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A Theoretical Study of Saturation .Effects in  Three- 
Level  Laser Systems 

YAKIR REUVEN AND MICHAEL BAER 

Abstract-Exact  numerical  solution of a  time-space  (one  dimensional) 
three-level lasing system  (homogeneously  broadened) is  used to  study 
the relevance of steady-state  models to such a system.  This  study re- 
vealed: 1) the  existence of two disconnected (quasi) steady-state re- 
gions-the small-signal  gain  region  (slow pumping  rate)  and  the high 
saturation region Oarge pumping  rate), and 2) the  spatially averaged 
equations  for the high saturation  region  have  a form similar to those 
usually employed  in the small-signal  gain  region, except  that  a  constant 
which in the  latter case  is unity  becomes  smaller  than 1 in  the high 
saturation  region. 
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T 
I. INTRODUCTION 

HE theory of lasers has reached the stage where most of 
the basic concepts as well as the main processes are well 

understood [ 11. An important  outcome is a well behaved and 
relatively simple set of nonlinear partial differential equations 
by which the amplifying medium and  the photon density are 
well described [ 2 ] .  These equations  contain field intensity E ,  
polarization P, and the upper  and  the lower level densitiesN, 
and Nb as dependent variables. Further simplification, based 
on  the assumption that  the decay constant y for  the dipole 
moment of the  atoms is large, yields the usual system of time- 
space dependent  equations  for  the  photon density and the 
two-level densities [ 2 ] .  For practical applications, gain-equal- 
loss considerations led to  a simpler set of equations  for which 
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Fig. 1. Schematic representation of the level system and the processes 
considered. 

the space dependence is eliminated [ 11. This set of  equations 
was then  extended to multilevel systems and extensively used 
during the last decade for modeling various kinds  of ordinary 
and high power lasers [3]. 

Concern with the validity of the approximations which lead 
from  the field intensity and polarization equations to the rate 
equations,  led us, in this work, to focus on  the conditions  for 
which the elimination of  the space coordinates is justified and 
the form the corresponding rate equations consequently take 
[4]. A study on this subject was recently reported  by Moreno 
[SI who by volume averaging the space dependent rate equa- 
tions  pointed out possible variations in the spatially indepen- 
dent  rate  equations used in the past. In  the present study,  the 
time-space dependent differential equations are  solved numeri- 
cally for various conditions  and  the spatial part of the equa- 
tions is treated analytically in such a way that a novel form 
for  the spatially independent rate equations is derived. This 
form is shown to be appropriate  for high power lasers op- 
erating under saturation  conditions. 

In this work we are mainly concerned with small mirror 
reflectances (<0.05), since, in such cases, saturation effects 
were found to be particularly pronounced. This fact makes 
our  study eventually more relevant to mirrorless lasers [ 6 ] ,  
but  it is still considered as a  study  of  an ordinary laser because 
of the  type of boundary  conditions imposed on  the differen- 
tial equations. 

In  the  next  section we present and discuss the basic equa- 
tions that govern this system as  well as the corresponding 
quasi-steady-state model. The numerical treatment of the 
various equations follows in Section 111. In Section IV  the 
results are discussed and analyzed and the conclusions are 
given  in Section V. 

11. THEORY 
A. The One-Dimensional Time  Dependent Equations 

The one-dimensional time  dependent  equations which 
govern the behavior of a homogeneously broadened  three- 
level laser system (see Fig. 1) can be  written [2] 

= G; - (- 1)i(kg2 t g$); i = 1,2 
at  (2 )  

where $* = p'B. p i  are the  photon densities and B is the 

Einstein coefficient for stimulated emission. (The plus  sign 
indicates photons moving to  the right and the minus sign 
indicates those moving to the ieft.) S is the  spontaneous 
emission term, gi(i = 1 , 2)  are the lower and the upper lasing 
level population densities, respectively (multiplied by B), 
g = g2 - g ,  , (#J = 4' t $-, k is the collisional deactivation con- 
stant,  and G j ( i =  1 , 2)  is equal to B .Pj(i = 1, Z), where Pi 
are the pumping rates of the corresponding levels. All func- 
tions  and parameters are multiplied by B, not only to shorten 
the  notation  but to indicate that the number of independent 
parameters is not  four ( L ,  k ,  B ,  and P) but only three, namely, 
L ,  k, and G. 

