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a b s t r a c t

In this review, we consider two gauges: one, the field-free gauge, is formed by the field-free
electronic eigenstates and the other, the field-dressed gauge, is formed by the field-dressed
electronic basis set. The field-free gauge is used, of course, in the case of time-independent
systemsbut then it is also themore commonone to beused in the case ofmolecular systems
exposed to external fields. This gauge is conceptually simple and therefore numerically
friendly — two features which make it versatile for numerical application. The field-
dressed gauge is, eventually, more involved but yields deeper insight which might lead
to a better understanding of the complicated interaction between a molecular system
and external fields. In addition, these features can be exploited to develop efficient and
reliable approximations that may save CPU (computer processing unit) time in numerical
applications. These two gauges are the main topics of the present review.

Once the general derivation of the two gauges is completed, two additional issues are
discussed: (i) we extend these gauges to include external fields formed by non-classical
photon-state distributions (also known as non-coherent Fock-state distributions). These
photon state distributions, recently considered for the first time for molecular systems
[A.K. Paul, S. Adhikari, M. Baer, R. Baer, Phys. Rev. A 81 (2010) 013412], are interesting on
their own footing. Althoughhere theymainly serve as a vehicle to test the above-mentioned
novel approximations,we also devote part of the review to studying the importance of non-
coherent Fock states for obtaining an unbiased correct understanding of the interaction
of molecular systems with strong, short-pulsed laser fields. For this purpose, we study
the photo-dissociation process of H+

2 and show (a) that the approximations, recently
introduced, diminish the CPU time by about one order of magnitude with minimal loss
of accuracy and (b) indeed non-coherent Fock states are found to affect molecular systems
in a uniqueway. (ii) Asmentioned, the field-dressed gauge contributes to the understanding
of effects due to external fields. In the present review, we analyze the interplay between
the electronic non-adiabatic coupling terms and these external interactions. This analysis
relates directly to the open question whether external fields are capable of eliminating (or
creating) conical intersections.

© 2010 Elsevier B.V. All rights reserved.

Contents

1. Introduction............................................................................................................................................................................................. 80
2. The Born–Oppenheimer treatment of molecular systems in external fields ...................................................................................... 81

2.1. Introductory comments ............................................................................................................................................................. 81

∗ Corresponding author.
E-mail address:michaelb@fh.huji.ac.il (M. Baer).

0370-1573/$ – see front matter© 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.physrep.2010.07.002

http://dx.doi.org/10.1016/j.physrep.2010.07.002
http://www.elsevier.com/locate/physrep
http://www.elsevier.com/locate/physrep
mailto:michaelb@fh.huji.ac.il
http://dx.doi.org/10.1016/j.physrep.2010.07.002


80 A.K. Paul et al. / Physics Reports 496 (2010) 79–107

2.2. Time-dependent ordinary approach ......................................................................................................................................... 82
2.3. Time-dependent field-dressed approach .................................................................................................................................. 82

2.3.1. Field-dressed electronic basis set ............................................................................................................................... 82
2.3.2. The adiabatic field-dressed nuclear Schrödinger equation....................................................................................... 83
2.3.3. Field-dressed adiabatic-to-diabatic transformation ................................................................................................. 83
2.3.4. Approximations ........................................................................................................................................................... 86

2.4. Summary ..................................................................................................................................................................................... 87
3. Non-coherent Fock-states interacting with molecules ........................................................................................................................ 87

3.1. Introductory comments ............................................................................................................................................................. 87
3.2. Adiabatic non-coherent Schrödinger equation......................................................................................................................... 87

3.2.1. The field-free electronic basis set ............................................................................................................................... 88
3.2.2. The field-dressed electronic basis set......................................................................................................................... 89

4. Numerical studies ................................................................................................................................................................................... 90
4.1. Numerical background concerning the calculations ................................................................................................................ 90
4.2. Studying of the newly introduced approximation ................................................................................................................... 90
4.3. Studying photo-dissociation of H+

2 employing non-coherent Fock states.............................................................................. 91
5. On the possibility of creating (annihilating) conical intersections by (intense) laser fields .............................................................. 91
6. Discussion and summary........................................................................................................................................................................ 96

Acknowledgement .................................................................................................................................................................................. 98
Appendix A. Derivation of the field-dressed non-adiabatic coupling matrix, τ̃ ............................................................................ 98
Appendix B. Analyticity of the adiabatic-to-diabatic transformation matrix, Ã, in space–time configuration ........................... 100
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1. Introduction

The treatment of electronic non-adiabatic processes seems be the one of more complicated issues in the study of
molecular systems [1–5]. The complications usually are of conceptual nature and surface during the passage from quantum
chemistry to quantum dynamics. The basic theory that enables this passage is due to Born and Oppenheimer [6,7] and it
takes advantage of the distinction between the fast moving electrons and the slowmoving nuclei. In what follows, we refer
to it as the Born–Oppenheimer (BO) treatment.

It turns out that this treatment furnishes a series of complications such as adiabatic states characterized by spiky
potential energy surfaces (known as conical intersections [3]) coupled by the so-called, non-adiabatic coupling terms
(NACT) [1,4,5] — frequently singular magnitudes (usually poles) characterized by an infinite range. The framework that
contains these magnitudes is known as the adiabatic framework. The complications due to the BO treatment were so
deterrent that approaches that avoid it by treating both the electrons and the nuclei on equal footing [8] became popular at
least for di-(tri-)atom systems (although they face a gloomy future due to conceptual difficulties and numerical limitations
when extended to poly-atomic systems).

One way to avoid the above-mentioned difficulties is to form a transformation that moves the nuclei system from
the original adiabatic framework to a friendlier framework, known as the diabatic framework. Within this framework the
singular NACTs are eliminated but the diagonal potential energymatrix that contains the eigen values of the systembecomes
a full matrix in order to compensate for the (quasi)-elimination of these NACTs. The various aspects of this transformation
known by the acronym ADT (adiabatic-to-diabatic transformation) are treated in a series of articles that span (off and on)
over a period of more than 30 years [4,5,9–53] and are summarized in a recent book by one of the present authors [1]. Some
aspects related to this transformation are given later.

The interest in field-dressed systems started already in the seventies of the last century with the idea of controlling
chemical processes employing laser fields. The first experiments were done in the early 1980s [54] but failed for various
reasons, among them the application of low intensity and continuous (as opposed to pulsed) lasers. At about the same time,
George et al. [55,56] performed the first theoretical/numerical studies for atom-diatom inelasic collisions as affected by
continuous lasers which were later extended to other kinds of collisions [57–62]. These reduced dimensional numerical
efforts ended with non-conclusive results. One of the more interesting outcomes, while considering the popular reactive
system of the day, namely, (F,H2), was that fields with different frequencies affect significantly differently the quantum
yields of the reactive (electronic non-adiabatic) process F(2P1/2)+ H2 → HF(vf )+ H2 [61].

These studies were later followed by an approach known asmolecular control [63–69]. Here the idea is to develop means
to reveal, a-priori, the parameters required from a laser system (such as intensity, photon frequency, pulse shape, etc.) in
order to enhance certain reaction paths at the expense of the natural paths. These studies ended with mixed conclusions (at
least as far as chemical exchange processes are concerned).
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Later studies concentrated on short-pulsed high-intensity fields carried out for various systems in different situations
[9,70–80].

We tried a differentmethodology, namely, to develop the rigorous theory from scratchwhichwill apply to a general field-
dressed poly-atomic system [81,82] and then branch away in different directions. For this purpose, we considered applying
the BO treatment accompanied with the ADT (see above) as the starting point. However if treating the so-called field-free
systems with this idea in mind is already troublesome, to dress it with an external field and study the so-called field-dressed
system will most likely be a formidable task.

One way out of this complicated situation is to form a new gauge where the mathematical picture becomes transparent
and as a result enables the development of efficient approximations to solve the final field-dressed nuclear Schrödinger
equation (SE) with a minimal loss of accuracy. Such approximations cannot be developed within the field-free gauge.
Although this statement is too general to be meaningful at this stage, we hope to furnish a satisfying study for this purpose
within the present composition.

Next, two new issues are discussed:
(a) The BO treatment is extended to include quantum states of light beyond the usual coherent-state distribution [83–85].

In what follows we term these states as the non-coherent Fock (or, also, as the non-classical photon) states. These non-
coherent Fock states became recently a subject of numerous studies [86–88] and therefore it is important to reveal
their effect on measured magnitudes such as kinetic energy release (KER) distributions and time-dependent dissociation
probabilities (DP). This type of photon states are expected in particular for short-pulsed, high intensity laser systems and, as
will be shown, significantly affect the KER distribution of the nuclear products. The above-mentioned approximations will
be tested for these, newly introduced processes.

(b) The second issue is related to the question whether external fields are capable of affecting conical intersections
(ci) [89,90]. Although this subject does not seem to be necessarily related to the previous one, it is included here for the
reason that such a study, just like developing new approximations, can be carried out comprehensively within the just
mentioned new gauge.

The review is organized in the following way: in the next section (Section 2), we apply the BO treatment for a molecular
system interacting with a high intensity, short-pulsed external field. This is done twice: once within the so-called time-
dependent ordinary approach (field-free gauge) for which a field-free electronic basis set is applied (in Section 2.2) and
once within the time-dependent field-dressed approach (field-dressed gauge) for which a field-dressed electronic basis set
is applied (in Section 2.3). This (second) section is further divided into a few sub-sections in which are discussed various
aspects connected with this approach (among other things, the first-order space–time differential equations to solve for
the corresponding ADT matrix and the Curl equation to guarantee the single valuedness of the diabatic potentials). In
Section 3, the BO treatment is extended to include the non-coherent Fock states and the corresponding adiabatic and diabatic
representation of the potentialmatrices. Section 4 presents the study of the photo-dissociation process of H+

2 within the new
gaugewhich is carried out by comparing results as obtained for KER distribution and the time-dependent DPs. The twomain
issues that are discussed here are the quality of the approximation developed within this study and the importance of the
non-coherent Fock states for the study of the interaction between molecular systems and strong, short-pulsed, external
fields. In Section 5 we show how the present formalism as developed within the new gauge relates to the ability of laser
fields to create/annihilate cis. A discussion and summary is given in Section 6.

