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A previous treatment of the adiabatic and diibatic representations for an atom-diatom system in the frame of the coili- 
near arrangement is extended to three dimensions. It is found that the diabatic form of the Schrijdinger equation, in mn- 
trast to the adiabatic form, is simple and very similar to that encountered in the single surface case. Therefore all techniques, 
including the various approximations that have recently been introduced in order to solve the single surface case, can now 
be directly applied to the muitiple surface equation. 

1. Introduction 

The coupling of electronic and nuclear motions has 
been a major subject in the theory of molecular struc- 
ture and molecular dynamics since the early days of 
quantum mechanics. Born and Oppenheimer [l] were 
the first to treat the problem and the basic assump- 
tions of their model are still applied today. Their idea 
was to make use of the large difference between the 
masses of the electrons and those of the nuclei in or- 
der to separate the electronic and nuclear coordinates 
and momenta. 

In general we encounter two sources for the elec- 
tronically nonadiabatic transitions: (i) that originating 
from the radial motion which, in the atom-atom case, 
arises due to the translational motion and in more gen- 
eral cases due to vibrational and angular motions as 
well; (ii) that originating from the rotation of the body 
axis of the group of atoms with respect to a fixed axis 
in space. Y 

The radial’cotipling was first treated by Landau [2] 
and Zener [3] and by Stiickelberg [4] . They found 
that the Born-Oppenheimer approximation breaks 
down mainly when two adiabatic molecular states of 
the same symmetry approach each other very closely. 
This kind of coupling was also treated later by many 
others [S-l 1 J . The rotational coupling was first dis- 
cussed by Kronig [ 121. He found that in -order to 

treat the coupled systems of electrons and nuclei 
mathematically, one has to deal with two kinds of sys- 
tems of coordinates; one fixed in space and the other 
futed in the molecule. It turns out that if the transfor- 
mation from the space-futed coordinates to the body- 
fixed coordinates is performed, one encounters several 
operators (the various components of the total angular 
motion of electrons) that yield the coupling of various 
electronic states. This kind of coupling was later stud- 
ied extensively by many others, some are listed here 
[13-171 and others can be found in the references- 
therein. The major difference between the two kinds 
of coupling is that the radial coupling can cause transi- 
tions between states of the same symmetry only, where- 
as rotational coupling can mix states of the same and 
different symmetries. 

All the studies we mentioned so far dealt either 
with diatomic molecules or with atom-atom collisicns. 
The problem of electronic transitions induced during 
a three-body collision became a subject for theoretical 
treatment only very recently. Tully and Preston [ 181 
were the first to study such a system by coupling of 
the Landau-Zener model [2,3] with the ordinary class- 
ical trajectory method. Miller and George [lY] devel- 
oped a novel semiclassical method in which the. 
Stiickelberg method [4] for a single coordinate was 
coupled with a classical trajectory method to be per- 
formed on a complex plane. This method was later ap- 
plied to various systems [ZO] . 



The first exact quantum mechanical treatments 
were only performed during the last two years, Top 
and Baer 1211 studied a reactive collinear system in 

_.which two surfaces were coupled by a constant inter- 
action, whereas Zimmerman and George [22] studied 
the collinear nonreactive collision of X + Hz where X 
= F, Cl, Br, 1. Both studies indicated the.existence of 
strong resonance effects among the corresponding vi- 
brational @es of the two surfaces. The methods by 
which the Schr&iinger equation was solved in both 
cases were essentially, the same as used previously in 
eiectronkally adiabatic systems. Therefore, it turned 
out that they were either inefficient for dealing with 
a multiple surface problem or not feasible at all. 

welI as for more general cases were given before using 
group-theoretic techniques [25,26-281. Our proce- 
dure will be different; we shall represent the nuclear 
.part in the space-fixed (SF) system in terms of the 
three Euler angles and the three inter&l coordinates 
and then proceed along the same lines as described by 
Kronig 1121 for the diatomic case. The explicit form 
of the nuclear part was given previously in different 
ways and we choose the one as presented by Miller 1291 
who followed Vezzetti and Rubinow [30]. The 
hamiltonian and the wave equation are treated in the 
next and the third sections. In the fourth section we 
consider the diabatic representation and some aspects 
of the derived equation are discussed in the last section. 

