three NACTs are responsible for cre-

ating three Euler angles c12, c23, and c13. Appendix B shows

that only two Euler angles are relevant for our study and they

are determined by the following two coupled equations:

rc12 ¼ �s12 � tan c23ð�s13cosc12 þ s23 sin c12Þ (4a)

rc23 ¼ �ðs23 cos c12 þ s13 sin c12Þ (4b)

Equation (4) contain two significant physical messages: (1)

the primary angle is c12; (2) it explicitly reveals the secondary

effects of the two other NACTs on its formation.

According to the model presented earlier, s12 is identified as

the angular JT NACT, which couples the two (lower) JT states

and, therefore, is designated as sJT and s23 is identified as the

angular RT-NACT, which couples the two corresponding RT-

states and is designated as sRT. In this scheme, s13, which cou-

ples 1A0 and 2A00, is identically zero and therefore is ignored.

Consequently, Eq. (4) become:

@c12ðuÞ
@u

¼ �sJTðuÞ � sRTðuÞ sin c12ðuÞ tan c23ðuÞ (5a)

@c23ðuÞ
@u

¼ �sRTðuÞ cos c12ðuÞ (5b)

Usually, the two above coupled equations have to be solved

numerically. However, in this case, sRT is a Dirac d-function [see

Eq. (3a)] or a quasi-Dirac d-function [see Eq. (3b)] and therefore

can be solved analytically.

We start the solution process for the first case [Eq. (3a)].

Straightforward integration of Eq. (5a) yields the following so-

lution for, c12(u|q,C):

c12ðujq;CÞ ¼ cð0Þ12 ðujq;CÞ � vðujq;CÞ (6)

where cð0Þ12 ðujq;CÞ is the usual two-state ADT angle given in

the form [see also Eq. (2)]:

cð0Þ12 ðujq;CÞ ¼ �
Z u

0

sJTðu0jq;CÞdu0 (7)

andvðujq;CÞ is expressed by the product:

vðujq;CÞ ¼ Hðu� pÞGðu ¼ pjq;CÞ (8)

which follows from a straightforward integration of Eq. (5b).

Here:

Gðu ¼ pjq;CÞ ¼ tan � p
2
cos½cð0Þ12 ðu ¼ pÞ�

n o
sinfcð0Þ12 ðu ¼ pÞg (9)

and H(u � p) is a Heaviside (step) function defined as:

Hðu� pÞ ¼ p
2

0; u\p
1; u > p

�
(10)

The solution for c12(u|q,C) is in fact identical to the one obtained

by solving the two-state equation [cf. Eq. (6) and Eq. (7) with

Eq. (2)] but which is shifted, vertically, at u ¼ p, by an amount:

vðu ¼ pÞ ¼ p
2
tan � p

2
cos½cð0Þ12 ðu ¼ pÞ�

n o
sinfcð0Þ12 ðu ¼ pÞg (11)

where the shift is solely caused by sRT. As cð0Þ12 ðu ¼ pjq;CÞ
��� ���

has to be larger than p/2 (to guarantee the quantization—see

Appendix A), it is noticed that the two functions, v(u ¼ p) and
cð0Þ12 ðu ¼ pjq;CÞ, have to maintain the same sign.

In what follows v(u ¼ p) will be termed as the RT vertical

shift (RTVS).

Short Summary. We found that the effect of the RT-NACT, as

given in Eq. (3a), is shifting the unperturbed, two-state

cð0Þ12 ðujq;CÞ, at u ¼ p, vertically downward (or upward in case

cð0Þ12 is negative) by an amount v(u ¼ p) given in Eq. (11). A sim-

ilar shift is expected at u ¼ 0, unless cð0Þ12 ðujq;CÞ, at u ¼ 0, is

zero. Later, it will be shown that, indeed, cð0Þ12 ðu ¼ 0jq;CÞ ¼ 0.

Analysis of the RTVS

In order for the theory to be relevant, the RTVS has to be

such that the resulting ADT angles fulfill two conditions:

a. The value of c12(u|q,C) in Eq. (6) with the RTVS given in Eq.