Integration of (1) and (2)  with respect to x from x = 0 to 
x = L  and division of the result by L (the cavity length) leads 
to 151 

- - G i -  (-l)j(kF2 +4(t)E?); i =  1,2 a&-- 
a t  (4) 

where the bars indicate average  values with regard to x for any 
time t. q is a correlation function (CF) defined as 

- 

and Q(t) is the  output energy term (multiplied by B)  which 
can be shown to be 

We now consider a  quasi-steady-state model from which, 
under certain conditions, analytic expressions for q(t)  and 
Q(t) can be derived [7]. 

B. The Quasi-Steady-State Model (QSSM) 
The basic assumption which justifies the use of the QSSM 

is that any characteristic time of the system is much longer 
than  the time it takes a  photon to  complete one pass through 
the active medium. If this assumption is satisfied, then ig- 
noring the time dependence while treating  the spatial part of 
(1) and (2)  is justified. 

Introducing  the  notation 

U(x) - $+(X , t)  ; V(X) - $-(x> t )  

$(x) = U(x) t V(x);  {(x) = U(x) - V(x) (8) 

and discarding the time derivative, we obtain from (1) 

subject to the  boundary  conditions 

V(L) RL U(L); U(0) = Ro V(0). (10) 
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One can easily show that ($(x) and { (x)  are governed by Consequently, 
[51-[71 

P 1 t -  
d4 g * ;  d S = X #  NL) 1 

- 
-=- 
d x c  dx c 

subiect to the  boundarv  conditions 

model yields the following form for-g [7] : where 

we assume this relation also holds  in  our  treatment. Here g, 
can be interpreted as the instantaneous small-signal gain, and ( 1  + R d &  
cps can be interpreted as the  instantaneous  saturation  intensity. 
Substituting (13) in ( 1  1) we obtain  the find form  of  the  two gt was determined from ( 1 4 )  and (20) to be 
couded eauations: 

As = (6 + &)(1 - a m '  
(22) 

or 

In order to express Q(t) and q(t) in terms of &t), we first Substituting (24) in (21) leads to 
consider $ itself, which is defined as 

9(0) x 
L I + - -  

A S P  + - 

- @=;l 4dX (16) & =  #(O) A +(o). As 

or from (1 5) @S 
. .  

w 1 
In  the same manner, we obtain  the expressions for g = (g2 - g l )  $='I (1 t : )d { .  (17) and 3: 

Lgt t(0) 1 - 1 4(0) 
To integrate we have to know the functional dependence of g = p ;  g ( $ = L x , .  (26) 

{ on ($. This is obtained by multiplying (1 5) by { and (14) by 
($ and subtracting  the  latter  from  the  former.  Thus, Combining (S), (2S), and (26), we find, for  the  CF, 

$2 - (2 = p2 (1 8) ]. ASP+--  9(0) 
where p is a  constant  that  can  be determined from  the  bound- 4 =- 4s 

ary  conditions [see (1 2)] AP ht@ 
6 p = 2 -  #(O) = 2- 4G ($(L). 

1 + R o  1 t R L  

A @s 

(19) and from (6),  (12),  (19), and (25) we obtain,  for  the  output 
energy, 

If x = M  is defined as the  point  for which { ( M )  = 0, then  from 
(14), (15), and (18) we have @(O) 3 A S P + - -  

Q=--. GS 
($ O < x < M  L A  - istm 

d {  = (20) @s 
Q . ,  

bdm.dq5; M G x G L .  In what follows we will be concerned with  a magnitude 4" de- 
fined as 
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The  function @(t)  will be called the normalized output func- 
tion (NOF). 

C. Analysis 

The results for  the  CF  and NOF given by (27) and (28') in- 
dicate two  important  features. 

1 )  If the  quasi-steady-state (QSS) conditions are satisfied, 
q(t) and ;I"() are expected to  be identical. This finding has sig- 
nificant experimental implications because measuring the  out- 
put energy as a  function  of time yields information  on  the 
dependence of Q(t) ong(t). 

2) If the system fulfdls the QSS conditions, @(t) [and for 
the same reason q( t ) ]  is not necessarily unity as has been as- 
sumed in some cases, but may take  a fixed value or oscillate 
between the  two boundaries 

(hp)-I G @(t) < 1.  (29) 

Any deviation from these boundaries will indicate the exis- 
tence of non-QSS conditions. 

For  two extreme cases, @(t) and q( t )  may have fixed values 
with respect to time. 

1) The Small-Signal Gain (SSG) Case: In  the SSG region 
the  photon density is much smaller than  the  saturation  in- 
tensity.  Thus,  from (27) and (28'), for  the case $(O) << &, 
one  obtains 

q(t) = ;i(t) = 1 .  (30) 

Insertion  of (30) in (3) and (4) leads to  

I * -  

Ro = 1.0 
0 - - -  Ro = 0.1 
x--- Ro = 0.01 

0.001 0.01 0.1 
RL 

1.0 

Fig. 2. The correlation function (CF) 4 = (A@)-' as a function  of RL 
for various R o .  