2. The Born–Oppenheimer treatment of molecular systems in external fields

2.1. Introductory comments

In the next two sections is discussed theBorn–Oppenheimer approach for amolecular system interactingwith an external
field. This treatment is done twice: (a) employing a time-independent (or field-free) electronic basis set. In what follows
this approach will be termed as the time-dependent ordinary treatment; (b) employing a time-dependent (or field-dressed)
electronic basis set. In what follows this approach will be termed as the time-dependent field-dressed treatment.

The starting point for both treatments is the time-dependent Schrödinger equation for the totalwave-function,9(se, s, t)
given in the form:

ih̄
∂9(se, s, t)

∂t
=


−

h̄2

2m
∇

2
+ He(se|s, t)


9(se, s, t) (1)

where the electronic Hamiltonian He(se|s, t) becomes time dependent only for t ≥ 0. In what follows we assume that the
effect of the external field is expressed in terms of the interaction of the electric field with the electrons. Consequently,
He(se|s, t) takes the form:

He(se|s, t) = He0(se|s)+ µe(se, s) · E(t) (2)

where µe(se, s) is the corresponding (electronic) dipole moment defined as µe = e
∑

se and E(t) is the external (electric)
fieldwhich either presents a classical field and then iswritten as Ẽ(t) or as an operator and thenwe keep its original notation.
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2.2. Time-dependent ordinary approach

As mentioned earlier 9(se, s, t) is expanded in terms of a time-independent electronic basis set formed by the adiabatic
eigenfunctions of He0(se|s):

9(se, s, t) = ζT (se|s)ψ(s, t) (3)

where ζT (se|s) is a row vector and ψ(s, t) is a column vector containing the field-dressed nuclear wave-functions.
Substituting Eq. (3) in Eq. (1) yields the following time-dependent equation for the nuclear wave-functions:

ih̄ζT (se|s)
∂ψ(s, t)
∂t

= −
h̄2

2m
∇

2 
ζT (se|s)ψ(s, t)


+ He(se|s, t)ζT (se|s)ψ(s, t) (4)

or

ih̄ζT
∂ψ

∂t
= −

h̄2

2m


ζT∇2ψ+ ∇

2ζTψ+ 2∇ζT∇ψ

+ Heζ

Tψ. (5)

Multiplying Eq. (5), from the LHS by ζĎ(se|s) (which is a column vector that contains the complex conjugate eigenfunctions)
and integrating over the electronic coordinates se, we obtain the (adiabatic) time-dependent Schrödinger equation for the
nuclear wave-functions [9,81,82]

ih̄
∂ψ

∂t
= −

h̄2

2m
(∇ + τ(s))2ψ+


u(s)+ µ̃(s) · Ẽ(t)


ψ (6)

where τ(s) is the (time-independent) non-adiabatic coupling matrix (NACM):

τjk =

ζj(se|s)|∇ζk(se|s)


(7a)

u(s) is the diagonal potential matrix which contains the adiabatic (time-independent) potential energy surfaces defined as

uj(s) =

ζj(se|s)|He0(se|s)|ζk(se|s)


δjk (7b)

and µ̃(s) is the corresponding dipole-moment matrix:

µ̃jk(s) = e

ζj(se|s)|se|ζk(se|s)


. (7c)

The next step is to perform the ADT in order to eliminate the τ-matrix which is done in a similar way as within the time-
independent framework [9]. Thus, replacingψ(s, t) byA(s)8(s, t) yields the following time-dependent nuclear Schrödinger
equation:

ih̄
∂8

∂t
= −

h̄2

2m
∇

28 + W̃e(s, t)8, (8)

where

W̃e = AĎH̃eA; H̃e(s, t) = u(s)+ µ̃(s) · Ẽ(t). (9)

As for the matrix A = A(s) it is, as in the field-free case, time independent.
At this stage we mention the single-valuedness issue of the diabatic potentials. It is shown on various occasions that in

order to guarantee the single valuedness of the newly formed diabatic potentials, the size, L, of the electronic manifold has
to be large enough to form a Hilbert subspace in the region of interest [91,92].
Comment. It is important to emphasize that in case the NACTs are ignored the ADT matrix is the unit matrix and therefore,
W̃e ≡ H̃e.

2.3. Time-dependent field-dressed approach

2.3.1. Field-dressed electronic basis set
In this section is employed a field-dressed electronic basis set, ζ(se|s, t), so that the total wave function is expanded as

follows [81,82]:

9(se, s, t) = ζT (se|s, t)ψ(s, t). (10)

At this stage we remind the reader that, like in the previous ordinary approach, the size of the Hilbert subspace is Lwhich
implies that L electronic eigenfunctions of the type ζj(se|s, t); j = {1, L} form the Hilbert subspace, at a given region, at any
time.

Next it is assumed that these eigenfunctions fulfill the time-dependent eigenvalue equation:

ih̄
∂

∂t

ζj(se|s, t) = He(se|s, t)
ζj(se|s, t) . (11)
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In order to proceed we recall that the electric field is turned on at t = 0 so that He is independent of time (and diagonal)
as long as t ≤ 0. Consequently, for t ≤ 0, the jth eigenfunction ζj(se|s, t) assumes the form:ζj(se|s, t) = exp


(−i/h̄)uj(s)t

 ζj0(se|s) (12)

where, following Eq. (11), it is seen that ζj0(se|s) fulfills the jth (time-independent) eigenvalue equation:
He0(se|s)− uj(s)

 ζj0(se|s) = 0. (13)

Here uj(s) are, as before, the time-independent potential energy surfaces.
To solve Eq. (11) for t > 0 subject to the initial conditions as presented in Eq. (12), ζj(se|s, t) is expanded in terms of L

eigenfunctions of He as calculated at t = 0. Thus,ζj(se|s, t) =

L−
k=1

|ζk0(se|s)⟩ωkj(s, t) (14)

whereω(s, t) is a square matrix that contains the expansion coefficients. Substituting Eq. (14) in Eq. (11) and continuing in
the usual way yields the differential equation for ω(s, t):

ih̄
∂ω(s, t)
∂t

= H̃e(s, t)ω(s, t) (15)

where H̃e is the usual potential matrix (see also Eqs. (7b) and (9)):

H̃e(s, t)kj = ⟨ζk0(se|s)|He(se|s, t)
ζj0(se|s) . (16)

The solution of Eq. (15) is given in the form:

ω (s, t) = ℘ exp

−

i
h̄

∫ t

−∞

dt ′ · H̃e

s, t ′


I (17)

where ℘ is a time ordering operator and I is the corresponding unit matrix. It can be seen that for t ≤ 0 the matrix ω(s, t)
becomes

ωkj (s, t ≤ 0) = exp(iuj(s)t)δjk. (18)

2.3.2. The adiabatic field-dressed nuclear Schrödinger equation
Substituting Eqs. (10) and (11) in Eq. (1) and integrating over the electronic coordinates yields (after a few algebraic

rearrangements) the following field-dressed equation for the nuclear wave-functions:

ih̄ζT (se|s, t)
∂ψ(s, t)
∂t

= −
h̄2

2m
∇

2 
ζT (se|s, t)ψ(s, t)


. (19)

The interesting feature concerning this equation is the fact that it is only dominated by the nuclear kinetic operator.
Evaluating the RHS of Eq. (19) yields

ih̄ζT
∂ψ

∂t
= −

h̄2

2m


ζT∇2ψ+ 2∇ζT∇ψ+


∇

2ζT

ψ


(20)

and multiplying the resultant expression from the LHS by ζĎ(se|s, t) (which is a column vector that contains the complex
conjugate eigenfunctions) yields the following interesting expression (see Appendix A):

ih̄
∂ψ

∂t
= −

h̄2

2m
(∇ + τ̃)

2
ψ. (21)

Here τ̃(s, t) is the field-dressed NACM given in the form:

τ̃ = ωĎτω+ ωĎ
∇ω (22)

where τ is the field-free NACM defined in terms of the time-independent basis set ζ0(se|s) (see Eq. (7a)).
Eq. (21) presents the SE in a particular gaugewhich lacks the potential energy matrix and in fact implies that the nuclear

dynamics is solely determined by a vector potential.

2.3.3. Field-dressed adiabatic-to-diabatic transformation
Like in the field-free case, the aim of the ADT is to eliminate the pathological NACM, τ. However, the structure of

Eqs. (21) and (22) suggests that it will be easier to eliminate the (full) field-dressed NACM, τ̃ and not just the field-free
NACM, τ.

To carry out the ADT for Eq. (21), we follow the procedure as given for the time-independent case [9] but to distinguish
the present ADT matrix from the time-independent one, we label it as Ã(s, t).
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Replacingψ = Ã8 in Eq. (21) yields the following expression:

ih̄Ã
∂Φ

∂t
= −

h̄2

2m


Ã∇

2
+ 2


GÃ


∇ +


G2Ã


Φ − ih̄

∂Ã
∂t
Φ. (23)

Here G is the space covariant derivative operator which acts only on Ã and is given in the form:

G = ∇ + τ̃. (24)

To continue we add and subtract an undetermined matrix τt multiplied by Ã8, so that Eq. (23) becomes

ih̄Ã
∂Φ

∂t
= −

h̄2

2m


Ã∇

2
+ 2


GÃ


∇ +


G2Ã


Φ −


Gt Ã − τt Ã


Φ (25)

where Gt is corresponding time covariant derivative operator defined as

Gt = ih̄
∂

∂t
+ τt (26)

and τt is assumed to be an Hermitian operator (a fact to be verified later).
To continue we require that the Ã-matrix be chosen to be a solution of the following space–time first-order differential

equations:

GÃ = 0 ⇒ ∇Ã + τ̃Ã = 0 (27a)
and

Gt Ã = 0 ⇒ ih̄
∂Ã
∂t

+ τt Ã = 0. (27b)

Substituting Eqs. (27) in Eq. (25) yields the corresponding diabatic equation:

ih̄
∂8

∂t
=


−

h̄2

2m
∇

2
+ W̃e


8 (28)

where W̃e(s, t) is the recovered field-dressed diabatic potential matrix:

W̃e = ÃĎτt Ã. (29)
Comment. It is important to emphasize that at this stage, the matrix, τt , is unknown but will be determined in the
mathematical analysis to be presented next.