A new approach was proposed in two recent pub- 
lications [23,24]. In the first (termed here as I) 
method was presented for the case of inelastic colli- 
sions only, whereas in the second it was extended to 
reactive co&ions as well. The feasibility and the effi- 
ciency of the method were demonstrated by applying 
it to the well known charge transfer system 

HitHz-$tH,, 

2. Be hamiltonian 

In what follows we assume that the center of mass 
of the atoms coincides with the center of mass of the 
nuclei and rhat both are in rest. Under these assump- 
tions the hamiltonian can be written in the form: 

which was studied as a reactive three-body system in 
the frame of the collinear arrangement [25]. The 
most characteristic feature of this system is the so- 
called avoided crossing that appears almost entirely 
along the translational coordinate at a fued value of 
the vibrati0nal coordinate. This, in addition to some 
other couplings due to the translational motion, 

seemed to be difficulties that could not be resoived 
by the ordinary single surface methods. However, we 
found that this system can be solved by the proposed 
method without running into major difficulties. 

Ii = TN + T, + tr(e;N), (2-l) 

where TN is the nuclear kinetic part, T, is the elec- 
tronic kinetic part assuming the nuclei are at rest, and 
V(e;N) is the interaction potential which includes the 
electric and magnetic interactions of the electrons and 
nuclei except those that arise due to the nuclear mo- 
tion which are neglected. The potential is a function 
of the electronic coordinates e and the nuclear coordi- 
nates N. However, the nuclear coordinates are treated 
as parameters. 

.The methad essentially couples the diabatic repre- 
sentation, as formulated by Smith [7], for a single ra- 
dial coordinate with the close coupling method usually 
employed in treating more than two nuclei. In our pre- 
vious publications we discussed the method in the 
frame of the .coilinear arrangement. In this study we 
are $&nting its extension to three dimensions. To 
do this we needed first to derive the respective 
bamibonian. So we were essentially forced to do for 
the three-body system what was done previously in 
tlk diatomic.case, namely to start with a hamiltonian 
-bf the nuclei and the electrons in space-fured coordi- 
-@es and to.transforG it to the body-ftied system. 
‘Similar-transformatidns for diatomic kolecules as 

_. 

We consider two systems of coordinates, one fmed 
in space (SF) and the other f.xed in the body (BF) 
namely, in the molecular system. We use primed COOI- 
dinates and derivatives when SF coordinates or SF 
magnitudes are considered and unprimed coordinates 
and derivatives when BF coordinates and BF magni- 
tudes are considered. 

The electronic part of the kinetic energy takes the 
form: 

(24 

where me is the electron mass. The &clear part of the 
kinetic energy takes the form: 
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where m arid Mare respectively the reduced masses of 
the diatomic molecule and of the atom with respect 
to the diatomic molecule: 

m2m3 m=-- jJf= 
ml (m2 + “3) . 

m2 fm3 ’ ml +m2 +m3 ’ 0.4) 

m1 is the mass of the atom and m2 and m3 are the 
masSes of the atoms in the diatomic molecule, The co- 
ordinates r and R are the vibrational (interatomic) 
and the translational coordinates anti (Oil $) and 
(0x, &) are the polar coordinates which relate r and 
R to the SF system. The momenta Pg, Pg, Pek and 

Peh are the conjugate momenta to Or, $, Ok and $h 
respectively. 

