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We report here on the first study of topological effects for the NHH system, as carried out by treating simultaneously the two
dominant effects of this system, namely, the Jahn–Teller (JT) effect and the Renner–Teller (RT) effect. Both the effects were
treated rigorously as demanded by the Born–Oppenheimer approach. No approximations were made and in those cases where
convergence was required, it was achieved by including the required number of states. The study concentrates on calculating
the privileged adiabatic-to-diabatic transformation (ADT) angle γ 12, along closed contours, which is the only needed angle
to carry out the ADT in the case of relatively low energies. For this purpose, three coupled A′-states are usually considered
and only in the last two extreme cases, where the area in configuration space becomes relatively large, namely 15–35 Å2,
we had also to include an A′′ state (the second �-state), a situation that enforces the more elaborate (JT/RT) effect. In this
paper, we also report on potential energies as calculated along the above-mentioned contours. Among them are considered
the energies associated with the two adiabatic �-states, 1A′ and 1A′′, of different symmetry and therefore are responsible
for the RT effect. These states are expected to be degenerate along the collinear axis. It was revealed that these states, in
contrast to the Renner theory, are not degenerate along a finite interval of the collinear axis at the vicinity of the JT conical
intersection (JT-CI). In other words, the JT-CI annihilates the RT degeneracy along this interval.

Keywords: non-adiabatic coupling term; Jahn–Teller; Renner–Teller; adiabatic-to-diabatic transformation angle; black hole

1. Introduction

The NH2 system is important in atmospheric chemistry and
in combustion processes. Therefore, it has been studied ex-
perimentally and theoretically by several research groups
[1–8]. Takayanagi et al. [6] gave a detailed description of the
five lowest ab initio potential energy surfaces (PESs) for the
system. There are two more reports [7,8] on the PES and the
dynamics on the ground A′′ state of NH2. However, there is
a shortage of the study of electronic non-adiabatic coupling
terms (NACT) which provide necessary tools for the dy-
namical study of any system. Vibók et al. [9] reported for the
NHH configuration, the existence of two Jahn–Teller con-
ical intersections (JT-CIs) along the collinear geometry –
a (1,2) CI between the first and the second A′ states and a
(2,3) CI between the second and the third A′ states. This
means that a tri-state diabatisation based on a 3 × 3 non-
adiabatic coupling matrix (NACM) is required for dynami-
cal calculations [9] (additional, non-collinear (1,2) and (2,3)
JT-CIs were reported in Ref. [10]). Halász and co-workers
[10,11] discussed two-state and tri-state diabatisations and
consequently carried out D-matrix analysis related to the
(collinear) Renner–Teller (RT) effect in the NH2 molecule
within the HNH geometry. In a different study (on F + H2),

∗
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it was shown [12–14] that when JT-CIs are entangled with
the RT collinear axis, then a new topological effect, termed
as the RT/JT effect, is formed. These three effects are
treated via a single NACM that contains the relevant NACTs
[12–14], which form either a 3 × 3 NACM – based on two
A′ states and one A′′ state – or a 4 × 4 NACM – based
on three A′ states and one A′′ state. Once the required
NACMs become available, the numerical treatment to form
the adiabatic-to-diabatic transformation (ADT) quantised
angles is carried out employing Euler angles [15–21].

Comment: a system of two states with the same mirror
symmetry gives rise to a CI (this is in contrast to a system,
with two states with different mirror symmetry, which give
rise to a touching, quadratic degenerate pair of potentials).
The above-mentioned RT/JT-CI creates a similar dynamics
as the JT-CI, though it differs from the original, static JT ef-
fect [22–24]. In what follows, whenever JT-CI is mentioned,
we have in mind the RT/JT-CI.

In this paper, two issues are discussed: (1) the effect due
to RT/JT-NACTs along contours formed with large radii (of
several Å′s), large enough to surround the external atoms
(in this case, the hydrogen and the nitrogen – see Figure 1);
(2) the potential energies along contours at the vicinity of

C© 2014 Taylor & Francis
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Figure 1. Position of atoms and the centre of all circular contours
(X) and the coordinates (R,θ |r) and (q,ϕ|r).

the (1,2) JT-CI which are seen to lift (or, annihilate) the RT
degeneracy as originally formed along the collinear axis.