Like in the field-free framework, we demand that the matrix Ã which solves Eqs. (27) be a matrix of analytic functions
at every point in the required four-dimensional space–time region. This means that each element of the Ã-matrix has to be
differentiable to any order with respect to the spatial coordinates and time in that space–time region. In addition, analyticity
requires the fulfillment of the following two conditions.

(1) The results of two consecutive differentiations of the Ã-matrix with respect to two spatial coordinates, p and q, are
independent of the order of differentiation. This requirement is known to lead to the Abelian Curl equation similar to the
one discussed in the field-free case [9] but where τ(s) is replaced by its field-dressed counterpart, τ̃(s, t) (see Eq. (22)).

(2) The results of two consecutive differentiations of the Ã-matrix, one with respect to time and the other with respect to
any spatial coordinate p, should not depend on the order of differentiation. This requirement implies

∂

∂t


∇Ã


− ∇


∂

∂t
Ã


= 0. (30)

In Appendix B is proved that Eq. (30) is fulfilled if and only if the matrix τt (introduced earlier, in Eqs. (25) and (26)) is of the
form

τt ≡
˜̃He = ωĎH̃eω. (31)

Comment. Earlier we assumed that τt is a Hermitian matrix. This assumption is now verified, due to Eq. (31), because ω is
unitary and H̃e is Hermitian (see Eq. (16)).

Having this result, Eq. (27b) is slightly modified:

ih̄
∂Ã
∂t

+
˜̃HeÃ = 0 (27b′)

and the corresponding diabatic potential matrix W̃e(s, t) (cf. Eq. (29)) becomes

W̃e = ÃĎ ˜̃HeÃ (32)

where it can be shown that Ã is a unitary matrix.
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The potential matrix W̃e is reminiscent of We(s) (the diabatic potential in the field-free framework [12] because at time
t ≤ 0 the matrix ˜̃He (and also H̃e — see Eq. (16)) is a diagonal matrix that contains the adiabatic (ab-initio) potentials.
However once t > 0 the potential matrix ˜̃He becomes non-diagonal (cf. Eq. (2)) and therefore W̃e differs from We.

Corollary 1. In order to verify Eq. (30), we first derived in Appendix B the following identity:

ih̄
∂ τ̃

∂t
− τ̃τt − ∇τt + τt τ̃ = 0 (B.4)

and showed that this identity is fulfilled if and only if τt satisfies Eq. (31). Consequently Eq. (B.4) becomes as

ih̄
∂ τ̃

∂t
− τ̃

˜̃He − ∇
˜̃He +

˜̃Heτ̃ = 0

or

ih̄
∂ τ̃

∂t
− ∇

˜̃He +


˜̃He, τ̃


= 0. (33)

The LHS of Eq. (33) is defined as the non-Abelian space–time tensorial components F(s, t) of the general Curl expression
[81,82,90] formed by time and the spatial components. For instance in the case of the (q, t) tensorial component, we have

Fqt(s, t) = ih̄
∂ τ̃q

∂t
−
∂

∂q
˜̃He +


˜̃He, τ̃q


= 0. (33′)

We remind the reader that Eqs. (33) (and also (33′)) form the corresponding Curl condition. It is important to emphasize that
Eq. (33′) holds at every point in the space–time configuration except, eventually, at pathological points for which τ̃q(s, t) is
not well defined.

Eqs. (27a) and (27b′) can be written in terms of amulti-component vector:

G̃Ã = 0 (27c)

where G̃ is the covariant space–time derivative given in the form:

G̃ = ∇̃ + ˜̃τ. (34)

Here ∇̃ is a space–time grad-operator given in the form:

∇̃ =


∂

∂q1
,
∂

∂q2
, . . . ,

∂

∂qn
, ih̄

∂

∂t


(35)

and, similarly, ˜̃τ is recognized as the relevant super extended space–time NACT-matrix:

˜̃τ = {τ̃q1 , τ̃q2 , . . . , τ̃qn ,
˜̃He} (36)

where we recall that ˜̃He is the time component of ˜̃τ (see Eq. (33)).
Thus, the analytic solution of Eqs. (27) is guaranteed by satisfying

∂

∂µ′
τ̃µ −

∂

∂µ
τ̃µ′ −


τ̃µ, τ̃µ′


= 0; {µ,µ′

= qn, qn′ , t/(ih̄)} (37)

which is the non-Abelian multi-component Curl equation, at every point in the region and τ̃t is the time component of ˜̃τ,
namely, τ̃t ≡

˜̃He (see Eq. (31)).

Corollary 2. In this section, we discuss the analytic solution of the field-dressed ADT matrix which satisfies the two first-
order differential equations derived earlier (see Eqs. (27a) and (27b′)):

∇Ã + τ̃Ã = 0 (38a)

ih̄
∂Ã
∂t

+
˜̃HeÃ = 0. (38b)

The solution is derived by substitution, namely, presenting Ã(s, t) as a product [90]:

Ã = ωĎB (39)

whereω = ω(s, t)was introduced earlier (see Eqs. (14) and (15)) and B is an unknownmatrix. To continue we assume that
B is a regular, time-independent matrix but, other than that, still general. Substituting Eq. (39) in Eq. (38b) yields, following
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the elimination of B(s), an equation for ωĎ(s, t):

ih̄
∂ωĎ

∂t
+

˜̃Heω
Ď

= 0. (40)

Eq. (40) is reminiscent of Eq. (15) and becomes identical to Eq. (15) employing Eq. (31) to form the connection between ˜̃He

with H̃e.

To determine B(s), Eq. (39) is substituted in Eq. (38a) and, recalling the definition of τ̃ (see Eq. (22)) and doing a few
algebraic arrangements yields B(s) as a solution of the first-order vectorial time-independent differential equation:

∇B(s)+ τ(s)B(s) = 0. (41)
In other words B(s) is similar (or identical up to a constant unitarymatrix) to the corresponding (field-free) ADTmatrix A(s)
which satisfies an identical equation (see Eq. (9)).
Comment. Since B ≡ A and in order to avoid confusion, we replace B(s) by A(s) so that from now on, Eq. (39) takes the
form

Ã(s, t) = ωĎ(s, t)A(s). (42)

Corollary 3. The fact that the field-dressed ADTmatrix, Ã, can be written as in Eq. (42) simplifies significantly the expression
for the corresponding diabatic potentialmatrix as given in Eq. (32). Substituting Eq. (42) in Eq. (32) yields thediabatic potential
matrix:

W̃e = AĎH̃eA (9′)

which is identical to the one encountered earlier in the time-independent case (cf. Eq. (9)).

Short summary. The fact that the two approaches, namely, the time-dependent ordinary approach and the time-dependent
field-dressed approach yield exactly the same diabatic potential implies that the field-dressed approach does not have any
advantage over the first straightforward simple field-free approach. The importance of the second approach emerges in
case attempts are made to develop approximations to cut down the number of SE equations (in Eq. (28)) to be solved and in
this way reduce the CPU time. This issue is discussed in the next section.

2.3.4. Approximations
We recall that Eq. (28) contains L equations, with the following L unknown functions:

Φ̃T
=


φ1, φ2, . . . , φj, . . . , φL

T
. (43)

Eq. (28) holds also for the first N equations (where N < L) as long as we keep on the RHS the full vector, Φ̃. To convert
this reduced set of N equalities into an ordinary system of N equations, we assume that the lower tail of Φ̃, namely the last
L–N elements are relatively small and can be ignored. In this way, the squared system of L equations in Eq. (28) becomes a
squared system of N equations

ih̄
∂8̃r

∂t
=


−

h̄2

2m
∇

2
+ W̃r


8̃r (44)

where the subscript r designates ‘‘reduced’’. There are numerous ways to form the reduced N ×N diabatic potential matrix
W̃r(s, t) but the present approach has a significant advantage because W̃r(s, t) is constructed from the original, untouched,
complete L × L potential matrix, ˜̃He(s,t) (see Eq. (31)):

W̃r = ÃĎ
r
˜̃HeÃr . (45)

In otherwords the reduced dimension of W̃r(s, t) follows by employing a rectangular ADTmatrix, Ãr(s, t), which containsN
columns where each column contains L elements. Therefore, so it seems, the damage caused in producing the reduced final
diabatic potential matrix (and therefore also the reduced number of equations to be solved) is minimal since the original
interaction potential matrix, H̃e(s, t) is still fully maintained.

Our next task is to derive Ãr . In contrast to the square ADTmatrix, Ã, this rectangular matrix cannot be derived by employ-
ing the analytic solution as described earlier (see Eq. (42)) but has to be calculated by propagation similar to the propagation
process applied for the time-independent ADT matrix [9,93]. For that purpose one assumes a space–time contour, Γst , and
propagates the solution (in this case the rectangular field-dressed ADT matrix, Ãr ) employing the following expression:

Ãr(s, t|Γst) = ℘

M∏
n=1


exp


−

∫ sn

sn−1

τ̃(s, tn) · ds


exp


i
h̄

∫ tn

tn−1

˜̃He(sn−1, t)dt


Ãr(s0, t0) (46)

whereM is the number of space–time segments along the contour Γst :
Γst ≡ (s0, t0) → (s0 +∆s, t0) → (s0 +∆s, t0 +∆t) → (sM , tM −∆t) → (sM , tM). (47)
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The expression in Eq. (46) is a solution that applies for one single contour but the ADT matrix is required for the whole
space–time region and therefore this region has to be covered by a network of contours to guarantee the contributions of
the whole region. There are, of course, numerous ways to form such networks where some of them are more efficient than
others but all of them are expected to yield the same results. In Appendix C is presented the construction of a particular
network which is friendlier than others [94].