The quantum mechanical representation of T, is: 

r,=-Ec a2,z-,a;! 
2% I a+ ay;2 ax;2 

3 (2.2’) 

and of TN 

iP i a TN=---_,2 at 
2m r2 ar ar 

(2.3’) 

where i’ is the internal angular momentum: 

and Lx is the orbital angular momentum related to 
the translational motion: 

t’2 = 42 
R 

The transformation to the BF system is performed v’.a 
three Euler angles (a, /3,6) where 4 and a are identical 
to f& and 4; respectively and 6 is an angle of rota- 
tion around R such that the x2 plane of the BF sys 
tern coincides with the plane of the three atoms 

Y 

Fii. 1. Space-fixed and body-fried system of cooxiinates. 
The angles Q, fl and 6 are the Euler angles that relate the two 
systems. 

(cf. fig. I). The nuclear part of the kinetic energy can 
be shown to take the form [29,3 I] : 

T - h2 ar2d_XLR2a 
N- 2mr2S ar qm2a~ ai 

(2.7j 

+ -+- ( 1 1 

1 2mr2 2M22 
j'Z+L 

2Mx2 

x ($2 - $ir_ - sir, - zJ’,i;>, 

whereJ’ is equal toi’ t Lx and Jl ;Indl: are the raising 
and the lowering operators: 

(2.8) 
The operators J’, andh are z components of J’and j’ 
in the BF system. However, since Lkz is identically 
zero in the BF system we find immediately that 

f =.’ z k (2.9) 

The differential forms of the various operators arch: 

J’2 =-a2 s $tcot& 
(2.10) 

1 a'2 ,812 
+--- -t--2cos~&a 

( ~2p as2 a$ )I 
., 

*’ Our raising and lowering operators differ somewhat from 
those given by Miller [29]. The reason is that Miller derived 
bis equation from Vezzeiti and Rubiimw [30] who fol- 
lowed Edmond’s [32) notation, whereas we follow Rose’s 
[331 notation. 
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(2.11) 

-‘J: = fiefi (2.12) 

(2.13) 

4 
a’ 

=$=-ins, (2.14) 

where 7 is the angle between R and Y: 

.T=(+a), (2.15) 

or in other words, the polar angle of the molecular 
axis with reLpect to the z axis of the BF system 
(cf. fig. 1). 

In this representation aU the derivatives have to be 

performed on atomic wave functions as well as on 
electronic wave functions while keeping SF electronic 
coordinates constant. However, electronic wave func- 
tions are always calculated in the BF system and 
therefore are only dependent explicitly on r, R and 7, 
but not on the three Euler angles. Therefore, in order 
to be able to differentiate the electronic wave func- 
tions with respect to the Euler angles we have to use 
the chain rule for differentiation. If u stands for one 
of the three Euler angIes u = & Q, S then a’/& is 
given by: 

a’2,~ --_-+_-_-+-- a ah a 3’yl a a’zI 

au au I ! 1 ax, au ay, au a2, au ’ (2.W 

where a’/au means differentiation with respect to u 
when the SF electronic coordinates (xi, y;, z) are 
kept constant, and a/au means differentiation when 
the BF.ele&onic coordinates (xl, yI, zl) are kept con- 
stant. In order to be able to take the partial deriva- 
tives (&$U,), etc., where u = ~3, Q, S, the BF coordi- 

nates (x1, yrS zI) have to be expressed in terms of the 
SF coordinates (xi,& ai). This relation is obtained 
by the transformation: 

X (;: ;: ;)(# (2.17) 

Applying (2.26) and (2.17) it ten be shown that: 

a’ a ap=ap+ (G&L+ - eBiSL_), 

a’ a _ 
~=aLy+:cosflL, -ising(e’6L+ te -‘%_), (22.18) 

where L is the total electronic orbital angular momentum. 
The operator 4, the z component of L, is given in the 
form: 

L, = -iR F 
( 
xl ayi “-Y& 

1 
(2.19) 

and similar expressions exist for LX and Lv. The rais- 
ing and lowering operators L, and L_ take the usual 
form: 