The paper is organised as follows. In Section 2, a brief
description of the theoretical approach is given; in Section 3,
the various results are presented and the last section contains
the conclusions and a summary.

2. Theoretical background

2.1. Introductory remarks

The method employed in this paper is briefly presented in
this section and more detailed discussions can be found in
earlier articles [9–21,25–38]. The approach in this work is
based on solving the following multidimensional first-order
differential equation [25,26]:

∇A (s) + τ (s) A (s) = 0, (1)

where A(s) is the ADT matrix, τ (s) is an anti-symmetric
matrix that contains the vectorial NACTs and s is a variable
that presents the collection of internal nuclear coordinates.
The matrix τ (s), which usually contains singular elements,
appears (together with the adiabatic, diagonal PES matrix,
u(s)) in the nuclear Schrödinger equation (SE), following
the Born–Oppenheimer (BO) treatment [39,40]. One way to
avoid these singularities is to eliminate the τ (s) matrix and
form a modified SE free of all singularities, but governed
by a full potential energy matrix, V(s), which replaces the
original, diagonal matrix, u(s). The two potential matrices
are related via the following unitary transformation [26]:

V (s) = A (s)† u (s) A (s) , (2)

where A(s)† is the complex conjugate matrix of A(s). The
matrix V(s) is known as the diabatic PES – its diagonal ele-
ments are the corresponding diabatic potentials and its off-
diagonal elements form the diabatic coupling terms (remi-
niscent of the NACTs).

Since Equation (1) is solved along contours, �, it is
understood that both A(s) and V(s) are calculated along

contours. Therefore, the contours must be chosen in such
a way that they cover efficiently the configuration space
(CS) of interest. In this process, the points of singularity
known as conical/parabolic intersections [25,32–38] may
cause the diabatic potential V(s) to be multivalued (namely,
non-single-valued) and therefore of no physical use. To
overcome this difficulty, the A-matrix, responsible for the
single-valuedness of V(s) according to Equation (2), has
to be calculated employing several (usually 3–4) states so
that upon completion of any closed contour in the required
CS, it ends up as a diagonal matrix. There are different
ways to achieve this goal. In this case, since A(s) is an
orthogonal matrix, it is presented in terms of quasi-Euler
angles [12–21,36] and consequently its diagonality, at the
end of any closed contour, is guaranteed if and only if these
angles become integer multiples of π .

2.2. Non-adiabatic coupling transformation
matrix

NACT matrices τ (s) contain two types of NACTs: the JT-
NACTs and the RT-NACTs. The construction of these ma-
trices is done for a system of three (four) states, two (three)
A′ states and one A′′ state. The coupling between 1A′ and
2A′ is of the JT-type and is designated as τ 12 and the cou-
pling between 1A′ and 1A′′ is of the RT-type and is desig-
nated as τ 11′′ . The RT degeneracy is formed by the states
1A′ and 1A′′ along the collinear axis of NHH.

The relevant NACT matrix with the desired form can
be shown as the following [12] (see Equation (3)):

τ (s) =
⎛
⎝ 0 τ12 τ11′′

−τ12 0 0
−τ11′′ 0 0

⎞
⎠ , (3)

where it has been assumed that τ 21′′ = 0.

2.3. Adiabtic-to-diabatic transformation matrix
and privileged angle

In the case of two states, A-matrix can be expressed in terms
of one angle γ (s), termed as the ADT or the mixing angle
and leads to the following simple line integral [25,26]

γ12 (ϕ, q) =
∫ ϕ

0
τϕ12

(
ϕ′, q

)
dϕ′, (4)

where (ϕ,q) are polar coordinates: q is the radius and ϕ is
the angle associated with the (nuclear) rotation. For com-
pleteness, we mention that τϕ12(ϕ, q) is defined as

τϕ12 (ϕ, q) = (ζ1(s|ϕ, q)| ∂

∂ϕ
(ζ2(s|ϕ, q). (5)
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Here, ζ j(s|ϕ,q), j = 1, 2 are the corresponding eigen-
functions related to the two states under consideration.

Another important quantity is α12(q) – the end-of-the-
contour phase – which is defined as [16–18]

α12 (q) =
∫ 2π

0
τϕ12

(
ϕ′, q

)
dϕ′. (6)

α12 is also known as the topological/geometrical phase [41]
and in other applications as the Pancharatnan–Berry phase.