Still one word of caution is required, namely, that the just mentioned network has to be initiated at one single point
(s0, t0) and calculated along the various contours with the same initial ADT matrix Ãr(s0, t0).

2.4. Summary

In Sections 2.2 and 2.3 are presented two different diabatization schemes for a molecular system affected by an external
time-dependent field.We termed the first, the simplified version, as the ordinary approach and the second, themore general
one, as the field-dressed approach. In both treatmentswe end upwith a unitary ADTmatrix calculated by solving a (vectorial)
first-order differential equation along contours.

Themain difference between the two approaches is as follows: within the first approachwe employ a field-free electronic
basis set so that the ADT matrix is time-independent calculated as a line integral along spatial contours. Consequently the
resulting diabatic potential energy surfaces matrices are similar to the ones encountered in the time-independent cases.
Within the second approach we apply field-dressed electronic basis sets so that we end up with field-dressed ADT matrices
which are calculated along space–time contours. The calculation of the diabatic potential matrices is similar but somewhat
more involved.

Next we refer to two interesting features that were revealed while introducing the field-dressed electronic basis set.
(1) The theoretical treatment leads to a novel gauge in which the corresponding nuclear Schrödinger equation lacks a

potential (see Eq. (21)) but is governed, instead, by an extended field-dressed time-dependent NACM, τ̃, as given in
Eq. (22).

(2) The theoretical treatment leads to an extended non-Abelian field-dressed Curl equation according to which time and
space are treated on an equal footing (see Eqs. (33) and (37)).
These facts have important implications regarding the theory to be further discussed in Sections 3 and 5.

3. Non-coherent Fock-states interacting with molecules

3.1. Introductory comments

The theory presented in Sections 2.2 and 2.3 applies well for the case where the usual, electric, classical vectorial field,
Ẽ(t), is presented as

Ẽ(t) = κE(t) sin(ϖ t − ϑ). (48)
Here κ is the polarization unit vector, E(t) = Epf (t/τp) is the time-dependent envelope that defines the laser pulse which
frequently is assumed to have the following shape: f (t/τp) = sin2(π t/τp) [70] where τp is the duration time of the pulse,
Ep is the peak value of the field andϖ is the frequency of the field. Finally ϑ is an unspecified phase which usually does not
affect the final results unless the pulses are very short (namely, lasting only a few cycles).

Light produced in laser cavities is usually given in what is called a coherent state situation which is characterized by a
linear combination of oscillating Fock states |N⟩whereN is the number of photons in the cavity at a given time. In Ref. [83] it
is shown that in the case of a coherent state distribution the resulting electric field is as given by Eq. (48). However in more
extreme cases (for instance, in the case of intense, short-pulsed fields) the coherent Fock state is disturbed and, consequently,
each of these states just like the corresponding molecular states, has to be treated separately. These, so-called non-classical
Fock states have for quite some time been the subject of numerous experimental and theoretical studies [86–88,95–97]
mainly in atomic physics.

Recently,we studied the effect of non-coherent states onmolecular dynamics as revealed in thephoto-dissociationprocess
of H+

2 due to intense fields [43,44]. We found that, indeed, the non-coherent states furnish numerical results (such as the
KER distribution of the products and time-dependent DPs) which sometimes differ significantly from those obtained for the
coherent states.

Although in Section 3 we derived the theory for a system governed by NACTs and cis, the part of our study related to the
Fock and coherent states is pursued for a molecular system that lacks these magnitudes. In other words in what follows the
NACTs are assumed to be zero.

3.2. Adiabatic non-coherent Schrödinger equation

Considering the time-dependent SE presented in Eqs. (1) and (2) it is, next, modified to include the effect of the radiation
field:

ih̄
∂9

∂t
= −

h̄2

2m̃
∇

29 +

He0(se, s)+ HRad + µe(se, s) · E


9. (49)
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In what follows E is assumed to be a field operator (and not a function as in Eq. (48)) given in the form [98]:

E = κγ0

âĎ + â


(50)

where âĎ and â are the raising and lowering operators, respectively, κ, as before, is the polarization unit vector and γ0 is a
constant defined as γ0 = (h̄ϖ/(2ε0Ω))(1/2) withϖ being, as before, the frequency of the field,Ω the volume of the cavity
and ε0 the permittivity of the vacuum. The new Hamiltonian in Eq. (49), HRad, is due to the radiation field and is given in the
form:

HRad = h̄ϖ

âĎâ + 1/2


. (51)

Next is considered briefly the radiation field and for this purpose is introduced the photon state |N⟩ where N(t) the
number of photons in the cavity at time t , is assumed to fluctuate around a time-dependent average (large) number of
photons N̄(t). Thus,

N(t) = N̄(t)± n; n = {−N0,+N0}. (52)

Here N0 is a finite number.
By definition:

âĎ |N⟩ =
√
N + 1 |N + 1⟩ ; â |N⟩ =

√
N |N − 1⟩ (53)

and recalling Eq. (52) we get that

âĎ
N̄ + n


=


N̄ + n + 1

N̄ + n + 1

; â

N̄ + n

=


N̄ + n

N̄ + n − 1

. (53′)

Assuming that N̄ ≫ n, we may write

N̄ + n ∼

√

N̄ and, therefore, Eqs. (53′) become

âĎ
N̄ + n


=


N̄

N̄ + n + 1

; â

N̄ + n

=


N̄

N̄ + n − 1

. (54)

In the same way, and following Eq. (51), we also create the relation:

âĎâh̄ϖ |N⟩ = âĎâh̄ϖ
N̄ + n


∼ (N̄ + n)h̄ϖ

N̄ + n

. (55)

In what follows the notation is simplified replacing
N̄ + n


by |n⟩ while applying the corresponding orthogonality relations

for the
N̄ + n


states to the corresponding |n⟩ states. We recall that the whole treatment is for a finite group of photon

states.

3.2.1. The field-free electronic basis set
Next 9(se, s|t) (see Eq. (49)) is expanded in terms of the electro-photon states (m, n) where m designates an electronic

state and n, as before, a photon state. As in Section 2 we apply either a field-free basis set or a field-dressed basis set.
Starting with the free-field basis set, we get

9(se, s|t) = exp(iφ(t))
M−1−
m′=0

N0−
n′=−N0

n′

ζm′(se, s)ψn′m′(s|t) (56)

where φ(t) is a time-dependent phase defined as

φ(t) = h̄ϖ
∫ t

−∞

N̄(t)dt. (57)

Substituting Eqs. (50)–(57) in Eq. (49), multiplying the result from the LHS by a particular electro-photon eigen-state
|n⟩ ζm(se, s) and integrating over the relevant coordinates yield the following nuclear SE:

ih̄
∂ψmn(s|t)

∂t
=


−

h̄2

2m̃
∇

2
+ um(s)+ nh̄ϖ


ψmn(s|t)− E(t)

−
m′

V(κ)
mm′
(s) (ψm′n−1(s|t)+ ψm′n+1(s|t)) (58)

where E(t) = γ0

N̄(t) and V(κ)mm′(s) is the following potential matrix element:

V(κ)mm′(s) = e ⟨ζm(se, s)| se · κ |ζm′(se, s)⟩ . (59)

In this derivation we consider transitions among electro-photon states due to the transition dipole moments but ignore, as
mentioned earlier, effects due to NACTs.

Eq. (58) can be written in a matrix form (see also Eq. (9)):

ih̄
∂ψ

∂t
= −

h̄2

2m̃
∇

2ψ+ H̃e(s, t)ψ (60)
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where the matrix elements of H̃e(s, t), namely, H̃(κ)
emnm′n′

(s, t), are defined as

H̃(κ)emnm′n′(s, t) =


um(s)+ nh̄ϖ ; n = n′,m = m′

E(t)V(κ)mm′(s)δn′n±1; m ≠ m′.
(61)

Eq. (61) contains the function E(t) which so far is not explicitly defined. To get a better understanding of the newly
introduced photon states, we repeat the derivation of Eq. (61) for a more specific type of photon states, namely the coherent
photon states which explicitly contain the time-dependent oscillatory nature of the state. Thus, Eq. (56) is replaced by

9(se, s|t) = exp(iφ(t))
M−1−
m′=0

N0−
n′=−N0

γn′(t)
n′


ζm′(se, s)ψn′m′(s|t) (56′)

where γn(t) is a time-dependent phase factor: γn(t) = exp{i(nϖ t − ϑ)} (ϑ is a characteristic (fixed) phase of the coherent
state). Substituting Eq. (56′) including thedefinition ofγn(t) aswell as themagnitudes introduced earlier in Eq. (49) and carry
out the necessary algebraic arrangements yields the same SE as in Eq. (60) but with a slightly different Hamiltonian [83]:

H̃(κ)emm′(s, t) =


um(s); m = m′

−i
1
2
E0(t) sin(ϖ t − ϑ)V(κ)mm′(s); m ≠ m′ (61′)

andϖ , as before, is the frequency of the field. This Hamiltonian is the familiar semi-classical Hamiltonian where (1/2)E0(t)
is the usual envelope of the field.