(4"). The expression q = (X@)-' is a  constant which depends 
only on the reflectances of  the mirrors. The behavior of 
q = (hp)-l as a  function  of RL for various Ro (Ro and R L  
are interchangeable) is  seen in Fig. 2.  q deviates from  unity 
only when either Ro or R L  (or  both) are small enough, say 
G0.05. Consequently, (3") and (4") differ from  (3') and (4') 
(in the HS case) only for small reflectances. 

111. THE NUMERICAL TREATMENT 
The numerical treatment consists of two parts, i.e.,  solving 

the time-space dependent  equations [see ( 1 )  and (2)] and 
solving the spatially independent  equations [see (3)  and (4)]. 

We start  by considering (1) and (2). These equations were 
solved subject to the following boundary conditions: 

4-@, t) =RL$+(L, t )  

@+(O, t )  = Ro@-(O,  t )  (3 2) 

@*(X, 0 )  =g1,2(x, 0) = 0. (33) 

To avoid instability problems and to achieve a  faster  con- 
vergence rate, we used the  fact that  the  photon density grows 
exponentially in  the direction of propagation. Thus, we sub- 
stitute  for #'(x, t) 

These are the Ordinary rate equations which were where go is  given constant.  (In  actual cases, go was 
applied in modeling various types of lasers [3] .  

photon density is assumed to be much higher than  the  satura- 
tion  intensity,  namely, G(0) >> &, and,  consequently,  from &(L, t )  = R L  e (g,/c)2L $0 + (L ,  
(27) and (28') we find 

2) The High Saturation (HS) Case: In the HS case the tions for t )  are 
chosen to be either p/2L or 1/2hL .) The  boundary condi- 

@O+(O, t)  =Ro@o(O, t). (3 5 )  
1 

ha 
q( t )  = @(t) = -- (3 1 )  Substituting (34) in (1) and (2), we obtain 

Inserting this result in (3)  and (4), one obtains 

3= (hp)-' (g - .)m cp - + S - 
at  

j =  1,2 .  
U l  This set of equations was  solved by using a  method in which 

These equations have the same functional form as those given the  treatment,  with respect to the x coordinate, was based on 
in (3 ' )  and (4') except that 4 = (A@-' appears in (3") and  finite differences. Once the  finite difference equations were 
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established, they were numerically integrated  with respect to  
time.  Thus, 

- = Gji - (- l ) j ( / ~ g , ~  t giGi); j = 1 , 2  agji 
ar 

w h e r e i = O , ~ ~ ~ , N ; x o = O ; x N = L ; A x i s L / N , a n d g i a n d @ j  
are defined as 

(3 7) 

Although, in general, we should  expect  4(N + 1) first-order 
differential  equations,  in  fact we have only 4 N  t 2 because 
two  equations are replaced by  the boundary  equations: 

@i(xO, t, =RO@o(xO, t, 

@o(xN,t) = R L  e20L @i(xN, t ) .  (3 8) 

Thus,  the  equations  for where i =O, and (a@oi/at), 
where i = N, are not needed.  The system of  equations  pre- 
sented in (36)-(38) are enough to yield a  unique  and well 
behaved solution  for  the  photon density $(x, t )  and the 
level densities gl (x , t )  and g2 (x ,  t ) .  

The second set of equations, (3) and (4), reduces in  the 
QSSM [from (27), (28), and (28')] to 

- - G j -  agj - (-l)'(kgz +4&); j = 1 , 2 .  
at (39) 

Equations (39) were solved for  two cases: for SSG, namely, 
when q = 1 , and  for HS, namely, when q = (hP)-' . Equa- 
tions (39) were solved by a propagation technique-the same 
that was applied to (36)-(38). 

I v .  RESULTS AND DISCUSSION 
Most of this section is devoted to analyzing the results of 

the calculations. However, we start  by describing the  kind 
of  input  functions, such as the pumping rates and  the  spon- 
taneous emission terms, used in  the calculations as well as 
other fixed numerical values. 