In the case of a three-state system, the nine elements
of the 3 × 3 A(ϕ,q) matrix are presented in terms of three
quasi-Euler angles. As in the case of the ordinary Euler
matrix, the orthogonal A-matrix is presented as a product
of three rotation matrices Qij(γ ij) (i < j = 2, 3), where
the product A = QklQmnQpq can be written in any order
[15,16]. Substituting this product in Equation (1) yields
three coupled first-order differential equations for the three
corresponding quasi-Euler angles γ ij. The final set of equa-
tions as well as their solutions depend on the order of the
Q matrices.

A physical meaning was attributed to one of the three
ADT angles, γ ij, privileged with an equation that contains
the corresponding NACT, τ ij, as an isolated (free) term [18].
There is one such equation in every group of three coupled
equations. In this case, γ 12 is assumed to be such an angle
and consequently the corresponding matrix A is written
as Q12(γ 12)Q13(γ 13)Q23(γ 23). Substituting this product in
Equation (1) yields three first-order differential equations,
of which two equations (for γ 12 and γ 13) form a closed
subgroup of two coupled equations [12–21]

∂

∂ϕ
γ12 = −τ12 − tan γ13 (τ23 cos γ12 + τ13 sin γ12) ,

(7a)

∂

∂ϕ
γ13 = τ23 sin γ12 − τ13 cos γ12. (7b)

These two equations are solved with the aim of calcu-
lating the privileged ADT angle γ12(ϕ,q). The introduction
of the privileged angle enables the extension of the earlier-
defined two-state topological phase, α12 (see Equation (6))
to a three-state system as the end-of-the-contour value of
the angle γ 12. Thus, α12(q) = γ 12 (ϕ = 2π , q).

2.4. Inclusion of the Renner–Teller effect

2.4.1. Presentation of the intra-planar RT-NACT

As mentioned in Section 2.2, the RT-NACT, τ 11′′ , is also
calculated along the circular contours, �, similar to the two-
state JT-NACTs. These circles are assumed to have their
centres located on the collinear axis. Since the collinear
axis is an infinitely long interval –∞ < R < + ∞, each
circle intersects this line at two points, i.e. at ϕ = 0 and

ϕ = π (see Figure 1). It is well known that at each such
intersection point, along a short interval perpendicular to
the collinear axis, is formed a spiky NACT (in this case
an angular NACT) with features reminiscent of a Dirac
δ-function [42,43]. Therefore, the angular RT-NACTs are
assumed to take the form in the planar CS as

τ11′′ 〈ϕ|q, �〉 = π

2
δ (ϕ − θ ) (8a)

for any circle � with a radius q (here θ designates the
intersection points and is either zero or π ; see Figure 1).
Equation (8a) has to be applied with some care because it
yields, for any circle, a quantised topological phase (= π )
to be expected for an isolated RT effect along �. However,
in Section 2.1, the existence of a JT-CI was assumed to be
located on the collinear axis and, therefore the RT-NACT
is most likely affected by such a CI. Consequently, the
pure RT quantisation is damaged. One way to incorporate
this fact is to modify Equation (8a) by multiplying it by a
normalisation factor η [12]. Thus,

τ11′′ 〈ϕ|q, �〉 = π

2
ηδ (ϕ − θ) . (8b)

This equation is termed as the quasi-Dirac δ-function
and η is termed the Renner–Jahn coupling parameter. The
value of η was derived to be equal to 2

√
2/π (= 0.9003).

For the derivation and discussion of the value of η, see [12]
Section II.D.4.

2.4.2. The three-state RT/JT coupled equations

To derive the corresponding differential equation for the
three-state RT/JT coupled system (see Figure 2(a)), the
NACTs in Equation (3) are substituted in the relevant matrix
elements in Equation (7). Therefore,

∂

∂ϕ 12
(ϕ) = −τ12 (ϕ) − τ11′′ (ϕ) tan γ13 (ϕ) sin γ12 (ϕ) ,

(9a)

∂

∂ϕ
γ13 (ϕ) = −τ11′′ (ϕ) cos γ12 (ϕ) . (9b)

Since the integration is done along circular contours
only, the (general) first-order differential operator ∇ is
replaced by the angular derivative: (∂/∂ϕ). Also, γ ijϕ(ϕ)
stands for γ ijϕ(ϕ,q).