3.2.2. The field-dressed electronic basis set
To introduce the field-dressed electronic basis set, we consider the full SE (for the electrons and the nuclei) as presented

in Eq. (49) (and not the one in Eqs. (1) and (2)). As a result of this extension, the BO close-coupling expansion differs slightly
from the one in Eq. (3) (but is similar to the one in Eq. (56) with a few obvious changes):

9(se, s|t) = exp(iφ(t))
M−1−
m′=0

N0−
n′=−N0

n′

ζn′m′(se, s|t)ψn′m′(s|t). (56′′)

To continue we follow essentially step-by-step what has been done in Sections 2.3.1 and 2.3.2 and just as before we
derive the following adiabatic SE:

ih̄
∂ψ

∂t
= −

h̄2

2m
(∇ + τ̃)

2
ψ (62)

where τ̃, the vector potential, is now of the form (see Eq. (22), for the case that τ(s) = 0):

τ̃ = ωĎ
∇ω. (63)

(The matrix ω was introduced earlier through Eqs. (14) and (15)). The theory, as can be seen from Eq. (63), furnishes field-
dressed NACTs which differ from zero even when the field-free NACTs are identically zero. The expression in Eq. (63) can
be considered as NACTs produced by the external field which is not associated with the ordinary electronic NACTs. In this
respect we comment briefly that it can be proved that these external NACTs cannot affect the single valuedness of any of the
diabatic potential matrices. The proof is based on the fact that the relevant Curl equation i.e. Curl τ̃(R, t) is identically zero
at every point in the (R, t) plane (see Appendix D).

Next we perform the field-dressed ADT to derive the corresponding field-dressed time-dependent diabatic potential
matrix (cf. Section 2.3.3). The final result is the usual expected field-dressed diabatic potential matrix (see Eq. (32)):

W̃e = ÃĎ ˜̃HeÃ (64)

where Ã is the required ADTmatrix (see Eqs. (38)) but defined in terms of τ̃(s, t) as given by Eq. (23) and ˜̃He(s, t) as derived
from Eq. (31) with H̃e(s, t) as given by Eq. (61).

Just like in the ordinary (semi-classical) case, the two approaches, namely the one that applies the field-free electronic
basis set and the other that applies the field-dressed basis set, are expected to yield identical results but the second approach
enables interesting possibilities for approximations. As discussed in Section 2.3.2 within such an approximation, we solve
the following time-dependent SE:

ih̄
∂8̃r

∂t
=


−

h̄2

2m
∇

2
+ W̃r


8̃r (65)

where W̃r(s, t), the dimensional reduced matrix is given in the form:

W̃r = ÃĎ
r
˜̃HÃr . (66)

We recall that Ãr is a rectangular matrix and therefore has to be solved by (numerical) integration along space–time contours
(see Eq. (46)).
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Fig. 1. Adiabatic electronic and electro-photon potential energy curves for the H+

2 as a function of the inter-atomic distance, R. The electro-photon states
were calculated for λ = 600 nm (h̄ϖ = 2.06 eV).

4. Numerical studies

In the numerical part of the review, we concentrate on two issues.
(a) Testing the convergence rate of the new approximation (introduced in the previous chapter).
(b) Comparing results derived employing non-coherent Fock states with results derived by solving the semi-classical SE.

This comparison is further extended to include results as obtained by another group employing a similar semi-classical
SE [74].

The numerical treatment concentrates on the dissociation process of H+

2 in a strong, short-pulsed laser field:

H+

2


1sσg , vi


+ field (E(t),ϖ) → H + p. (67)

The theoretical as well as the experimental studies of this system continue for almost three decades [71–74,77,87,
105–108]. Recently, we found out that this system, when treated with non-coherent photon states, is most suitable to
study the approximation we developed in the previous sections. Moreover, we revealed that the numerical results due
to the non-coherent Fock states are interesting on their own footing and therefore the numerical treatment is extended
accordingly.

4.1. Numerical background concerning the calculations

We start by emphasizing that theH+

2 is characterized by one spatial coordinate R and therefore all the forthcoming spatial
details refer to R (instead of the general molecular coordinate s).

The electronic adiabatic (field-free) potential curves uj(R); j = 0, 1 and the corresponding transition dipole moment
µ01(R)were obtained froman ab-initio calculation employing the 6-311++G(3df,3pd) basis set using theHartree–Fock option
of MOLPRO [99]. The calculated potential curves compare well with the analytical results [100]. In Fig. 1 are presented the
two (lowest) electronic states u0(R) and u1(R) as well as the corresponding (shifted) electro-photon states: u0, u1 − h̄ϖ ,
u0 − 2h̄ϖ , etc. (see Eq. (61)).

To carry out the dynamical calculations, we distinguish between two types of systems: (a) for the ordinary time-
dependent case, we solve Eq. (8) where W̃e is identical to H̃e because the NACTs are ignored. (b) For the field-dressed case,
the procedure is more complicated and involves two stages: (1) calculating the (reduced) ADT matrix Ãr(R, t), along a
network of space–time contours that cover the required region in space–time configuration (see Appendix C). (2) Solving the
corresponding nuclear time-dependent SE, Eq. (65). Themethods used to solve Eqs. (8) and (65) are described in Appendix E.
We emphasize again that throughout the numerical treatment the NACTs are ignored. In additionwe recall that the ordinary
case is the square (L, L) case and that the field-dressed case is the approximate rectangular (N, L) case.

4.2. Studying of the newly introduced approximation

The quality study of the approximation is performed for two experimental setups with the following specifications.
(I) The intensity is 100 TW/cm2, the wave length is 600 nm [73] and the envelope of the pulse f (t) [70] is characterized by

the two parameters: Ep = 0.053 Eh and τp = 40 fs
(II) The intensity is 50 TW/cm2, the wave length is 790 nm [74] and the envelope of the pulse f (t) [70] is characterized by

the two parameters: Ep = 0.0374 Eh and τp = 45 fs.
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As alreadymentioned earlier the numerical study concentrates on theKERprobability function,K(E), and theDP function,
Pd(t), of the nuclear products (specified in Eq. (67)) as caused by the external fields (I) and (II). In Appendix F (for DP) and
Appendix G (for KER) we derive the analytic expressions used in the calculation.

The results for setup (I) are presented in Figs. 2–4. In Figs. 2 and 3 are shownKER andDPs results as obtained for a series of
initial vibrational states. In the LHS panels are presented the KER results and in the RHS panels are presented the DPs. In each
panel are given four curves calculated for a given initial vibrational state but for different combinations of electro-photon
states, namely, (2, 2), (4, 4), (6, 6) and (2, 6). The (2, 2) curves describe results as obtained for the two lowest electro-photon
states (u0, u1 − h̄ϖ) and, similarly, the (4, 4) and the (6, 6) curves describe results obtained for the fourth and the sixth
lowest electro-photon states (see Fig. 1). The (2, 6) curves describe results as obtained for the (rectangular) approximate case
which is characterized by a six-dimensional potential matrix for which are solved only two SEs. In other words, the potential
matrix ˜̃H(R, t) (just like H̃(R, t)) is still a 6×6matrix (see Eq. (31)) but with the help of the rectangular ADTmatrix, Ãr(R, t),
we form a 2×2 approximate potential matrix W̃r(R, t) (Eq. (45)) which leads to two coupled time-dependent SEs (Eq. (44)).

Returning now to Figs. 2 and 3, the (6, 6) curves present the accurate, well-converged results and all other curves are due
either to a less accurate (non-converged) calculation (this applies to the (2, 2) and the (4, 4) curves) or to thenewly introduced
approximation (the (2, 6) curves). In Fig. 2 are presented results as calculated for low vibrational states (v = 3, 5, 6, 7) and
in Fig. 3 are presented results as calculated for high vibrational states (v = 9, 11, 13).

In all cases the (2, 2) curves deviate significantly from the (6, 6) curves, and therefore these results are unreliable. The (4,
4) curves aremore reliable—they yield a reasonable fit for the lower vibrational states, namely, v ≤ 7 (see Fig. 2) but then fail
to do so for the higher ones (see Fig. 3). As for the approximate (2, 6) curves, they all follow very nicely the well-converged
accurate curves—essentially without exception. This applies for both the KER distributions and the time-dependent DPs.

In Fig. 4 are compared results again due to the four treatments but this time for the Frank–Condon distribution of
vibrational states [84]. The quality of the fit is as before!

A similar study is carried out for the experimental set up (II) for which the numerical outcomes are presented in Figs. 5–7.
In general the quality of the results is similar and the conclusions are the same: thus the (2, 6) approximate treatment,
like before, reproduces consistently and most reliably the well-converged (6, 6) results. This applies also to results for the
Frank–Condon distributions as presented in Fig. 8.

Finally we refer to characteristic CPU times, Tc , obtained in the numerical study. It is found that the Tc for solving Eqs. (7)
for each initial vibrational state, for the two cases (6,6), (4,4), are Tc = 180 and 105 min, respectively, as compared to
Tc = 35 min — the time required to solve Eq. (44) for the (2,6) case. Thus the time it takes to solve the (2,6) case is about
five times shorter than the time it takes to solve the (6,6) case.

4.3. Studying photo-dissociation of H+

2 employing non-coherent Fock states

The second part of our numerical study is devoted to the comparison of results as obtained employing the semi-classical
Hamiltonian (see Eq. (61′)) and the Hamiltonian due to the non-coherent Fock states (see Eqs. (60) and (61)). In addition we
compare our results with Wang’s semi-classical results [74]. The three types of results are presented in Fig. 9 (for a series
of vibrational states). In Fig. 10 are presented results for the (ordinary, linear) sum of all vibrational KER function (this sum
differs from the FC distribution because all coefficients are equal to 1). The main features to be noticed are as follows.
(1) The non-coherent Fock results and the present semi-classical results are seen to overlap rather nicely for the lower

vibrational states, i.e. v = 3–8 (with the exception of v = 4). This fact implies that for this series of states it is not
essential to solve the SE employing the non-coherent Fock states.

(2) Significant deviations between the two kinds of results are encountered for the higher vibrational states (v = 9–11). It
is well noticed that the semi-classical treatment fails to produce the large lower energy wing of the KER distributions of
these (and also higher) vibrational states.