(11) has to yield, at u ¼ 2p, a quantized end-of-the-contour

ADT angle, namely:

c12ðu ¼ 2pjq;CÞ ¼ a q;Cð Þ ¼ np (12)

where n is an integer (or zero).
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b. The RTVS has to be such that the diabatic potentials, at u
¼ p (where c12(u|q,C) suffers a vertical, discontinuous jump),

are single-valued. Thus, if cð0;0Þ12 ðujq;CÞ is the value of

c12(u|q,C) following the vertical jump, namely:

cð0;0Þ12 ðu ¼ pÞ ¼ cð0Þ12 ðu ¼ pÞ � vðu ¼ pÞ (13)

the sufficient conditions for the single-valuedness of the dia-

batic potentials is:

sin cð0;0Þ12 ðu ¼ pÞ ¼ sin cð0Þ12 ðu ¼ pÞ (14)

and a similar condition for the cosine function.

In Appendix A, it is shown that the two conditions, (a) and

(b), are satisfied if and only if the RTVS takes the form:

vðu ¼ pjq;CÞ ¼ 2 cð0Þ12 ðu ¼ pjq;CÞ � p=2
n o

(15)

where the plus sign applies for the case that cð0Þ12 ðu ¼ pjq;CÞ
is negative and the minus sign when this angle is positive.

The difficulty to worry about is that vðu ¼ pjq;CÞ as derived
in the previous section and presented in Eq. (11) is not guar-

anteed to satisfy Eq. (15). Therefore, in the rest of this section

we examine under what conditions, the two formulae [in Eqs.

(11) and (15)] are compatible. The analysis will be done for the

case that cð0Þ12 ðu ¼ pjq;CÞ is positive.
To keep this study analytic, we assume that cð0Þ12 ðu ¼ pÞ

deviates only slightly from p/2, namely:

cð0Þ12 ðu ¼ pÞ ¼ ðp=2Þ þ e (16)

where e is a negligible small, but otherwise, an arbitrary mag-

nitude. Substituting Eq. (16) in Eq. (15), yields for RTVS the

value 2e but substituting it in Eq. (11) and keeping only linear

terms in e yields, for RTVS, the value:

vð/ ¼ pÞ ¼ ðp=2Þ2e ¼ 2:56e (17)

In other words, the theoretical value that follows from Eq.

(11) is too large (2.56e vs. 2e). The value of v(u ¼ p), in Eq.

(17), is associated with the fact that the RT-NACT is a pure

Dirac d-function [see Eq. (3a)] an assumption that causes the

RTVS to be too large.

Consequently, we try to solve Eq. (5) for the quasi-Dirac d-
function given in Eq. (3b). Doing that we obtain, for v(u ¼ p),
the following extended result:

vðgÞðu ¼ pÞ ¼ p
2
g tan �p

2
g cos½cð0Þ12 ðu ¼ pÞ�

n o
sinfcð0Þ12 ðu ¼ pÞg

(18)

Repeating the treatment of the above perturbed case [see

Eq. (16)], we get for the modified value of RTVS the result:

vðgÞðu ¼ pÞ ¼ p
2
g

� �2

e (19)

Demanding that the coefficient of e is 2, implies that

p
2
g

� �2

¼ 2 ! g ¼ 2
ffiffiffi
2

p
p

� 0:9003 (20)

Short Summary. In this section, we derived a theoretical expres-

sion for the modified, two-state, ADT angle [see Eqs. (6), (7),

and (11)]. In order for this expression to be consistent with the

requirement of having single-valued diabatic potentials, the RT-

NACT [in Eq. (3a)] has to be changed. Applying the modified

value [in Eq. (3b)] produces, for a suitable value of g [Eq. (20)],

the two-state ADT angle which is compatible with these

requirements (at least for small deviations). The parameter g
can be interpreted as the normalization factor for the RT-NACT.