Parts of Equation (9) can be integrated analytically tak-
ing the advantage of Equation (8b). Defining the following
Heaviside step function

� (ϕ − π ) =
{

0 0 ≤ ϕ ≤ π

1 π ≤ ϕ ≤ 2π
, (10)
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Figure 2. Schematic figures describing the two RT/JT models:
(a) the tri-state RT/JT model; (b) the tetra-state RT/JT model.

it can be shown that the solution of Equation (9b) is pro-
portional to this step function

γ13 (ϕ) = � (ϕ − π ) γ
(0)
13 (ϕ) , (11a)

where

γ
(0)
13 (ϕ) = −η

π

2
cos γ12 (ϕ = π ) . (11b)

The solution of Equation (9a) is also a step function of
a somewhat more involved form

γ12 (ϕ) = −
∫ ϕ

0
dϕ′τ12

(
ϕ′) + � (ϕ − π ) χ (ϕ = π ) ,

(12a)
where χ (ϕ = π ) is given in the form

χ (ϕ = π ) = −η
π

2
tan

{
γ

(0)
13 (ϕ = π )

}
sin {γ12 (ϕ = π )}.

(13)

Equation (13) is characterised by a few interesting fea-
tures (see [12], Section II.D.2).

For the whole approach to be meaningful, the up-
ward/downward vertical shifts as given by χ (ϕ =π ) have
to fulfill two conditions:

(1) Since the diabatic potentials have to be single-
valued at every point in CS, they have to be
so also at ϕ = π . Consequently, the value of
χ (ϕ = π ) has to guarantee the equality: sin[γ 12

(ϕ = π )] = sin[γ 12 (ϕ = π ) + χ ] and a similar
equality (up to a sign) holds for the cosine function.

(2) Since the value of γ 12 (ϕ) at the end of the closed
circular contour, namely γ 12 (ϕ = 2π ) has to be
equal to nπ , the vertical shift χ (ϕ = π ) has to
guarantee the following quantisation condition:

α (q) = −
∫ 2π

0
τ12

(
ϕ′) dϕ′ + χ (ϕ = π) = nπ, (12b)

where α (q) is recognised as the relevant geometrical phase
(see Equation (6)).

2.4.3. The tetra-state RT/JT coupled equations

In the present section, the tri-state approach is extended to
become a tetra-state approach. This extension is achieved
by adding a third A′-state (see Figure 2(b)).

To derive the differential equations for a tetra-state
RT/JT coupled system, the A-matrix takes the following
form [12] (see Equation (4)):

τ (s) =

⎛
⎜⎜⎝

0 τ12 τ13 τ11′′

−τ12 0 τ23 0
−τ13 −τ23 0 0
−τ11′′ 0 0 0

⎞
⎟⎟⎠ . (14)

The A matrix is presented as a product of six rotational
matrices: Qij(γ ij) (i < j = 2, 3, 4). In this context, we refer
again to the corresponding privileged angle γ 12 and employ
for this purpose the corresponding product of six elemen-
tary rotational matrices [15–21]: A = Q12 Q13 Q14 Q23 Q24

Q34. Next, substituting this product in Equation (1) yields a
group of six first-order differential equations of which the
first three (for the angles γ 12, γ 13, γ 14) form a closed sub-
group of coupled equations (see Ref. [12], Equation (17))

∂

∂ϕ
γ12 = −τ12 − tan γ13 (τ13 sin γ12 + τ23 cos γ12)

− τ11′′ tan γ14 sec γ13 sin γ12, (15a)

∂

∂ϕ
γ13 = τ23 sin γ12 − τ13 cos γ12

− τ11′′ tan γ14 sin γ13 cos γ12, (15b)
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∂

∂ϕ
γ14 = −τ11′′ cos γ12 cos γ13. (15c)

Integrating Equation (15c) analytically (recalling Equa-
tion (8b)), one obtains

γ14 (ϕ) = � (ϕ − π ) γ
(0)
14 (ϕ) , (16a)

where

γ
(0)
14 = −η

π

2
cos [γ12 (ϕ = π )] cos [γ (ϕ = π )] . (16b)