(3) Probably the most discouraging part of our numerical treatment is the consistent lack of overlap between the present
andWang’s semi-classical results. It is true that the various respective curves cover nearby regions, most of them in the
energy range {0.0, 1.0} eV, but the consistent deviations are indeed disturbing. Although these discrepancies are known
to us for quite some time, we could not find any justification for them. They could be due to different initial conditions
(for instance applying a different time envelope for the external field) or simply due to differentmethodologies in solving
the equations.

To summarize this section, we would like to say that our study succeeded in revealing the importance of non-coherent
Fock states for treating the interaction of molecular systems with external fields in extreme conditions.

5. On the possibility of creating (annihilating) conical intersections by (intense) laser fields

The present section may not seem to be directly associated with the material presented in the last three sections. In
these sections, we concentrated on developing an approximation that is, more likely, to reduce the CPU times required for
studying field-dressed molecular processes with a minimal loss of accuracy. In this section we intend to concentrate on
a different aspect connected with the field-dressed molecular systems, namely, the ability of external fields to annihilate
(or create) cis. Judging from the published literature, it seems that various authors take it for granted that external fields
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Fig. 2. Kinetic energy release (KER) distribution as a function of energy — panels (a) v = 3, (c) v = 5, (e) v = 6 and (g) v = 7 — and dissociation
probability (DP) as a function of time — panels (b) v = 3, (d) v = 5, (f) v = 6 and (h) v = 7. The calculations were done for case I, namely, for intensity
I = 100 TW/cm2; λ = 600 nm and τp = 40 fs.
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e f

Fig. 3. The same as Fig. 2 but for v = 9, 11, 13.

are capable of doing that at least ‘‘to some extent’’. It is well known that the external fields are capable of shifting around
potential energy curves or potential energy surfaces and by this to affect also the NACTs but can they remove singularities
or, in other words, can they really cause to two degenerate adiabatic curves (surfaces) to become non-degenerate?

This issue, just like the previous one, is discussed within the novel gauge [81,82] as presented in Section 2.3.2. The
advantage of having this gauge is that both the field-dressed NACTs (Eq. (22)) and the corresponding space–time Curl
equation (Eqs. (33) and (33′)) show explicitly the separate contribution of the field and the electronic coupling to create
the overall non-adiabatic interaction that governs the dynamics of the field-dressed molecular system.

In what follows, we present the relevant theorem and prove it through three lemmas.

Theorem 5.1. External fields cannot create or annihilate cis in a given region of space–time configuration.

Lemma 5.1. A space–time region defined by a closed contour made-up of one Cartesian coordinate (R) and the time t cannot
host any cis. In other words no cis are found in R–t planes.

Proof. In general the Curl equation follows from the requirement that the ADT matrix Ã(R, t) has to be an analytic function
with respect to the space coordinates and time. Mathematically, this requirement is expressed in Eq. (30) and it was shown,
in Appendix B, to yield the explicit (Abelian) Curl equation as presented in Eq. (33′) for any nuclear coordinate, q.
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a

b

Fig. 4. The same as Fig. 2, but for Frank–Condon distribution.

Here we are just interested in proving that the R–t Curl equation:

FRt(R, t) = ih̄
∂ τ̃R

∂t
−
∂

∂R
˜̃He +


˜̃He, τ̃R


= 0 (68)

is satisfied at any point in the R-t plane for any number of states. The proof given in Appendix D shows that, indeed, Eq. (68)
is valid for any number of states. �

The fulfillment of the R–t Curl equation at every point in a given region in the R–t plane implies that pathological
points [101] do not exist in the R–t region. Pathological points are defined as points for which the Curl expression cannot be
formed. However inspecting the various functions that form the Curl equation (theω(R, t)-matrix, the field-dressed poten-
tial matrix, H̃e(R, t) and the time-independent NACTmatrix τ(R)) shows that all the derivatives that form the Curl equation
in Eq. (68) arewell defined at every point. Since a ci-point is a pathological point— thus cis cannot exist on theR–t plane [102].

Lemma 5.2. If a planar, spatial region, ΛρR, defined by a closed contour made-up of two Cartesian coordinates (ρ, R) hosts at
time t = 0 one ci it hosts, at any later time t > 0, at least, one ci.

Proof. For simplicity we assume that the single ci is located at the origin in ΛρR so that the t-axis hosts this ci at (R = 0,
ρ = 0, t = 0).We intend to prove that a similar ci is found, at any later time t > 0 (after turning on the field), still located on
the t-axis. To prove this statement we form at time t = ts a planar (spatial) region parallel to the (ρ, R, t = 0) plane. Next,
we surround the t-axis with a small contour, ΓRρ(t = ts) located on that plane and analyze the spatial (ρ, R) component of
the tensorial Curl equation for any point surrounded by ΓRρ(t = ts). This analysis yields [102] that

∂

∂R
τ̃ρ


R̃, ρ̃|ts


−

∂

∂ρ
τ̃R


R̃, ρ̃|ts


−


τ̃ρ, τ̃R

 
R̃, ρ̃|ts


= 0. (69)

As in Lemma 5.1, we have to look for the pathological points for which the LHS of Eq. (69) is not defined. In Eq. (69) are
encountered threematrices, namely,ω(R̃, ρ̃|ts), τR(R̃, ρ̃) and τρ(R̃, ρ̃) (they form τ̃x(R̃, ρ̃|ts); x = R, ρ). As beforeω(R̃, ρ̃|ts)
is a regular matrix but the other two are singular at the origin (R̃, ρ̃) = (0, 0) at t = 0 and at any later time t = ts
(they are time independent). Consequently, the LHS of Eq. (69) is well defined at every point except for the single point at
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a b

c d
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Fig. 5. Kinetic energy release (KER) distribution as a function of energy—panels (a) v = 4, (c) v = 5, (e) v = 6 and dissociation probability (DP) as a
function of time—panels (b) v = 4, (d) v = 5, (f) v = 6. The calculations were done for case II, thus for intensity I = 50 TW/cm2; λ = 790 nm and
τp = 45 fs.

(R̃, ρ̃, ts) ≡ (0, 0, ts). This clearly indicates on the existence of a ci at this point, namely, a single ci on the above mentioned
plane at t = ts. �

Corollary. This finding implies that, in such a case, the t-axis forms a line of an infinite number of (virtual) cis or in other words
it forms a seam.

Lemma 5.3. If a planar, spatial region, ΛρR, defined by a closed contour made-up of two Cartesian coordinates (ρ, R) hosts at
time t = 0 numerous cis at n points (R̃j, ρ̃j), j = {1, n}, it will host the same number of cis at any later time t = ts.

Proof. We consider the situation at t = ts and as before Eq. (69) is still valid except at the n relevant pathological points.
This points are those for which τ̃x(R̃j, ρ̃j, ts); x = R, ρ; {j = 1, n} are not well defined. To see why they are not well defined,
we consider Eq. (22) and apply it for the present n points:

τ̃(R̃j, ρ̃j, ts) = ωĎτ(R̃j, ρ̃j)ω+ ωĎ
∇ω. (70)

This equation implies that all pathological points to be encountered at any time are those that existed already at t = 0. In
other words pathological points can neither be formed nor destroyed by an external field.
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Fig. 6. The same as Fig. 5 but for v = 7, v = 8, v = 9.

Since the ci-points are pathological points, the final conclusion that follows from Lemmas 5.2 and 5.3 is that the
Theorem 5.1, given earlier, is fully satisfied. �

6. Discussion and summary

The main feature that characterizes the present review is the distinction between the application of field-free and field-
dressed electronic basis sets.

To carry out the BO treatment, one has to choose an electronic basis set. In the case of a time-independent interaction, the
common choice is an electronic basis set that solves the time-independent fixed nuclei electronic Hamiltonian. This choice
is justified not only for reasons of theoretical convenience but also because of numerical efficiency.

The possibilities become less obvious in the case of a time-dependent interaction. Here one may think that employing a
field-free basis set is still the preferred choice, at least for practical reasons but in fact the contrary may happen so that the
numerical treatment will become too cumbersome.

The present study gives a clear answer to this question. If one intends to use, in both cases, large enough electronic basis
sets there is no doubt that the field-free basis sets are superior to any other basis set. However if one considers applying
approximations, then approaches based on field-dressed basis sets should be seriously considered because it is this type of
approaches whichmay lead to interesting advantages. In the present article is described such a treatment which diminishes
significantly the CPU time, always with minimal loss of accuracy.
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Fig. 7. The same as Fig. 5 but for v = 11, v = 13, v = 15.

The application of field-dressed basis sets has another significant advantage. It may create gauges where the structure of
various field-dressed magnitudes becomes transparent. This statement applies to the field-dressed NACTs (Eq. (22)) and the
interesting compact form of the space–time Curl equations (Eqs. (33) and (33′)). In particular we mention the pure NACT
produced solely by the field (see Eq. (63))). These interesting expressions help us, at later stages, inmaking strong arguments
concerning the inability of external fields (immaterial how intense they are or how efficient their time dependence is) to
create/annihilate cis (see Section 5). In fact field-dressed basis sets were employed before [103] but this earlier treatment
missed the detailed field-dressed expressions of the NACTs as well as the expression for a pure NACT produced by the field
even for situations when the BO–NACT is missing.

Our next comments refer to the extension of including non-coherent photon states. To our knowledge this is the first
study that considers such stateswhile studying field-dressedmolecular systems (not counting Refs. [83–85]).We emphasize
this fact because the final equations to be solved are reminiscent of equations that are encountered within the Floquet
approach [70,71]. Strictly speaking the Floquet approach applies only for non-pulsed (continuous), pure periodic fields.
Applying it for pulsed-fields requires additional theoretical input that leads to a different system of equations [75,104]. In
the present treatment we consider pulsed fields as created by the non-coherent Fock photon states and therefore our study
refers to a different physical situation.

The last issue to be discussed is also the more puzzling one and is related to the relevance of the BO treatment for
molecular systems that involve emission of photo-electrons.
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a

b

Fig. 8. The same as Fig. 5 but for Frank–Condon distribution.