Numerical Results

In the numerical part of our study, we concentrate on g with

the aim of revealing to what extent its values remain stable

while varying characteristic parameters related to the JT-NACT.

For this sake, we consider the H2 þ F system (the model

described in ‘‘The three-state model’’ section was constructed

to be suitable for this system) for which the JT-NACTs are gen-

erated by MOLPRO (A package of ab initio programs written

by H.-J. Werner, P. J. Knowles with contributions from J. Almlöf,

et al.; see Appendix A for details). In this system, the JT CI and

the corresponding NACT are formed by a R-state, assigned as

1A0, and one of the two P-states (with the same symmetry)

assigned as 2A0. The RT CIs are formed by the corresponding

two degenerate P-states, designated as 2A0 and 2A00 and, as
usual, are located along the (collinear) HHF axis. The corre-

sponding RT-NACTs that are required for this study are not cal-

culated but derived theoretically as described in ‘‘The two-

state system’’ and ‘‘The RT effect and the three-state system’’

sections. Saying all that still some explanation has to be given

about this numerical issue. As it turned out, MOLPRO was not

always detailed enough in supplying the entire smooth curve

for this coupling. This is in contradiction to what we encoun-

tered during a similar study as reported in Ref. [9(a)].

At this stage, we refer to the fact that PESs for the F þ H2

system were calculated by numerous groups during the last

half-century. We mention here mainly the study by Stark and

Werner (SW) who produced the most relevant up-to-date

ground state potential for this system. SW also extended their

calculations in two ways[24]: (a) they revealed the existence of

a JT CI located on the collinear axis in vicinity of R � 5.5 au

(mentioned earlier while constructing the model); (b) they

derived the first set of (the two lowest) diabatic potentials and

the corresponding diabatic coupling term for this system.

Unfortunately, their diabatic potentials may not be meaning-

ful and hardly rigorous as the required NACTs for this purpose

were derived by analyzing the coefficients in the configuration

interaction expansion of the FH2 wave function[24–26] (some-

what reminiscent of an approach based on the transition

dipole moments[27]) instead of using the Born–Oppenheimer

(BO) NACTs.[28]
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In contrast to the just mentioned ADT treatment by Werner

et al. for the F þ H2 system, most of the treatments of other

molecular systems are done by applying the original BO-

NACTs.[1–14,18–23,29–47] This study for the F þ H2 system is the

first that uses BO-NACTs for the diabatization of this system.

Figure 3. Angular NACTs, su12 (u|q), for circular contours located at R ¼
Rce ¼ 6 au. Along the interval 0 � u � 2p: a) results for q ¼ 3 au; b)

results for q ¼ 4 au; c) results for q ¼ 5 au. The calculations are done for

the planar configuration space at r ¼ 1.6 au (see Fig. 1). Note that the

main part of the NACTs is positive and only in the vicinity of u � p the

NACTs become negative. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
Figure 2. Angular NACTs, su12 (u|q), for circular contours located at R ¼
Rce ¼ 6 au. Along the interval 0 � u � 2p: a) results for q ¼ 3 au; b)

results for q ¼ 4 au; (c) results for q ¼ 4.4 au; (d) results for q ¼ 5 au. The

calculations are done for the planar configuration space at r ¼ 1.4 au (see

Fig. 1). Note that the main part of the NACTs is positive and only in the vi-

cinity of u � p the NACTs become negative. [Color figure can be viewed

in the online issue, which is available at wileyonlinelibrary.com.]
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The results to be reported in this article are obtained for

two different planar configuration spaces: one determined by r

(¼ RHH) ¼ 1.4 au and the other by r ¼ 1.6 au. For these two

configurations, the system is dominated, to the best of our

knowledge, by one (1,2) JT CI located on the collinear axis at

the vicinity of R ¼ RCI � 5.5 au (see Fig. 1) and the RT-NACTs

along the collinear axis.

As discussed earlier, the theoretical study and the calcula-

tions are done along closed circular contours. All circles have

their centers at the same fixed point, R ¼ Rc ¼ 6 au on the

collinear axis. This common center is chosen in such a way as

to guarantee that these circles cover the whole planar configu-

ration space of interest.