The solution is written for two different intervals [12]

(1) 0 ≤ ϕ < π. Along this interval γ14 (ϕ) ≡ 0 and we
are left with the following two equations

∂

∂ϕ
γ12 = −τ12 − tan γ13 (τ13 sin γ12 + τ23 cosγ12) ,

(17a)

∂

∂ϕ
γ13 = τ23 sin γ12 − τ13 cos γ12. (17b)

These equations are solved for the initial conditions
γ12 (ϕ = 0) = γ13 (ϕ = 0) ≡ 0.

(2) π < ϕ ≤ 2π. Along this interval are encountered
the (same) equations as given by Equations (17a)
and (17b) but here γ14 (ϕ) , although being a con-
stant, differs from zero. Equations (17a) and (17b)
are, therefore, solved along the interval (ϕ ≥ π ),
for the following initial conditions:

a. γ
(0)
12 (ϕ = π) = γ12 (ϕ = π ) + χ12 (ϕ = π ) , (18a)

where χ12 (ϕ = π ) – the (1,2) vertical shift – is given as

χ12 (ϕ = π ) = −π

2
η tan

{
γ

(0)
14 (ϕ = π) sin γ12 (ϕ = π )

× sec γ13 (ϕ = π ) , (18b)

and

b. γ
(0)
13 (ϕ = π) = γ13 (ϕ = π ) + χ13 (ϕ = π ) , (19a)

where χ13(ϕ = π ) is given in the form

χ13(ϕ = π ) = −π

2
η tan γ

(0)
14 (ϕ = π ) cos γ12(ϕ = π )

× sin γ13(ϕ = π ). (19b)

This completes the derivation of the privileged angle
γ 12 for the case of four coupled states of which the two
lowest states form the RT effect and the other three states
(the lowest one and the two higher ones) form the JT effect.

3. Results and discussion

3.1. Introductory comments

The tri-state equation, i.e. Equation (12a) (for which � (ϕ
= π ) and χ (ϕ = π ) are given in Equations (10) and (13),
respectively) is presented in Section 2.4.2 and the tetra-
state equations, namely, Equation (17a) and (17b) (which
have to be solved twice, once with the initial conditions
γ12 (ϕ = 0) = γ13 (ϕ = 0) ≡ 0 and once with initial condi-
tions as presented in Equations (18) and (19)) are given in
Section 2.4.3. The NACTs along the various circles were
calculated at the state-averaged complete active space self-
consistent field level of theory using the MOLPRO program
[44]. The seven valence electrons of the system were used
in the active space distributed over eight orbitals. We car-
ried out state-averaged three- or four-state calculations with
equal weights. All the calculations were performed using
the aug-cc-pVTZ (AVTZ) basis set of Dunning [45].

For the tri-state system studied here, the quasi-JT-NACT
is formed by a �-state, assigned as 2A′ and one of the two
�-states (with the same symmetry) consequently assigned
as 1A′ (see Figure 2(a)). The RT degeneracy is formed by
the two �-states, designated as 1A′ and 1A′′, located along
the collinear NHH axis. The corresponding RT-NACTs,
required for this study are not calculated but rather derived
theoretically as described in Section 2.4.1. The tetra-state
system is very similar and differs only due to the third
additional A′-state (see Figure 2(b)).

The study is carried out for the planar CS as formed by
assuming r ( = rNH) to be fixed at 1.5 Å and the centre of
the closed contours to be located at a distance rHX = 1.2 Å
from the central H (see Figure 1). It has been shown earlier
[10] that the points of the two CIs lie in close proximity to
the centre of the circle chosen here.

3.2. JT-NACTs along closed circles

The angular JT-NACTs, namely, τ 12(ϕ|q), τ 23(ϕ|q) and
τ 13(ϕ|q), in Figure 3, are plotted along eight different
(closed) circles with the radii: q = 0.3, 0.4, 0.6, 0.8, 1.5,
1.8, 2.2 and 3.2 Å, where the centre is kept fixed at the
position described above. It should be pointed out that this
is the first time we consider, for this system, radii greater
than q = 0.3 Å. Since rHX = 1.2 Å, it is noticed that in
four situations q > rHX thus, the contour goes beyond the
central hydrogen and in one case (for q = 3.2 Å) it goes
also beyond the nitrogen (see Figure 1).