Experimental studies indicate that usually photo-dissociation is accompanied by photoelectrons, a process known as a
Coulomb Explosion [8,73,74,105–108]. According to our detailed study [83,84], we could not verify the existence of free
electrons in the photo-dissociation process of H+

2 . This means that either (i) the ionization process takes place at a very early
stage (when all three particles are close together) so that the (p, p, e) dissociation process could not be followed by the BO
treatment or (ii) it happens after the two nuclei, the p and the H, are far apart and at this stage the isolated hydrogen loses its
electron. If case (ii) prevails it is, of course, covered by the BO treatment. However if case (i) prevails (which is very unlikely)
then the BO treatment misses the high energy interval (>1.5 eV) of the dissociation process [83].
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Appendix A. Derivation of the field-dressed non-adiabatic coupling matrix, τ̃

Our starting point is Eq. (20)

ih̄ζT
∂ψ

∂t
= −

h̄2

2m


ζT∇2ψ+ 2∇ζT · ∇ψ+


∇

2ζT

ψ


. (A.1)

Employing Eq. (14) we recall that (i) the group of functions ζ(se|s, t = 0) forms an orthogonal set of eigenfunctions and
(ii) the matrix ω(s, t) is a unitary matrix. Thus, we get

ih̄ζT (se|s, t = 0)ω(s, t)
∂ψ

∂t
= −

h̄2

2m


ζT (se|s, t = 0)ω(s, t)∇2ψ

+ 2∇

ζT (se|s, t = 0)ω(s, t)


· ∇ψ+ ∇

2 
ζT (se|s, t = 0)ω(s, t)


ψ


. (A.2)
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Fig. 9. Kinetic energy release (KER) distribution as a function of energy. Comparison between results of different treatments: ——— present approach
employing non-coherent photon states; - - - - present approach employing semi-classical equation; · · · Wang’s et al. approach [74] employing semi-
classical equation. The results, as a function of energy, are shown in panels (a) v = 3, (b) v = 5, (c) v = 6, (d) v = 7, etc. The calculations were done for
the experimental set up (II), thus for intensity I = 50 TW/cm2; λ = 790 nm and τp = 45 fs.
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Fig. 10. Fig. 10 presents the sum of all vibrational KER functions (some of them are shown in the various panels of Fig. 9) for the three cases.

Next multiplying Eq. (A.2) from the left side by ωĎ(s, t)ζ(se|s, t = 0) and integrating over the electronic coordinates yields
the following equation:

ih̄
∂ψ

∂t
= −

h̄2

2m


∇

2ψ+ 2ωĎ (τω+ ∇ω) · ∇ψ+ ωĎ

τ(2)ω+ 2τ · ∇ω+ ∇

2ω

ψ


(A.3)

where ω replaces ω(s, t), τ(= τ(s)) is the ordinary time-independent NACM and τ(2)(= τ(2)(s)) is the corresponding time-
independent NACM of the second order, both introduced in Ref. [9]. Replacing τ(2) [9], we get

ih̄
∂ψ

∂t
= −

h̄2

2m


∇

2ψ+ 2ωĎ (τω+ ∇ω) · ∇ψ+ ωĎ

τ2ω+ (∇τ)ω+ 2τ · ∇ω+ ∇

2ω

ψ


. (A.4)

We now turn to Eq. (21)

ih̄
∂ψ

∂t
= −

h̄2

2m
{∇

2ψ+ 2τ̃ · ∇ψ+ (∇τ̃+ τ̃
2
)ψ} (A.5)

and intend to prove that it is identical to Eq. (A.4). Recalling Eq. (22), in fact, we need to prove that the coefficients of ψ in
Eqs. (A.4) and (A.5), namely,

∇τ̃+ τ̃
2 and ωĎ


τ2ω+ ∇τω+ 2τ · ∇ω+ ∇

2ω


(A.6)

are identical. For this sake, we evaluate the first expression of Eq. (A.6) and for this purpose we employ Eq. (22)

∇τ̃+ τ̃
2

= ∇

ωĎτω+ ωĎ

∇ω

+


ωĎτω+ ωĎ

∇ω
 
ωĎτω+ ωĎ

∇ω

. (A.7)

It is seen that the main obstacle that prevents for the expression of the RHS of Eq. (A.7) and the second expression in
Eq. (A.6) to become equal is the fact that in Eq. (A.7) we encounter terms that contain ∇ωĎ which are missing in the second
expression in Eq. (A.6). Recalling that ω is a unitary matrix, we have

∇

ωĎω


= (∇ωĎ)ω+ ωĎ

∇ω = 0 (A.8)

from which it follows that

∇ωĎ
= −


ωĎ(∇ω)


ωĎ. (A.9)

Thus, employing Eq. (A.9) simplifies Eq. (A.7) so that the two expressions in Eq. (A.6) become identical.

Appendix B. Analyticity of the adiabatic-to-diabatic transformation matrix, Ã, in space–time configuration

In the present Appendix, we intend to derive the matrix τt (introduced in Eqs. (25) and (26)) that will yield an analytic
Ã-matrix in the time-space configuration which (besides being differentiable with respect to all coordinates) has to satisfy
the following condition (see Eq. (28)):

ih̄
∂

∂t


∇Ã


− ∇


ih̄
∂

∂t
Ã


= 0. (B.1)
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From Eqs. (27) we can see that Ã has to fulfill two first-order differential equations:

∇Ã + τ̃Ã = 0 (B.2a)

ih̄
∂Ã
∂t

+ τt Ã = 0. (B.2b)

Activating the grad operator on Eq. (B.2b), differentiating Eq. (B.2a) with respect to (it/h̄), adding the second equation to
the first and assuming Eq. (B.1), we obtain the following expression that has to be fulfilled:

ih̄
∂ τ̃

∂t
Ã + τ̃ih̄

∂Ã
∂t

− (∇τt)Ã − τt∇Ã = 0. (B.3)

Replacing the various derivates of Ã, employing Eqs. (B.2) yields
ih̄
∂ τ̃

∂t
− τ̃τt − ∇τt + τt τ̃


Ã = 0

or since Ã fulfills Eqs. (B.2) it is a unitary matrix and therefore the expression

ih̄
∂ τ̃

∂t
− τ̃τt − ∇τt + τt τ̃ = 0 (B.4)

has to be fulfilled.
Employing Eq. (22), we evaluate the first term in Eq. (B.4), namely,

ih̄
∂ τ̃

∂t
= ih̄


∂ωĎ

∂t
τω+ ωĎτ

∂ω

∂t
+
∂ωĎ

∂t
∇ω+ ωĎ

∇


∂ω

∂t


wherewe recall that by definition the τ-matrix is time-independent, and then continue replacing the various time derivatives
employing Eq. (15) so that we get

ih̄
∂ τ̃

∂t
= −ωĎH̃eτω+ ωĎτH̃eω+ ωĎ(∇H̃e)ω. (B.5)

The next step is to evaluate the expression ∇(ωH̃eω
Ď) which, like in Appendix A, requires the validity of the identity

given in Eq. (A.9). Assuming Eq. (A.9) we get for ∇(ωH̃eω
Ď):

∇(ωĎH̃eω) = −ωĎ(∇ω)ωĎH̃eω+ ωĎ(∇H̃e)ω+ ωĎH̃e∇ω. (B.6)

This expression is used to replace, in Eq. (B.5), the term ωĎ(∇H̃e)ω so that Eq. (B.5) becomes

ih̄
∂ τ̃

∂t
= −ωĎH̃eτω+ ωĎτH̃eω+ ∇

˜̃He + ωĎ(∇ω)ωĎH̃eω− ωĎH̃e∇ω (B.7)

where ˜̃He is defined as

˜̃He = ωH̃eω
Ď. (B.8)

Next, substituting Eqs. (B.7) and (B.8) in Eq. (B.4) and following a few algebraic rearrangements, we get

∴ −
˜̃Heτ̃+ τ̃

˜̃He + ∇
˜̃He − τ̃τt − ∇τt + τt τ̃. (B.9)

It is well noticed that this expression becomes identically zero if and only if τt≡
˜̃He.

Appendix C. The network for a region in space–time configuration

We consider a specific contour that leads from an initial point (s0, t0) to given a grid of points (sj, tk) (see Fig. 11).
To simplify the discussion, we assume the initial point to be (s0, t0) ≡ (0, 0) and recall that s0 just like s is a point in
configuration space.

The suggested contour, Γ , is made up of two segments.
(i) One segment, Γs, is defined as

0s : (0, 0) → (sj, 0). (C.1)
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Fig. 11. Space-time region: the contour Γst is presented as a sum of two contours, namely, Γst = Γs + Γt where Γs is a spatial contour (along the s-axis
at t = t0) and Γt is a time contour along a line perpendicular to the s-axis at a given s-value.

Since Γs is defined for a time before initiation of the field (i.e. t = 0), it is essentially a spatial contour and therefore the
corresponding ADT matrix, Ãr , is identical to the ordinary spatial Ar -matrix and its solution is given by [9,93]

Ãr(sj, t = 0|Γs) = Ar(sj, t = 0|Γs)

= ℘ exp

−

∫ sj

0
τ(s′, t = 0|Γs) · ds′


Ar(s = 0, t = 0). (C.2)

It is important to realize that along the whole spatial contour at t = 0, τ̃(s) ≡ τ(s) (see Eq. (22)).
(ii) The second segment, Γt , is defined as

0t : (sj, 0) → (sj, tk) (C.3)

and the solution along this segment is the time component in Eq. (38b), namely

Ãr(sj , tk |Γt) = ℘ exp

i
h̄

∫ tk

0

˜̃He(sj, t ′|Γt)dt ′

Ãr(sj, t = 0). (C.4)

Substituting Eq. (C.2) in (C.4) yields the solution of Ãr(sj, tk) as obtained by following the contour Γ = Γs + Γt :

Ãr(sj, tk|Γ ) = ℘

[
exp


i
h̄

∫ tk

0

˜̃He(sj, t ′|Γt)dt ′

exp


−

∫ sj

0
τ(s′, t = 0|Γs) · ds′

]
Ãr(0, 0) (C.5)

Eq. (C.5) can be easily generalized for any series of grid points.