L,=LxiiLy. (2*20) 

When eq. (2.18) is substituted in eqs. (2.12) and (2.14), 
the meaning of]’ becomes clear immediately. If we de- 

fine K as the total angular momentum of the nuclei 
and the electron&, it can easily be seen that 

KEJ’, or K=J+L; (2.21) 

where J is the total nuclear angular momentum. (The 
differential forms of J and j are identical except that 
in the latter the unprimed derivatives are primed.) 
Also, substituting (2.18) in (2.10) leads to the same 
conclusion, namely 

$3 12, 

where K is given in eq. (2.21). 
It follows from the aforegoing discussion that eq. 

(2.7) takes the form: 

*’ In this dk%sion we did noi refer to the ele&onic spin.. 

However, according to Kronig [ 121, who treated the 
atom-atom case, one can formally replace L by L +S. 
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@ a 2a fi2 a 2a -- 
TN=-g2$ rVMR2aRR s 

+ (&d-&2 +--& (K2 -UC,“> (2.7’) 

The electronic kinetic part is given in eq. (2.2’) in 
temls of SF coordinates. However, by applying eq. 
(2.17) it can easily be shown that T, takes a similar 
form when expressed in terms of the BF coordinates: 

T,=_Ec 
2% 1 

(2.2”) 

3. The Schriidiuger equation 

The Schrodinger equation describing the three- 
atom system has the form: 

(TN +H,)$ =E$, (3.1) 

where E is the total energy, TN is @ven in (2.7’) and 

He takes the form 

H,=T,tV(cm, 

where T, is given in (2.2”). 

(3.2) 

The total wave function can be expressed in the 
form: 

e = @&o, 8,6) $%,N, (3.3) 

where @&I, 0, S) are the coefficients of the irreduc- 
ible representation of the rotation group, S and S’ are 
the z components of K alon the z axis in the SF and 

A BF systems respectively, ‘kS* (e,N) is the wave func- 
tion expressed in terms of BF coordinates and Q 
stands for a set of quantum numbers that refer to the 
initial channel. 

Substituting eq. (3.3) in eq. (3.1), applying the re- 
lations: 

K2L& =tr2K(K + l)D$, K&r 7 Irs’oK,,, 

K*l& = fiAfS’&,, 
(3 -4) 

where. 

@=dK(Ktl).-S(W), (3.5) 

and using the fact that D&v are linearly independent, 
we obtain the equation: 

_!!3a*za_!!Sa,2a 
2m,2 dr au 2i%fR2 aR aK 

+-&[K(Ktl)-X2] 

By scaling the coordinates*3 

r’ = X-lr, R' = AR, (3.7) 

where A = (M,,m]1/4, it can be shown that the 
hamihonian becomes dependent on a single mass g de- 
fined asp = (Mm) ij4, Introducing the definitions: 

a2 
Tss=-- -%‘[K(Kt1)-2323 

aR* ik2 R2 
(3.8) 

a2 a s2 
- +cotY~----& 
a$ 

*ss*1 ( 
(Sk l)cotr*;), (3.9) 

and replacing $ by 

@- S -$I$; (3.10) 

we fmd that eq. (3.6) becomes: 

T~~~+T,,,~+~tT~s_~~_~t~(~e-~~~. 

In eqs. (3.8)-(3.10) we-dropped the prime sign from 

*3 The primed coordinates introduced due to the scaliig aze 
not to be confused with the SF electronic coordinates. 
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r and R which was introduced due to the scaling given 
ineq.(3.7)..‘ 

4. The adiabatic and diabatic representations 

In this section we shah follow the procedure al- 
ready given in discussing the &linear case (see work 

I). The notation to be used is as follows: 
(i) V stands for the vectorial operatqr: 

-. 

(4.1) 

where R and T are the mass scaled translational and vi- 
brational coordinates from which the prime sign was 
deleted. 