An important issue to be discussed here is the sign of the
NACTs while intersecting the abscissa. Similar to an earlier

D
ow

nl
oa

de
d 

by
 [

H
eb

re
w

 U
ni

ve
rs

ity
] 

at
 1

4:
56

 1
2 

O
ct

ob
er

 2
01

5 



Molecular Physics 441

Figure 3. Non-adiabatic coupling matrix elements τ ij(ϕ|q) as calculated for rNH = 1.5 Å and rHX = 1.2 Å for eight values of q:
(a) 0.3 Å, (b) 0.4 Å, (c) 0.6 Å, (d) 0.8 Å, (e) 1.5 Å, (f) 1.8 Å, (g) 2.2 Å and (h) 3.2 Å.

study [46] on H2O, a detailed treatment was performed
concerning the possible signs of the calculated JT-NACTs
in the same situations. It was found that among all the
circles, only one set of signs yields relevant results for (1,2)
ADT angle, γ 12 for the tri-state JT-NACTs calculated using
Equations (7) and (15).

Usually the values of γ 12 may change until convergence
is reached. As is noticed (see Figure 4(a)), the values of γ 12

for q = 0.3 Å do not change much while moving from
a two-state calculation to a three-state calculation (thus,
convergence is attained with the minimal number of states).
The main reason for that is the small value of τ 13, which
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Figure 4. Adiabatic-to-diabatic transformation angle γ 12(ϕ|q) as calculated for rNH = 1.5 Å and rHX = 1.2 Å for eight values of q: (a)
0.3 Å, (b) 0.4 Å, (c) 0.6 Å, (d) 0.8 Å, (e) 1.5 Å, (f) 1.8 Å, (g) 2.2 Å and (h) 3.2 Å.

represents the corresponding NACTs between states 1 and
3. These NACTs are negligibly small for q ≤ 0.3 Å, but
they increase as the radii become larger and the contours
come closer to the (2,3) CI. While the values of τ 13 for
q = 0.3 Å are ∼10−2 Rad.−1, they increase 100-fold while
going to q = 1.5 and 1.8 Å. It is also seen from Figure 3 that

the values of τ 23 are small (i.e. much smaller than those of
τ 12) for q ≤ 0.3 Å, but become larger with increasing q.

The curves for NACTs become more complicated as
the radii of the circles get larger and larger. Thus, for
q = 1.5, 1.8 and 2.2 Å (see Figure 3 (e)–(g)), both τ 12 and
τ 23 become not only spikier with unusually large values
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near the collinear geometry, but also show several wiggles.
There could be two reasons for such a behaviour: (1) in
these geometries are encountered additional (1,2) and (2,3)
CIs (see [10]); (2) in all likelihood, due to the proximity of
the two atoms H and N, we should expect also numerous
NACTs due to the higher energy states. This situation is
aggravated in Figure 3(h) when q gets as large as 3.2 Å, and
the corresponding contour surrounds the nitrogen atom.

3.3. (1,2) ADT angles along closed circles

The values of the (1,2) ADT angle γ 12 (ϕ|q), are plotted in
Figure 4 along eight closed circles with q-values along the
interval: 0.3 ≤ q ≤ 3.2 Å. The two-state results were cal-
culated using Equation (4), while the tri-state results were
obtained by solving the two coupled equations: Equations
(7a) and (7b). We encounter three situations: (1) the first
case includes the γ 12 (ϕ|q)’s for q = 0.3 Å, which become
quantised for the two-state calculation (as well as for the
tri-state calculation). These converged results are a charac-
teristic situation when the circle surrounds only the (1,2)
CI (with a small enough radius) thus yielding α12 = π ( see
Equation (6)); (2) the second case includes the γ 12-curves
along circles with radii in the range q = {0.4, 1.8Å}, where
the two-state calculations do not yield quantised results and
there is a need to apply tri-state calculations to get the ex-
pected quantisation (of π ) at ϕ = 2π . Indeed, it is noticed
that convergence to the value α12 = π can be reached as
long as q ≤ 1.8 Å (although Figure 4(f) shows that the
tri-state calculation yields an α12, which is slightly lower
than π ). This result can be attributed to the increasing in-
fluence of the additional wiggles of the (2,3) NACTs near
the collinear geometry as shown in Figure 3(f). (3) The
third type of γ 12-curves are obtained for q = 2.2 and 3.2 Å,
where the moving hydrogen atom (see Figure 1) gets close
to the nitrogen either from inside (at q = 2.2 Å) or from
outside (at q = 3.2 Å).