A .  Input Data 

level,  is assumed to be 0. Gz is assumed to be  of  the form 
In all calculations, G 1 ,  the pumping rate of  the lower lasing 

G~ ( X ,  t )  =H(X) G~ te-*'.O . (40) 

In most cases, H(x) is taken as unity  and  therefore G2 is 
spatially independent.  In  the few  cases where Gz is assumed 
to  be spatially dependent, H(x) is written  in  the  form 

H(x) = fl (x)  + f 2  (x )  (4 1) 
1 fiw = exp [-((x - x i ) /202) ]  ; j = 1 , 2  (42) 

where x 1  = $ L ;  x2 = $ L ;  u =  - 11\ L. It can be seen that this 

choice of H(x) leads to H(x) dx = 1 .  The  function Gz  (x ,  
t )  is purposely chosen to be strongly time dependent  (and, in 
those cases where the  effect  of  the inhomogeneity was studied, 
strongly space dependent) to emphasize the validity of our 
conclusions even in extreme cases. 

The main part of this study is concerned with  the depen- 
dence of  the various functions  on G o ,  which is taken as a pa- 
rameter. In what follows, T~ [the time for which Gz  (x ,  t )  be- 
comes maximal] is taken to  be 10 ns. Since T~ is chosen to 
be very short, collisional deactivation processes are not ex- 
pected to have a significant effect on  the results. Conse- 
quently, k ,  the deactivation constant, was assumed to be 0. 
It should be emphasized that assuming much larger values 
of T~ or k did not significantly affect any of the main con- 
clusions of  this  study. 

The  other inhomogeneous term S(x ,  t)-the spontaneous 
emission term-takes the form 

S(x,  t )  =&Z (x7 t )  (43) 

where A = 1 X lo-' s-l.  Other values of A were tried,  but 
they  do  not have any  effect on  the final results as long as A 
is kept reasonably small. 

Other numerical parameters used throughout  this  study are 
L = 50 cm and R ,  = 1 .  R L  is chosen to be either 0.01 or 0.002. 
We assumed  small  values of RL because it was found  that 
saturation effects become pronounced  only  for small reflec- 
tances [see Section II-C-2)]. 

In all figures, the  photon density function $(t), [or @(t ,x ) ]  
is  given in  arbitrary  units. Absolute values, namely,  the num- 
ber of  photons per unit  length, can be  obtained once B ,  the 
Einstein coefficient for  stimulated emission, is  given. 

Although most  of  the discussion will  be devoted to spatially 
averaged functions, such as $(t) ,   q(t) ,  and ij(t), we start  by 
considering time and space dependent  functions, namely, 
@(x7 t )  and g(x7 t).  

B. The Photon Density @(x, t )  and the Inversion Function 
g(x,  t )  in the Time-Space Coordinates 

Three-dimensional plots  of g(x,  t )  and @(x, t )  are shown in 
Figs. 3-5. These results were obtained  for RL = 0.01. The 
function g(x, t )  is  given for Go = 1.92 X lo2' (the SSG 
region), Go = 4.8 X (the  intermediate region), and 
Go = 4.8 X lo2' s - ~  (the HS region) in Figs. 3(a),  4(a), and 
5(a), respectively. It can be seen that  the surfaces have rela- 
tively little  structure along most  of  the (x, t )  plane when Go 
is either small or large, and only for  the  intermediate case  is 
there  a lot of  structure. It is important to note  that accord- 
ing to the QSSM, g ( t )  is constant [see (26)]. This fact is 
largely confirmed by  the results presented for the  two ex- 
treme cases  [see  Figs. 3(a) and 5(a)]. 

The  functions @(x ,   t )  for Go = 1.92 X (the SSG 
region), Go = 4.8 X (the  intermediate region), and 
Go ~ 4 . 8  X s-' (the HS region) are shown, respectively, 
in Figs. 3(b), 4(b), and 5(b). Again smooth surfaces are ob- 
tained for the  two  extreme cases and  only  for  the  intermediate 
case does the surface contain  a lot of structure. In all three 
cases the  exponential  (or quasi-exponential) increase along the 
x coordinate from x = 0 to x = L is  well recognized. 
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a O f  

Fig. 3. Time  and  space  variations of (a) the  population difference 
g(x ,  t )  and (b) the photon density @(x t )  obtained  for low (space- 
independent) pumping, Go = 1.92 X loz3 sL3. 

Fig. 4. Time and  space  variations of (a) the  population difference 
g(x, t )  and (b)  the  photon density @(x, t)  obtained for intermediate 
(space-independent) pumping, Go = 4.80 X loz7 s - ~ .  