(ii) A scalar product A -B is introduced and defined 
as: 

A-B = ARBR + A,.B? + A,&. (44 

(iii) The ket and the bra notation @lj’-> is used 
with respect to electronic coordinates f on y. 

The partial wave function @(e, N) can be written 
as a sum over products of electronic eigenfunctions 
with nuclear wave functions: 

(4.3) 

where j stands for a set of quantum numbers that de- 
fine the respective electronic state, $$j are the nuclear 
wave functions to he calculated and +Ofl) are the 
electronic wave functions that are assumed to be solu- 
tions of the equation: 

(4-4) 

-where Vj(N> are the corresponding eigenvalues for a 
given set Nof nucIear coordinates. It is quite clear 
that the ri(e; N) eigenfunctions are independent of K 
and S; however, one has to be careful to write the sum- 

mation.in (4.3) in the same order for every K and S. 
Before we continue it is of convenience to intro- 

duce anoth,er operator Q that acts on the nuclear wave 

-2C VTj*V-(V’?j)-(&Tj)Q 
i j 

where 

(4.7) 

MultipIying eq. (4.6) from the left by Tie), and inte- 
grating over electronic coordinates one obtains, using 
matrix notation: 

1 .(T&+ Ts S+I $+l + T&X$_,) + u$ 

+ 2tt’)-Vx;t t%;+ lTQx,K= 0, 
(4.8) 

where I is a unit matrix and t(l), d2) and rare defmed 
as: 

t!!) = 4Tjl VTj); 
11 

t(2) = -_(TJ v%i); ii 

(4.9) 

Eq. (4.8) is the adiabatic representation. The matrix 
U(N) is diagonal and the respective potential surface 
Z$(N) do not cross unless they are 0f.a different sym- 
metry. 

The diabatic representation is obtained by mtroduc- 
ing a new set of nuclear wave functions & that is re- 
lated to the old set through the relation: 

X; =A$, (4.10) 

where A is a matrix yet undetermined. Since 

OX: = (VA)@ + AV& (4.11) 

V2x; = (V2A)$ + 2VA-%i,K +AV2& (4.12) 

(4.13) 

it can be shown that the corresponding equation for 
$ is: 

A(%$ t Ts s+1’1:+1 +~~s_&)fUA$ 

t 2(-VA + t”‘A)*V$ (4.14) 

function *j in the fOlIOWing way: 

Inserting eq. (4.3) in eq. (3.11) and applying eqs. 
(4.1)1(4.5) we obtain 
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In I we have shown-that one can fmd an orthogonal 

matrix A that fulfills the vector equation 

VA - @A = 0. (4.15) 

If A is chosen in this way then the coefficient of V$ 
in eq. (4.14) becomes identically zero. Moreover, it 

can be shown that the last term becomes identically 
zero as well and consequently eq. (4.14) reduces to: 

(4.16) 

where 

W = A*UA. (4.17) 

Eq. (4.16) has the same form as one would encounter 
in the single surface problem except that the potential 
matrix is not diagonal and that the total angular mo- 
mentum K and its z component S replace the total an- 
gular momentum J of the nuclei and its z component 
M, Due to the transformation from the adiabatic rep- 

resentation to the diabatic one the dynamic coupling 
elements which were expressed in terms of the t(l) 
and r matrix elements were shifted to the potential 
matrix W. The only essential difference is that in or- 
der to derive the matrix W one has to obtain, from 
ab initio calculations, not only the adiabatic potential 
matrix U, but also the nonadiabatic coupling matrices 
t(l). (These matrices are, df course, required in any 
case where nonadiabatic transitions are treated.) 