The two last cases lead to some interesting observa-
tions. It can be seen from Figure 4(g) and 4(h) that neither
the two-state nor the tri-state results provide the correct
quantisation: while the two-state results give a value of α12

∼ 5π /4, the tri-state calculations yield even a larger value
approaching 2π . Therefore, we decided to include also the
RT effect. In this way, the tri-state calculations are made up
of two JT-NACTs and one RT-NACT (see Figure 2(a)) and
were performed employing Equations (9)–(13), whereas the
tetra-state calculations which include three JT-NACTs and
one RT-NACT (see Figure 2(b)) were done with Equations
(18)–(20). Interestingly, for q = 2.2 Å, we get satisfactory
results only with the tetra-state JT/RT calculation, whereas
for q = 3.2 Å, reasonably good quantised results were ob-
tained with the tri-state JT/RT calculation but not with the
tetra-state treatment. The reason, probably, is due to the fact
that the very spiky and strongly wiggled (2,3) NACT (τ 23)
is anti-symmetric (with regard to ϕ = π ) and therefore its

effect is not completely annihilated so that the correct quan-
tisation is achieved via a reduced, tri-state JT/RT calculation
only.

As it was discussed in Section 3.2, the size of τ 13 is
important to obtain the quantisation in these calculations.
We have performed calculations with all possible sign com-
binations for all the three NACTs (τ 12, τ 23 and τ 13), and
found that the best results were obtained with the NACT
curves presented in Figure 3 for all geometries.

3.4. Potential energy curves

For the sake of completeness, we also calculated the po-
tential energy curves (PECs) for the three A′ states and the
one A′′ state of NH2 along all the eight circles under con-
sideration – see Figure 5. It is noted from Figure 5(a) that
the PEC for 0.3 Å shows only one CI (thus, two symmetric
avoided crossings) between 1A′ and 2A′ states. The PECs
for q = 0.4–0.8 Å (Figure 5(b)–(d)) have two clear avoided
crossings between (1A′, 2A′) and (2A′, 3A′) onwards. As
q is increased further from 1.5 to 3.2 Å (Figure 5(e)–(h)),
it is found that the JT degeneracy at the collinear geometry
(ϕ = π ) leads to enhanced NACTs with spiky peaks. The
other degeneracy obtained between 2A′ and 3A′ states is
presumably due to the two � states of the NH + H ge-
ometry. These PECs reflect the reason for the behaviour of
NACTs for the chosen contours.

The novel part of this study is associated with the PECs
due to the two RT states formed by the doubly degenerate �

states. According to the RT theory [47,48], the PECs which
intersect the collinear NHH axis have to be degenerate at
the intersection point. It is noticed that in contrast to all
expectations, the relevant pair of RT-PECs does not become
degenerate along the collinear axis at the vicinity of the
(1,2) JT-CI. In other words, the lowest JT-CI removes the
degeneracy between the 1A′ and the 1A′′ states for q values
less than 0.6 Å (see Figure 5(a) and 5(b)). In fact we were
aware, for quite some time, that a JT-CI does not permit (or,
in other words, annihilates) in its proximity, the existence
of any JT-NACTs other than those produced by the states
that form it (for this reason, we sometimes referred to the
JT-CI as a black hole [49]). Here, we encounter for the first
time a situation where JT-CI also prevents the degeneracy
between two RT states formed by two states of different
symmetry.