C. The Average Photon Density 
The average photon density &t) is presented in Fig. 6 (RL = 

0.01) and Fig. 7 (RL = 0.002). The results in each figure were 
obtained  for values of Go which differ by at least one order of 

Fig. 5 .  Time  and  space  variations of (a) the population difference 
g(x, t )  and @) the  photon density @(x, t )  obtained for high (space- 
independent) pumping, Go = 4.80 X 10'' s - ~ .  

magnitude. In each case either four (RL = 0.01) or three 
(RL = 0.002) curves are given. Two of these were obtained by 
solving the spatially averaged equations  for  two different val- 
ues of q [see (39)], namely, for 4 = 1 (SSG region) and 4 = 
(hp)-l (HS region). The third (and the  fourth in  Fig. 6) curve 
was obtained from the space-time dependent equations [see 
(1) and (2), and (16)]. The  third curve is for spatially inde- 
pendent pumping [see (40) with H ( x )  = I ] ,  whereas the  fourth 
curve is for spatially dependent pumping [see (40), but where 
H(x)  is given by (4 1) and (42) J . 

The main features are the following. 
1) The inhomogeneity along the x coordinate has only a 

negligible effect on  the average photon density (see Fig. 6). It 
should be emphasized that  the inhomogeneity is chosen in 
such a way that  both at  the edges of  the cavity (i.e., in  the 
vicinity of x = 0 and x = L) as well as in the middle the  pump- 
ing rate is at least one order of magnitude smaller than  that  at 
x = L/4 and x = 3L/4. 

2) Comparison of the results obtained  from  the  two differ- 
ent sets of equations [see (3') and (4'), and (3") and (4")] 
indicates that  for the HS region the space  averaged equations 
with q = (hp)-' yield results which, for all practical purposes, 
are identical to the exact results. However, for q = 1, the re- 
sults are rather poor, even for  the SSG region (the low pump- 
ing rate region). This outcome is somewhat unexpected be- 
cause the space  averaged equations  with q = l were always 
considered to be a reliable set of equations, at least, for  the 
SSG region. 

To gain further insight, a three-dimensional representation 
was drawn (see Fig. 8) to  show the dependence of $(t)/G, 
on  both t and Go (for RL = 0.01). $(t)/Go and not $(t) it- 
self  is presented in order to get  all $(t) for  different Go into 
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Fig. 6 .  The  time  evolution of the averaged photon  density 5, for vari- 
ous pumping  conditions: (a) Go = 1.92 X loz5 s - ~ ,  (b) Go = 4.80 X 
lo2' sP3, (c) Go = 4.80 x loz6 s - ~ ,  (d) Go = 4.80 X s - ~ ,  (e) 
Go = 4.80 X s - ~ .  (-) is exact  solution  with  spatially  inde- 
pendent  pumping, (-.-.> is exact  solution  with  spatially  dependent 
pumping, (---) is spatially  independent  solution  where q = 1, 
( 9  . -) is spatially  independent  solution  where 4 = (AD)-'. The  mirror 
reflectivities are& = 1 andRL = 0.01. 

the same figure. It can be seen how strongly changes in Go 
not only affect the position of $(t) along the time axis but 
also its shape. 

The final form of $(t) when Go -+ m can be obtained  by 
considering (3") and (4"). Assuming a  complete  steady  state, 
i.e., 

(44) 

and 

d$ -- 
d t  

we obtain  from (3") and (4") [ignoring both  the deactivation 
term kg, and  the  spontaneous emission term s ( t ) ]  

Gz = 2 0 P ) - l m  a t )  

01 

$(t) = - - XGz (t). 1 L  
2 c  

The functions $(t), obtained  for  the case Go = 4.8 X 10'' s - ~  

5 

Fig. 7. The  time  evolution of the averaged photon density 6, for var- 
ious  pumping  conditions: (a) GO = 2.4 X loz5 s - ~ ;  @) Go =4.8 X 
loz6 s - ~ ;  (c) Go = 4.8 X s - ~ ;  (d) Go ~4.8 X 10'' s - ~ ,  (-) 
is the exact  solution  (spatially  independent  pumping); (---I is the 
spatially  independent  solution  with 4 = 1; (. .) is the spatially  inde- 
pendent  solution  with 4 = (Ap)-l. The  mirror reflectivities are Ro = 
1 and RL = 0.002. 

(RL = 0.01) by solving the  exact spatially dependent  equation 
and by using (46), are compared in Fig. 9. It should be  noted, 
at  this stage, that changes in Go [or G, (t)] are not necessarily 
due to changes in the pumping rate P(t )  of the upper lasing 
level but could be due to changes in B only. 