As is shown in I one can prove here as well that 
the necessary and sufficient conditions for A to be a 
solution of (4.15) are that t(l) be an analytical func- 
tion in terms of R, r and 7 and that the various com- 
ponents of t(l) fulffi the following relation& 

* Some confusion may arise due to the 7 component of 
and r(l). From eq. (4.9) we obtain 

+&7 
V 

. . - 7 $I (i@,y)TjL 

However from eq. (4.15) one can easily see that the 7 COITI- 

ponent reduces to 

where now 

t$= (sil(a/a$rj). 

This form of t$) is assumed when eq. (4.18) is applied. 

at!) atS”_ 
ay ax [t~',t;)l, X,Y =1,4x (4.18) 

where 

t!$ = -(Til(a/ax)q>, x = r, R, 7. (4.19) 

The matrix A is found to have a very convenient fea- 
ture. Since it is a solution of eq. (4.15) which is indepen- 
dent of K and S the matrix A will not depend on K and 
S either. This may save a lot of numerical work since A 
need be calculated only once and can then be applied 
for any values of K and S. 

As a last point we would like to refer to the integral 
equation of A. Again, as in I it can be shown that A 
takes the form: 

R1 
t 

s dRt~‘(R,r1,rl)A(R,rl,rl) 
Ro 
rl 

+ drt(‘)(~,,rlrl)A(R~,r,Y1) 
s r 
r0 

71 
t 

s 
drt~)(Ro,ro,7)A(RO,rO,r). 

TO 

(4.20) 

The meaning of this integral is that in order to deter- 
mine the value of A at a point (R,, rl , rl) one has to 
start at some point (Rg, ro, 70) and to integrate first 
with respect to 7 along the line R = R, and r = r. , 
then to integrate with respect to r along the line R = R,-, 
and 7 = rl and fmally with respect to R along the line 
r=rl andT=yl. 
The case of two surfaces is of special interest. Each of 
the t$f) matrices where x = r, R, 7 takes the form: 

(4.21) 

and therefore it can easily be shown that each pair 
commutes: 

[t!‘, t”‘] = 0, 
Y x,y=r,R,r. (4.22) 

Consequently the sufficient and necessary condition 
for finding a solutio? to eq. (4.15) is that: 

arX a?, 
$-ax=& X,Y =r,R,r. (4.23) 
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S&e ~is:orthog&l it c& be written as: 
: : 

&( (4.24) 

can be applied to the present case and therefore the 
equation that.is encountered is of the form: 

I*T&iWlg=O. WI 

Where by applying eq. (4.15) one kds that: 

* J- & T&,, rO> Y). 
YO 

ThuS instead of solving the integral equation given in 
eq. (4.20) we have to sobe only a simple integral along 
a line. 

For more details the reader is referred to ref. [24]. 

5. Discussion 

The purpose of this work was to introduce the dia- 
batic representation of the three-body problem in its 
full dimensionaiity, It is shown that in this representa- 
tion the hamiltonian takes a form very similar to that 
in the single surface case. In contrast to the adiabatic 
representation all that is needed here is to calculate 
the matrix A which, at least in the two surfaces case, 

is a straightforward calculation and then to derive the 
potential mat&W as given in eq. (4.17). Having 
found this matrix one proceeds as in the single surface 
case. 

The form ofthe Schrtidinger equation as given in 
eq. (4.16) is also very convenient for employing var- 
iousapproximations that have recently been suggested 
[3 1,34-391. Their applicabiity was demonstrated 
first by McCuire and Kouri [35] i The basic idea in 
these approximations is as follows; It can be seen from 
&.considerationof eq. (4.16) that for each given value 
of K one has to deal with a coupled system of (2K + 1) 
equations which may lead to very large number of 
equations to be solved when the close coupling 
method.& employed snd K is not small. It was sug- 
gested that two terms from the hamiltonian be deleted 
namely, TS& so.that.the equ&ons become un- 
coupled. This procedure reduces the computer time 

:sigmfica&ly and therefore enable’s one to treat prob- 
lenis which were ,otherwise beyond. the capability of 
ire&t, co&&r facilities. The same approximation 
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