4. Summary and conclusions

The privileged quantised ADT angle γ 12 (ϕ|q) has been
computed along eight closed contours of the NHH system
distributed on an area of 35 Å2. The direct conclusions to
be drawn from the numerical treatment are as follows:

(1) Satisfactory quantisation was achieved by solving
two coupled JT equations (see Equation (7)) for
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Figure 5. Potential energy curves as calculated for rNH = 1.5 Å and rHX = 1.2 Å for eight values of q: (a) 0.3 Å, (b) 0.4 Å, (c) 0.6 Å, (d)
0.8 Å, (e) 1.5 Å, (f) 1.8 Å, (g) 2.2 Å and (h) 3.2 Å.

circular contours with radii as large as q = 1.8 Å
(the two-state single-equation, namely, Equation 4)
is relevant for radii smaller than q = 0.3 Å). It is im-
portant to emphasise that the corresponding config-
urations cover two CIs, namely, one (1,2)CI and one
(2,3)CI, along the collinear axis [9] and, at the ex-

treme cases namely, for the radii, q = {1.5, 1.8} Å,
also a few CIs at non-collinear configurations [10].

(2) Quantisation for larger radii, namely q = {2.2,
3.2} Å, were satisfied only by including the RT ef-
fect (see Equations (18)–(20)). It is important to
emphasise that in the circle of q = 3.2 Å, the

D
ow

nl
oa

de
d 

by
 [

H
eb

re
w

 U
ni

ve
rs

ity
] 

at
 1

4:
56

 1
2 

O
ct

ob
er

 2
01

5 



Molecular Physics 445

considered configurations surround also the posi-
tions of the two fixed interacting atoms.

(3) This study also revealed a situation of major signif-
icance. In Figure 5(a) and 5(b), the PECs due to the
two �-states 1A′ and 1A′′ (the two states that form
the RT effect) are not degenerate along a short in-
terval of the collinear axis that contains the JT-CI.
This degeneracy is expected from the RT theory
[47,48] but is avoided here by the lowest collinear
JT-CI. In other words, the lowest JT-CI lifts (or an-
nihilates) the RT degeneracy (thus, amplifying the
idea that JT-CIs behave like black holes [49]).

The more general conclusion is as follows: this paper
may be considered as too theoretical. Unfortunately, this
is unavoidable if the goal is to develop a reliable proce-
dure that facilitates the calculation of diabatic PESs that
are rigorous (namely, based on ab initio adiabatic PESs
and ab initio NACTs) and apply to extensive areas in CS
(in case of tri-atomic systems – the smallest poly-atomic
system – such studies demand regions of CS as large as
∼50 Å2 or more). Deriving these potentials for poly-atomic
systems is essential for being able to analyse processes such
as chemical reactions, inelastic collisions, uni-molecular
dissociation, spectroscopic transitions, charge transfer, etc.
A study of this kind was recently completed for the F +
H2 system [15–17] and among other things it was verified
that the common PES based on the BO approximation is
most likely inadequate. The NHH system was studied sev-
eral times in the past – twice to reveal the lower JT-CIs
[12,13] and two times to expose the importance of the RT
degeneracy [13,14] – but in these cases, the calculations
were limited to small areas in CS (∼0,3 Å2). In this paper,
these studies are extended significantly in area as well as
by treating simultaneously the various topological effects
to show that a rigorous study of the NH2 system is fea-
sible and necessary. In other words, this study guarantees
that rigorous diabatic PESs can be calculated for the title
system.
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[46] Á. Vibók, G.J. Halász, S. Suhai, and M. Baer, J. Chem.

Phys. 122, 134109 (2005).
[47] R. Renner, Z. Phys. 92, 60 (1934).
[48] M. Peric and S.D. Peyerimhoff, Adv. Chem. Phys. 124, 583

(2002).
[49] M. Baer, J. Phys. Chem. A 105, 2198 (2001).

D
ow

nl
oa

de
d 

by
 [

H
eb

re
w

 U
ni

ve
rs

ity
] 

at
 1

4:
56

 1
2 

O
ct

ob
er

 2
01

5 

http://www.molpro.net

	Abstract
	1. Introduction
	2. Theoretical background
	2.1. Introductory remarks
	2.2. Non-adiabatic coupling transformation matrix
	2.3. Adiabtic-to-diabatic transformation matrix and privileged angle
	2.4. Inclusion of the Renner–Teller effect

	3. Results and discussion
	3.1. Introductory comments
	3.2. JT-NACTs along closed circles
	3.3. (1,2)
ADT angles along closed circles
	3.4. Potential energy curves

	4. Summary and conclusions
	Acknowledgements
	References