D. The Correlation Function (CF) and the Normalized 
Output Function (NOF) as a Function of Time 

The CF and  the NOF are given in Fig. 10 (for RL = 0.01) 
and  in Fig. 11 (for RL =_0.002) as a  function  of t/rm [T, is 
the value of t for which $(t)  becomes maximal] for  different 
values of G o .  Each part of Fig. 10 contains two curves, one 
for spatially dependent pumping and  the  other  for spatially 
independent pumping [H(x) = 1 ; see (40)], as well as two 
straight lines indicating q = 4" = 1 and q = ;i = (io)-' , When 
Go becomes small enough, both  CF and NOF clearly tend 
to become independent  of time and close to 1. This result, 
which corresponds to the SSG case, is predicted by the QSSM, 
and is, of course, well known. However, we were never able 
to reach the  situation where q(t)  = ;i(t) = 1 for  the whole 
lasing period. We consistently found  that  for small Go 4(t)  = 
;i(t) = 1 for t < r,, but when t > r, both q(t)  and ;i(t) 
drop to  a lower value and usually remain unchanged during 
most of the lasing period [see  Figs. lO(a) and 1 l(a)]. These 
results do  not contradict  those  obtained  with  the QSSM be- 
cause according to the QSSM [see (27) and (28')] 

4( f )  = 4"(t) 

(ho)-' a t )  1 

and  both were confirmed by the  exact calculations. Neverthe- 
less, the  fact  that  the CF and  the NOF are not identically 
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Fig. 8.  Time  and pumping-dependence of  the (pumping)  normalized 
average photon density o(t)/Go. Mirror  reflectivities  are Ro = 1, 
RL = 0.01. 

t(ns1 

Fig. 9.  The  time evolution  of the averaged photon density 6 obtained 
for Go = 4.8 x IOz8 s - ~ ;  exact  solution (-1, (46) (---I. Mirror 
reflectivites  are Ro = 1, RL = 0.01. 

unity  for  the whole lasing period explains why the spatially 
averaged equations with q = 1 [or q = (hfl)-' ] failed to yield 
the  exact position of F(t), as  can  be  seen from Figs. 6(a)  and 

As Go is increased, both 4( t )  and @(t) start to oscillate as a 
function of time [see  Figs. 10(b) and  1 l(b)]. Although a 
strong time dependence is encountered, this behavior is still 
in  the framework of  the QSSM because both fulfill, for  the 
major part of the time axis, the  condition (hfl)-' < q(t), 
@(t) < 1. The QSSM fails, however, in another respect be- 
cause it predicts that q(t) = G(t ) ,  and, as  is seen, this result 
is not produced. It is  also of interest to note  that  the CF 
and  the NOF derived by  the spatially dependent and inde- 
pendent pumping hardly differ (which is not  the case for 
higher pumping rates). 

As Go is increased further, we start noticing stronger and 
stronger oscillations [see Fig. lO(c) and (d) in Fig. l l (c)  
and (d)] which become chaotic  and could not be described 
within the QSSM. The deviation from the predicted be- 
havior of the QSSM is manifested in  two  different ways: 
the oscillations have much larger amplitudes than  predicted 
by the QSSM; and q(t) and <(t), which are supposed to be 
equal, differ appreciably. The  chaotic behavior of the sys- 
tem is not only seen from the shape of 4 ( t )  and @(t) but 
also from  the  form  of  the three-dimensional surfaces of 
$(x, t)  and g(x, t )  as presented in Fig. 4, and to a certain 

7(a). 

O-5 05 $5 I I 
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Fig. 11. (a) The normalized output  function ij' and (b) the correlation 
function q as a function of t/Tm, where T~ = t(&& for vaxious 
pumping conditions. (a) Go = 2.4 X lo2' s - ~  ( T ~  = 104.5  ns),  (b) 
Go = 4.8 X lo2' s - ~  (T,,, = 38.41 ns), ( c )  Go = 4.8 X sT3 ( T ~  = 
10.63 ns), (d) Go = 4.8 X s - ~  ( T ~  = 4.32 ns), and (e) Go = 4.8 X 
lo2' sw3 ( T ~  = 10.65 ns). (-) is the  exact solution. The  mirror 
reflytivities are Ro = 1 and RL = 0.002. The  broken lines  represent 

extent  from  the shapes of &t) given in Fig. 6(b) and (c), 
and Fig.  7(b) and (c). 