Appendix D. The R-t component of the Curl equation

The R-t component of the Curl equation is given in the form

FRt(R, t) = ih̄
∂ τ̃R

∂t
−
∂

˜̃H
∂R

+


˜̃H, τ̃R


(D.1)

and our task is to show that

FRt(R, t) = 0. (D.2)

In order to prove Eq. (D.2), we employ the following equations:

˜̃H = ωĎH̃ω (D.3)

(see Eq. (31)),

τ̃R = ωĎτRω+ ωĎ ∂ω

∂R
(D.4)

(see Eq. (22)) and

ih̄
∂ω(R, t)
∂t

= H̃(R, t)ω(R, t) (D.5a)
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(see Eq. (15)) which yields, also, the equation:

ih̄
∂ωĎ(R, t)

∂t
= −ωĎ(R, t)H̃(R, t). (D.5b)

Employing Eqs. (A.8) and (A.9), in Appendix A, we find

ih̄
∂ τ̃R

∂t
= ωĎ


τR, H̃


ω+ ωĎ ∂H̃

∂R
ω (D.6)

and

∂
˜̃H
∂R

=
∂ωĎ

∂R
H̃ω+ ωĎ ∂H̃

∂R
ω+ ωĎH̃

∂ω

∂R
. (D.7)

As well as,
˜̃H, τ̃R


= ωĎ


H̃, τR


ω+

∂ωĎ

∂R
H̃ω+ ωĎH̃

∂ω

∂R
. (D.8)

Substituting Eqs. (D.6)–(D.8) in Eq. (D.1) yields the required equality in Eq. (D.2).

Appendix E. The solution of the nuclear Schrödinger equation

In this Appendix, we briefly refer to the solution of Eq. (8) or Eq. (58) or (Eq. (65)). For this purpose, we consider the
following set of equations:

ih̄
∂ψk(R, t)

∂t
= −

h̄2

2M
∂2ψk(R, t)
∂R2

+

K−1−
j=0

Wkj(R, t)ψj(R, t); k = {0, K − 1} (E.1)

and show how it is solved for a given initial vib-electronic state (k0, ℓ).
Considering an external field that is turned on at time t = 0, we assume the nuclei, at time t ≤ 0, to be in the (k0, ℓ)

state and therefore the corresponding Schrödinger equation to be treated is

ih̄
∂φk0ℓ(R, t)

∂t
= −

h̄2

2M
∂2φk0ℓ(R, t)

∂R2
+ uk0(R)φk0ℓ(R, t) (E.2)

where uk(R), for k = k0, is the initial adiabatic potential. The solution of this equation can be written in the form

φk0ℓ(R, t) = exp

−(i/h̄)εk0ℓt


ϕk0ℓ(R) (E.3)

where εkℓ and ϕkℓ (for k = k0) are the (vib-electronic) eigenvalue and eigenfunction, respectively, due to the following
eigenvalue problem:

−
h̄2

2M
∂2ϕk0ℓ(R)
∂R2

+ (uk0(R)− εk0ℓ)ϕk0ℓ(R) = 0. (E.4)

Subtracting Eq. (E.2) from Eq. (E.3) for a fixed value, ℓ, yields

ih̄
∂


ψk(R, t)− δkk0φkℓ(R, t)


∂t

= −
h̄2

2M
∂2


ψk(R, t)− δkk0φkℓ(R, t)


∂R2

+

K−1−
j=0

Wkj(R, t)ψj(R, t)− δkk0uk(R)φkℓ(R, t); k = {0, K − 1}. (E.5)

Next, introducing the new function χk(R, t)

χk(R, t) = ψk(R, t)− δkk0φkℓ(R, t) (E.6)

leads to a somewhat modified set of coupled equations:

ih̄
∂χk(R, t)
∂t

= −
h̄2

2M
∂2χk(R, t)
∂R2

+

K−1−
j=0

Wkj(R, t)χj(R, t)

+

Wkk0(R, t)− δkk0uk(R)


φk0ℓ(R, t); k = {0, K − 1}. (E.7a)

It is important to realize thatWkk(R, t ≤ 0) ≡ uk(R).
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Finally, we present Eq. (E.7a) in a matrix form:

ih̄
∂ χ

∼

∂t
= −

h̄2

2M

∂2 χ
∼

∂R2
+ W

≈
(R, t)χ

∼
+U

∼

(k0)(R, t)φk0ℓ (E.7b)

where variables with one tilda sign are column matrices and with two tilda signs are square matrices. The last term on the
RHS (which is the column matrix multiplied by the vib-electronic eigenfunction (see Eq. (E.3))) is the inhomogeneity term
for the equation where the elements of U

∼
(k0) are

U(k0)k (R, t) = Wkk0(R, t)− δkk0uk(R); k = {0, K − 1}. (E.8)

To solve Eqs. (E.7) (whether Eq. (E.7a) or (E.7b)), we evaluate the right-hand side employing the fast Fourier (FFT)
technique [109] and propagate the wave-function by the Lanczos short-time iteration technique [110,111]. We also
emphasize that Eqs. (E.7) are solved employing absorbing boundary conditions formed by negative imaginary potentials
located in the asymptotic region [112–114].

Appendix F. Derivation of the time-dependent dissociation probability

The dissociation probability, DP, is derived by employing the usual flux expressions as calculated at R = R0 where R0 is a
point at the asymptotic region, in front of the region where the absorbing potential U(R) ≠ 0 (namely, the interval R > R0).
The calculation yields, for a given electron-photon state n and initial state vi, the following DP, Pn(t|vi):

Pn(R0, t|vi) =
h̄

M̃
Im

∫
∞

0
dt ′


ψĎ

n (R, t
′
|vi)

∂ψn(R, t ′ |vi)
∂R


R=R0

. (F.1)

Next, in order to get the total DP, Pd(t|vi), at time t we sum over all the J electron-photon states:

Pd (t|νi) =

J−1−
n=0

Pn(t|νi). (F.2)

A similar expression holds for the final DP calculated at time t = T where T > τp (it is recalled that τp is the duration time
of the electric pulse).

Finally, to calculate the DP for a given population of vibrational states, e.g., a Franck–Condon (FC) population of the
original ion, H+

2 , we perform the following summation:

P̃d(t) =

−
νi

pνiPd (t|νi) (F.3)

where pνi is the (FC) population for the vi-state.

Appendix G. Derivation of the kinetic energy release distribution

The starting expression is the nth dissociation probability (DP) for a given initial state vi and a given electro-photon state
n (see Appendix F):

Pn(R0, t|vi) =
h̄

M̃
Im

∫
∞

0
dt ′


ψĎ

n (R, t
′
|vi)

∂ψn(R, t ′ |vi)
∂R


R=R0

. (G.1)

Next we recall the following energy-time Fourier transform:

ψn(E|R0 , vi) =
1

√
2π h̄

∫
∞

0
ψn(t|R0 , vi) exp[(iE/h̄)t]dt. (G.2)

It has to be emphasized that E is the total energy which at the asymptotic region R ∼ R0 has the form:

E =
h̄2 k2

2M̃
− nh̄ϖ.

Performing the back Fourier transformation yields

ψn(t|R0 , vi) =
1

√
2π h̄

∫
∞

0
ψn(E|R0 , vi) exp[−(it/)E]dE (G.3)
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and a similar expression for the derivative:

∂ψn(t|R, vi)
∂R


R=R0

=
1

√
2π h̄

∫
∞

0

∂ψn(E|R, vi)
∂R


R=R0

exp[−(it/h̄)E]dE. (G.4)

Substituting Eqs. (G.3) and (G.4) in Eq. (G.1) yields the following expression:

Pn(R0 , vi) =
h̄

M̃
Im

∫
∞

0
dt

[
1

√
2π h̄

∫
∞

0
ψĎ

n (E|R0 , vi) exp[(it/h̄)E]dE
]

×


1

√
2π h̄

∫
∞

0

∂ψn(E ′
|R, vi)

∂R


R=R0

exp[−(it/h̄)E ′
]dE ′


or changing the orders of integration and recalling the definition of Dirac’s δ function, we finally get

Pn(R0 , vi) =
h̄

M̃
Im

∫
∞

0
dEψĎ

n (E|R0 , vi)
∂ψn(E| R, vi)

∂R


R=R0

. (G.5)

Having this expression we define the kinetic energy release distribution as the integrand of this integral, namely,

pn(R0, vi) =
h̄

M̃
Im


ψĎ

n (E|R0, vi)
∂ψn(E| R, vi)

∂R


R=R0


. (G.6)

Since the dissociation probabilities are calculated at a point in the asymptotic region (i.e. R = R0), we may use the fact
that at this point ψn(E|R, vi) is already a free wave function and therefore takes the form:

ψn(E|R0 , vi) = An(E|vi) exp(iknR) (G.7)

where kn =


2M̃ (E + nh̄ϖ)/h̄ and consequently:

∂ψn(E| R, vi)
∂R


R=R0

= iknAn(E|vi) exp(iknR0)

= iknψn(E|R0 , vi). (G.8)

Substituting Eq. (G.8) in Eq. (G.6) yields for Pn(E|R, vi) the expression:

Pn(R0 , vi) =
h̄

M̃
kn |ψn(E|R0 , vi)|

2 . (G.9)

To obtain the kinetic energy distribution probability Ptot(Ek|R, vi) for a given kinetic energy Ek, we have to shift the total
energy E, for each electro-photon state n, by an amount energy nh̄ϖ (so that Ek = E + nh̄ϖ ) and form the following
summation:

Ptot(Ek) =

J−1−
n=0

Pn(E + nh̄ϖ |R0 , vi)

=
h̄

M̃

J−1−
n=0

kn |ψn(E + nh̄ϖ |R0 , vi)|
2 (G.10)

which completes the derivation.
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