The (1,2) JT-NACTs along closed circles

Figures 2 and 3 present angular JT-NACTs as calculated along

seven different (closed) circles: Figure 2 presents results for

one planar case where rHH ¼ 1.4 au (for four circles with the

radii: q ¼ 3.0, 4.0, 4.4, and 5.0 au) and Figure 3 presents results

for a second planar case where rHH ¼ 1.6 au (for three circles

with the radii: q ¼ 3.0, 4.0, and 5.0 au).

The most characteristic feature to be noticed is the symmet-

ric structure of the NACTs, which indicates that the just men-

tioned JT CI is located on the collinear axis. Each curve shows

two peaks—one for NACTs mainly concentrated in the (p/2,p)
angular sector and the other in the (p,3p/2) sector. The struc-

ture as a whole is tilted toward the HHF axis. These two facts

support one of our earlier assumption namely, that for any

circle, in the vicinity of u ¼ 0, the JT-NACT is � 0 [which

implies that no RTVS takes place at u ¼ 0—see Eq. (11) or Eq.

(18)]. In addition, we notice that all NACTs calculated for differ-

ent contours become negative along a short arc around u ¼
p. In numerous, previous, studies we could, unambiguously, at-

tribute this feature to the fact that other NACTs formed by

higher states are (topologically) close enough to affect the

NACTs under consideration—in our case the (1,2) JT-NACT. Sit-

uations like that were observed in Ref. [3(a), see Fig. 1(g)], in

Ref. [4(a), see Fig. 7(e)], and in Ref. [5(a), see Fig. 1(b)]. Thus,

like in these cases, also, here the two-state JT-NACTs are

affected by NACTs formed by higher states—in this case, to

our surprise, by RT-NACTs.

The (1,2) ADT angles along closed circles

The (1,2) ADT angles are presented in Figures 4 and 5: Figure

4 gives results for the case that rHH ¼ 1.4 au (for four circles

with the radii: q ¼ 3.0, 4.0, 4.4, and 5.0 au) and Figure 5 gives

results for the case rHH ¼ 1.6 au (for three circles with the

radii: q ¼ 3.0, 4.0, and 5.0 au). In each panel, two curves are

shown. One of them is calculated applying the two-state for-

mula in Eq. (7) [see also Eq. (2)] along the full circular range

(0,2p). It is noticed that all two-state curves are essentially uni-

formly increasing functions of u, and the rate of increase is

steeper the larger is the value of q.

One of the features that we expect to see due to the calcu-

lations is that the end-of-the-closed-contour ADT angle

Figure 4. Adiabatic-to-diabatic-transformation (mixing) angle, c12 (u|q), for
circular contours at R ¼ Rce ¼ 6 au along the interval 0 � u � 2p. a)
Results for q ¼ 3 au; b) results for q ¼ 4 au; c) results for q ¼ 4.4 au; d)

results for q ¼ 5 au. The calculations are done for the planar configuration

space at r ¼ 1.4 au (see Fig. 1): - - - - two-state results, cð0Þ12 (u|q) as calcu-

lated using Eq. (7). ----- Modified two-state results c12 (u|q) as calculated

using Eq. (21). [Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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[identified with the Berry phase[17] and designated as a(q,C)]
becomes an integer multiple of p (see Appendix A). As is

noticed, only in case of q ¼ 3 au, we get a value close to p,
namely, a(q ¼ 3 au, C) � p, whereas in all other cases (for

which q [ 3 au) the values of a are larger than p. It is impor-

tant to emphasize that in those cases where q \ 3 au the

calculations produced, consistently, the quantized result:

a(q,C) ¼ p.
As discussed in ‘‘The two-state system’’ and ‘‘The RT effect

and the three-state system" sections, the way to remedy the

situation, for the ill-conditioned cases, is to include the RT

NACT formed by the next closest states and calculate the cor-

responding ADT angle by solving Eq. (5) [instead of Eq. (2)]. As

the RT-NACTs are located along the collinear axis they form, at

each point that the contour C intersects this axis, a singular

NACT [see Eq. (3b)] for which Eq. (5) are solved. The solution

indicates that the RT-NACT, due to its singular nature, affects

the JT NACT only at the intersection point u ¼ p. This effect

resembles itself as a vertical (downward) shift, the RTVS, v(u ¼
p), of the ADT curves so that the modified two-state ADT func-

tion takes the form:

c12ðujq;CÞ ¼ cð0Þ12 ðujq;CÞ ; 0 � u � p

cð0Þ12 ðujq;CÞ � vðgÞðu ¼ pjq;CÞ ; p � u � 2p

(

(21)

where cð0Þ12 and v(g) are given by Eqs. (7) and (18), respectively.

To estimate the size of the vertical shift v(g)(u ¼ p), we ana-

lyzed, in ‘‘The RT effect and the three-state system’’ section, the

extreme case of an infinitely small differential shift and

revealed that the RT-NACT defined in Eq. (3b) satisfies the ulti-

mate requirement for single-valued diabatic potentials when

the new parameter, g, becomes g ¼ 2
ffiffiffi
2

p
=p [see Eq. (20)].

The numerical study is devoted to establish the validity of this

value for common situations (where the deviations are of any

size). It is straightforward to find for each cð0Þ12 ðu ¼ pÞ the corre-

sponding RTVS that guarantees the quantized Berry phase by

using the relation presented in Eq. (15). Indeed for these values

(listed in the third column in Table 1), we draw the various

curves, in Figures 4 and 5, using Eq. (21). Thus, knowing the

RTVS for any case, we may apply Eq. (18) to extract the corre-

sponding value of g. In this article, we decided to apply a differ-

ent approach. In Table 1 are compared, for each case, two values

of RTVS: (1) as mentioned before by applying Eq. (15) [for which

we need only cð0Þ12 ðu ¼ pÞ]; (2) calculating the value of v(g)(u ¼
p) using Eq. (18) for the same value of cð0Þ12 ðu ¼ pÞand assuming

g ¼ 2
ffiffiffi
2

p
=p. The comparison between the two kinds of RTVSs is

presented in the last two columns of Table 1. It is well noticed

that the two types of results are very close and only in the last

case we observe a small deviation of less than 2%. This small

Table 1. The Renner–Teller vertical shift.

rHH
(au)

q

(au)

cð0Þ12
(Rad)

v(u ¼ p)
(Numerical)a

v(g)(u ¼ p)
(Theory)[a]

1.4 3.0 1.70 0.26 0.26

4.0 2.16 1.18 1.18

4.4 2.27 1.40 1.41

5.0 2.40 1.66 1.63

1.6 3.0 1.76 0.38 0.38

4.0 2.25 1.36 1.35

5.0 2.44 1.74 1.71

a [a] Results in Rads.

Figure 5. Adiabatic-to-diabatic-transformation (mixing) angle, c12 (u|q), for
circular contours at R ¼ Rce ¼ 6 au along the interval 0 � u � 2p. a)
Results for q ¼ 3 au; b) results for q ¼ 4 au; c) results for q ¼ 5 au. The

calculations are done for the planar configuration space at r ¼ 1.6 au (see

Fig. 1): - - - - Two-state results, cð0Þ12 (u|q) as calculated using Eq. (7). -----

Modified two-state results c12 (u|q) as calculated using Eq. (21). [Color

figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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deviation (like, eventually the other minor ones) can be attrib-

uted to the effect of other NACTs expected in the planar config-

uration spaces, or also to inaccuracies due to MOLPRO. In what

follows, g is termed as Jahn–Renner Coupling Parameter (JRCP).