A further increase in Go (by one order of magnitude) 
causes the  chaotic behavior to disappear entirely and the 
QSSM to become relevant  again. This is manifested in dif- 
ferent ways. The  functions q(t)  and G(t) become constant, 
equal to each other and equal to (hfl)-' , all  as predicted by 
the QSSM for  the HS case  [see  Figs. lO(e) and 1 l(e)]. By in- 
spection of  Figs. 6(a) and 7(e) it can  be  seen that  the exact 

q = 4 = (Ap)-'. 

c-1 0 L L  

(a) (b) t/Tm 

Fig. 10. (a) The normalized output  function 4" and (b) the correlation 
furction q as  a  function of t / T m ,  where T~ = t(Zmax), for various 
pumping  conditions: (a) Go = 1.92 X loz5 s - ~  ( T ~  = 103 ns); (b) 
Go = 4.8 X 10" s - ~  ( T ~  = 34.30 ns); (c) Go =4.8 X loz6 s - ~  ( T ~  = 
10.38 ns); (d) Go ~ 4 . 8  X s - ~  ( T ~  ~ 4 . 5 0  ns); (e )  Go = 4.8 X 
loz8 s - ~  ( T ~  = 10.80 ns). (-) is the exact  solution  with spatially 
independent  pumping; (-.-) is the exact  solution with  spatially  de- 
pendent pumping. The mirror reflectivities  are Ro : l and RL = 
0.01. The broken straight line  stands  for q = 4" = (hp)- . 

05 10 15 29 25 05 15 20 25 
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Fig.  12.  The normalized output  function q ( t )  at t = T~ as a  function 
of G o .  (a) R = 0.01 and (b) R = 0.002. (-) is calculated  at  the 
first  maximum of i j ( t ) ,  i.e., t = TL. (---I 1s . calculated  at  the sec- 
ond maximum of &t), i.e., t = T&. ( * e )  represents 2 = (ha)-' . 

photon density is well recovered by (39) with q = (XP)-' again 
in accordance with the QSSM. These conclusions are relevant 
for  both the spatially independent as  well  as the spatially de- 
pendent pumping rates. 

E. The NOF as a Function of Go 

To gain further insight, 6(t) was calculated by using the 
time-space equations  for  a large number of Go values which 
cover the whole range from the SSG region to the HS re- 
gion. The times r,, at which the maximum &(t) occurred, 
were determined  for each calculated $(t). Then we con- 
sidered @(t), the NOF, and recorded the values of @(t) at  the 
same times. In Fig. 12  the values of @(t = 7,) are plotted 
as a  function  of Go (for R L  = 0.01 and R L  = 0.002). In each 
figure two curves  are shown. One is of @(t = r,',, , Go) 'where 
T,',, is the time at which the first maximum of  the correspond- 
ing $(t) appears. In  the same way the second curve stands 
for @(t = r;, G o )  where rk is the t%e at which the second 
maximum occurs. Sometimes one encounters  more  than two 
maxima but these are usually much smaller and also difficult 
to identify. 

Two main features to be  noted are as follows. 
1) The curves that correspond to different r, values  are 

well separated. 
2) Although a large  range  of the Go values, i.e., < 

Go < lo2*, belongs to the "chaotic" region, these curves are 
relatively smooth  and well behaved. 

The existence of two well separated curves strongly suggests 
two  different (independent) outlet  patterns which eventually 
interfere  and  therefore yield the  encountered  chaotic behavior. 
This possibility is supported by  the following analysis. 

Along the Go axis we distinguish three regions: 
1) the low pumping rate region (LPRR) Go < 5 X loz5, 
2) the  intermediate pumping rate region (IPRR) 5 X < 

3) the high pumping rate region (HPRR) lo2' < Go. 
It  can easily be seen that @(r,, Go) is single  valued in LPRR 

and HPRR, whereas it becomes double valued (or possibly 
even multivalued) in the IPRR. In the LPRR and HPRR we 

Go < lo2*, 

also found $(t) to be well behaved and  the QSSM reliable. It 
is only in the IPRR that  the QSSM fails, which suggests that 
due to the existence of  more  than one outlet  the behavior of 
the whole lasing system becomes too complicated to  be de- 
scribed within  the framework of  the QSSM. 

V. CONCLUSIONS 
In this work a homogeneously broadened, three-level laser 

system was treated in order to find the conditions  for which 
the rate  equations  obtained  by  a QSSM are reliable. The fol- 
lowing steps were taken. 

1) The theory based on  the QSSM [7], which is usually 
believed to be relevant for  the small-signal gain (SSG) region, 
was extended to cover the high saturation (HS) case. 

2) The time-space dependent  equations were solved numeri- 
cally and the results were compared with  those  obtained from 
the spatially averaged equations modified in accordance with 
the QSSM. 

The comparison between the results obtained  from the  two 
approaches mentioned in 2) revealed three important  facts: 

1) The existence of two disconnected quasi-steady-state 
regions, namely, the SSG region and  the HS region, which 
are well described within the framework of the QSSM. 

2) The existence of an intermediate region which is too 
complicated to be described within the QSSM. 

3) The spatially independent  equations for the HS region 
are similar in form to those for  the SSG region, except that 
one constant, which in  the SSG case is unity, becomes smaller 
than  one in the HS region. 

Part of the  effort was directed at revealing the  nature  of the 
intermediate region. This region extends over two to three 
orders of magnitude of  the pumping intensity G(P * B )  and 
is of particular interest.  The  system, we found, is then  in  an 
intermediate stage where on one side the lasing pulse is en- 
tirely out of phase with the pumping pulse and on  the  other 
the  two pulses are in phase. This transition stage is charac- 
terized by chaotic behavior which strongly depends on  the 
parameters of the system. Thus, in  the case of small radiation 
losses, the  chaotic  structure is hardly  noticed, whereas it is 
clearly observed when the losses become large. The  chaotic 
behavior manifests itself in different ways; it causes usually 
smooth lasing pulses to have irregularities in  their  structure, 
and it makes the generally weakly time  dependent  CF  func- 
tion q(t)  strongly time  dependent. In  this region, the system 
can also be considered to  be in a  transition stage from  one 
outlet  pattern to another  and  the  interference  effects, caused 
by  the competition  between  them,  introduce new factors 
which are not incorporated  in  the present version of the 
QSSM. 
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Nearly  Degenerate  Four-Wave Mixing Enhanced by 
the ac Stark  Effect 

DONALD J .  HARTER AND ROBERT W. BOYD 

Abstract-A model is developed to describe  nondegenerate four-wave 
mixing  in  a  medium  characterized by a single strong  atomic  resonance. 
The  nonlinear  response is calculated using the density-matrix  formal- 
ism, and propagation  effects  are  included  by solving coupled-wave  equa- 
tions.  This  model  predicts large resonant  responses  for signals detuned 
from the  pump  frequency  by  approximately the generalized  Rabi  fre- 
quency.  Potential  applications of the effects  predicted by this  model 
include  construction of tunable  bandpass filters and four-wave para- 
metric  oscillators. 

I. INTRODUCTION 

D EGENERATE four-wave mixing in a nonlinear medium 
has recently become an important technique in  phase 

conjugation and in aberration  correction [l],  [ 2 ] .  Experi- 
mental studies have shown that very  large nonlinear responses 
can  be obtained  by selecting an optical frequency close to  a 
resonant frequency of an atomic system [3], [4]. A  theo- 
retical model for degenerate four-wave mixing in a gas of 
stationary two-level atoms has been presented by Abrams 
and Lind [5], who find a  steady-state  solution to  the density- 
matrix  equations of motion in the rotating-wave approxima- 
tion  for a single applied optical field.  The influence of Dop- 
pler effects present in a real gas  have  also been studied [6]. 

In nondegenerate four-wave mixing, illustrated in Fig. 1,  a 
signal field at  frequency w4 interacts with two nearly counter- 
propagating pump waves at frequency w1 to produce a field of 
frequency w3 = 2wl - w4. For /a1 - w4 I << wl, nonde- 
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Fig. 1. Block  diagram for four-wave mixing  in  a  nonlinear  medium. 

generate four-wave mixing preserves in an approximate sense 
the  aberration-correcting properties of degenerate four-wave 
mixing, and ip addition is useful in producing a narrow band- 
pass filter and in obtaining parametric amplification and para- 
metric oscillation. In  the case where all optical frequencies 
are near one of  the resonant frequencies of  an atomic system, 
the two-level-atom approximation can be applied. 

A  solution based on  third-order,  time-dependent  perturba- 
tion  theory has been presented by Nilsen and Yariv [7] for 
this case. However, a purely perturbative solution leaves out 
many of the more interesting features of nondegenerate mix- 
ing in a collection of two-level atoms. Recently Fu and 
Sargent [SI have performed a  nonperturbative calculation 
and have applied it  to the case of a  pump laser tuned to the 
atomic resonance. 

The present work generalizes that of Fu and Sargent by 
explicitly treating the case of a  pump laser detuned from the 
atomic resonance. The atomic response to applied fields at 
frequencies w1 and w3 is calculated through  the use of the 
density-matrix equations of motion with phenomenological 
decay terms in the rotating-wave approximation.  A  steady- 
state solution is found which is correct to all orders of the 
amplitude of the strong pump field at w1 and is correct to 
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