Summary and Conclusions

For more than a decade, we study the effect of higher states

on the lower two-state NACTs. Essentially, all studies were per-

formed using ADT matrices (see Appendix B) an approach

which, from numerical point of view, is straightforward.[19,20]

However, from theoretical point of view, the application of the

ADT matrices do not satisfy our curiosity concerning the inter-

play between the lower NACT and those above it. First

attempts in this direction were made a few years ago when

we started calculating Euler angles (see Appendix B), which

form these ADT (orthogonal) matrices.[18]

A better understanding of this situation was achieved in our

more recent study performed for the H2CN molecule[14] for

which we treated the RT/JT-NACTs of this system. There, we

showed that the relevance of two-state ADT angles, as calcu-

lated by the line-integral given in Eq. (2), converges much bet-

ter to its quantized value by adding NACTs formed by higher

states and solving equations similar to Eq. (4) for two Euler

angles or more. The extent of this improvements is presented

recently in Ref. [14] and also see Figures 6 and 7 in Ref. [18].

The approach used in Ref. [14] is used here. This study is

not only the first of its kind in which is reported the interplay

between JT-NACTs and RT-NACTs and their role in determining

the relevant (1,2) ADT angles but is also the first of its kind in

which is reported the effect of a singular NACT on two-state

JT ADT angles. The fact that the upper NACT appears as a

quasi-Dirac d-function enabled a semi-analytical solution for

the improved two-state ADT angles.

The present treatment, performed for the F þ H2 system,

revealed the existence of a novel parameter, g, the JRCP, which

yields, in an unambiguous way, the right intensity of the cou-

pling for the quasi-Dirac d-function [Eq. (3b)] responsible for

the fact that the corresponding Berry phase converges uni-

formly to p. This study implies that the numerical value of this

parameter, is g ¼ 2
ffiffiffi
2

p
=p (¼ 0.9003) and that there is a good

possibility that this value is characteristic for all tri-atomic sys-

tems with a similar structure and therefore, eventually, can be

considered as a novel molecular constant.

Appendix A

On the Single-Valuedness of the Diabatic Potentials

Given the two adiabatic PESs uj(u|q); j ¼ 1,2, the correspond-

ing two-state diabatic potentials V1(u|q), V2(u|q), and V12(u|q),
are derived from the following set of equations[48]:

V1ðcðujqÞÞ ¼ u1ðujqÞ cos2 cðujqÞþu2ðujqÞ sin2 cðujqÞ
V2ðcðujqÞÞ ¼ u1ðujqÞ sin2 cðujqÞþu2ðujqÞ cos2 cðujqÞ
V12ðcðujqÞÞ ¼ ð1=2Þðu2ðujqÞ � u1ðujqÞÞ sinð2cðujqÞÞ

(A1)

where c is given in Eq. (1). The transformation that yields the

diabatic potentials is presented explicitly to show that to guar-

antee the single-valuedness of these potentials along closed

circles the angle c(u|q) has to be quantized,[15,16] in other

words, the value of c(u|q) at u ¼ 2p has to be equal to np
where n is an integer (or zero). In realistic cases, this require-

ment may not always be satisfied due to the effect of NACTs

formed by higher states. To overcome this difficulty, higher

states and their NACTs have to be incorporated in the diabati-

zation process so that usually we end-up with an N-state dia-

batization, where N [ 2. This, in turn, requires performing the

nuclear scattering treatment with N (diabatic) states.

In this study, we take advantage of an approach in which

are solved two Euler-type angles to study the effect (perturba-

tion) of a third state on a system of two coupled states.[14]

Thus, although the two-state diabatization [which yield

V1(u|q), V2(u|q), and V12(u|q)] is based on three interacting

states, the nuclear dynamic treatment, can be performed for

two (diabatic)-states (as long as the quantization is satisfied).

The only difference is that now c(u|q) is a solution of two

coupled equations [and not the one given in Eq. (1) or Eq. (2)].

For more details, see Refs. [14,18].

Equation (5) are the ones to be solved for the present

case and it is well noticed from the analysis given in ‘‘The

two-state system’’ section that the effect of the second (RT)

NACT is shifting the original (undisturbed) two-state

cð0Þ12 ðujq;CÞ vertically downward (or upward in case it is neg-

ative) at u ¼ p. This vertical shift [see Eq. (11)], recognized

by the acronym RTVS has to be such that the modified two-

state ADT angle, at u ¼ 2p, becomes p (or np where n is an

integer).

In ‘‘The RT effect and the three-state system’’ section is ana-

lyzed the, so-called, perturbed case for which cð0Þ12 ðu ¼ pjq;CÞ
deviates only slightly from (p/2) so that the deviation, e [see

Eq. (16)], is negligible small. The analysis shows, unambigu-

ously, that for the RT-NACT defined in Eq. (3a), the resulting

RTVS is too large thus causing cð0Þ12 ðu ¼ 2pjq;CÞ to be consis-

tently smaller than p. This fact implies that the RT-NACT in Eq.

(3a) is too strong. One way to overcome this difficulty is to

replace Eq. (3a) by the following expression:

sRT/ ðujq;CÞ ¼ p
2
gdðu� pÞ (A2)

where g is smaller than 1. Using Eq. (A2) and solving again Eq.

(5) yields for v(g)(u ¼ p)—the modified RTVS—a more general

expression [see Eq. (18)]. The parameter g is, so far, unknown

but demanding that for any, e, the corresponding Berry phase,

cð0Þ12 ðu ¼ 2pjq;CÞ is quantized (namely, equal to p) yields for g
a fixed numerical value:

g ¼ 2
ffiffiffi
2

p

p
� 0:9003 (A3)

The analysis in ‘‘The RT effect and the three-state system’’

section, for the perturbed case, can be generalized by

demanding that for any case the corresponding RTVS, v(g)(u ¼
p), has to guarantee a quantized cð0Þ12 ðu ¼ 2pjq;CÞ. The
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conditions for that to happen can be complicated but for a

symmetric case it can be shown to happen if and only if:

vðu ¼ pjq;CÞ ¼ 2 cð0Þ12 ðu ¼ pjq;CÞ � p=2
n o

(A4)

(the minus sign is for positive cð0Þ12 ðu ¼ pjq;CÞ and the plus

sign for the negative case).

Another feature to worry about is that the diabatic PESs at

u ¼ p [where c12(u|q,C) suffers the discontinuous RTVS], are

single-valued. Defining

cð0;0Þ12 ðu ¼ pÞ ¼ cð0Þ12 ðu ¼ pÞ � vðu ¼ pÞ (A5)

the sufficient conditions for that to happen are:

sin cð0;0Þ12 ðu ¼ pÞ ¼ sin cð0Þ12 ðu ¼ pÞ (A6a)

cos cð0;0Þ12 ðu ¼ pÞ ¼ � cos cð0Þ12 ðu ¼ pÞ (A6b)

Indeed, substituting Eqs. (A4) and (A5) in Eq. (A6) shows

that the sufficient conditions are fulfilled. Next substituting Eq.

(A6) in Eq. (A1) it is noticed that:

Vjðcð0;0ÞðujqÞÞ ¼ Vjðcð0ÞðujqÞÞj ¼ 1; 2 (A7a)

V12ðcð0;0ÞðujqÞÞ ¼ �V1;2ðcð0ÞðujqÞÞ (A7b)

These relations guarantee the continuity of the diabatic

potentials at the point of the RTVS.

Comment

During the theoretical analysis, we assumed that

|cð0Þ12 ðu ¼ pjq;CÞ| [ p/2. In principle, this magnitude can, also,

be smaller than p/2 but this would cause the sign of v(u ¼ p)
to differ from the sign of cð0Þ12 ðu ¼ pjq;CÞ.

Appendix B

The ADT Matrix and the Euler Angles

Having the BO adiabatic (diagonal) potential matrix, u(s), the

corresponding diabatic potential matrix W(s) is obtained fol-

lowing the ADT matrix, A(s)[20(a)]:

WðsÞ¼ AyðsÞuðsÞAðsÞ (B1)

The ADT matrix is an orthogonal (unitary) matrix that fulfills

the following first order differential (vector) equation[20(a)]

rAðsÞ þ sðsÞAðsÞ ¼ 0 (B2)

where s(s) is the nonadiabatic coupling matrix with the ele-

ments as defined in Eq. (1). The solution of this equation can

be written as an exponentiated line integral[20(b)]

Aðsjs0;CÞ ¼ } exp �
Zs

s0

ds � sðsjCÞ
0
@

1
AAðs0Þ (B3)

where } is the ordering operator, s0 is the initial point of inte-

gration, C is the contour along which the solution of Eq. (B3)

is required, the dot stands for a scalar product, and A(s0) is

the initial value of A(s) on C. In what follows, A(s0) is assumed

to be the unit matrix.

In case of circular contours, Eq. (B3) simplify to become:

Aðujq;CÞ ¼ } exp �
Zu
0

dusuðujq;CÞ
0
@

1
A (B4)

where su is a matrix that contains elements defined in Eq. (2);

see main text.

Next, we concentrate on the case of three interacting states

which is treated in terms of a 3 � 3 A-matrix. As the A-matri-

ces are orthogonal, the nine elements of the present matrix

can be presented in terms of three angles, c12, c13, and c23,
reminiscent of three Euler angles.[14,18,20(c)] To get the relevant

form for the ADT matrix, A is presented as a product of three

rotation matrices Qij(cij) (i \ j ¼ 2,3) where the product A ¼
Qkl Qmn Qpq can be written in any order. Substituting this

product in Eq. (B2) yields three coupled first-order differential

equations for the three corresponding quasi-Euler angles, cij.
The final set of equations as well as their solution depends on

the order of the Q-matrices (there exist six different products).

In the analysis performed some time ago,[14,18] we attributed

physical meaning mainly to those ADT angles c12, that are

formed by sets of equations with the NACT, s12, being a free,

isolated term. The reason is that these solutions produce an

angle c12 which is directly associated with the physical proc-

esses that happen on the lowest adiabatic PES, u1(s). Two such

products: A ¼ Q12 Q13 Q23 and A ¼ Q12 Q23 Q13 yield sets of

equations with a free s12 and we chose the (second) product

which leads to the following set of coupled equations (more

on this issue can be found in Ref. [18]):

rc12 ¼ �s12 � tan c23ð�s13cosc12 þ s23 sin c12Þ
rc23 ¼ �ðs23 cos c12 þ s13 sin c12Þ

rc13 ¼ ðcos c23Þ�1ð�s13 cos c12 þ s23 sin c12Þ
(B5)

It is well noticed that the first two equations form a closed

set of equations that can be solved independently for c12 and

c23, whereas the last equation yields the solution for c13. As
our main interest is in c12, we concentrate on the following

two coupled equations:

rc12 ¼ �s12 � tan c23ð�s13cosc12 þ s23 sin c12Þ
rc23 ¼ �ðs23 cos c12 þ s13 sin c12Þ

(B6)

Appendix C

The Numerical Treatment

Adiabatic PESs of the two lowest adiabatic states, 12A0 and 22A0 as
well as the NACTs (along chosen circles) have been generated at

multi reference configuration interaction (MRCI) level with David-

son correction[49] using MOLPRO program (A package of ab initio

programs written by H.-J. Werner, P. J. Knowles with contributions

from J. Almlöf, et al.). The active space has been chosen as
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comprising of the 3r–6r orbitals, 1p valence orbitals and one addi-

tional set of correlating 2p orbitals. Care has been taken[24] to avoid

the swap of 2r and 3r orbitals during the optimization of the orbi-

tals at the complete active space self consistent field (CASSCF)

level. The basis set used are: for the fluorine, we applied s and p

functions from the cc-pV5Z set and d, f, and g functions from cc-

pVQZ set augmented with diffuse s, p, d, f, and g functions. For the

hydrogens, we used s functions from the cc-pV5Z set, and p and d

functions from the cc-pVQZ set augmented with diffuse s and p

functions. In this calculation, we used the active space including all

seven valence electrons distributed on eight (8) orbitals.
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