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Comparison between quantum and classical mechanical reaction probabilities and rate constants for the collinear 
H + C12 and D + CI2 systems is made. Different quasi-classical methods are compared and the QCRF method which 
fulfils the principle of detailed balance is suggested. Finally the total reaction rate constants are compared with re- 
suits obtained from a simple transition state model. 

1. Introduction 

The by far easiest treatment of reactive scattering 
problems is obtained by applying classical mechanics. 
There has however recently been thrown some doubt 
upon some of the methods normally used in classical 
or semiclassical reactive scattering. This was done by 
comparing results obtained by rigorous quantum 
mechanical calculations and quasi-classical or semi- 
classical methods. So far most quantum mechanical 
calculations have been devoted to coUinear arrange- 
ments [ 1 -7 ] .  Just recently coplanar and even three 
dimensional calculations have appeared [8 -13] .  The 
fact that only very few noncoUinear calculations have 
been performed (mainly for the H + H 2 system) pre- 
vents an extensive study to compare classical and 
quantum mechanical results in more than one dimen- 
sion. Thus the interest for doing collinear reactive 
classical trajectory calculations has increased. In 

ref. [7] it was found that quantum dynamical effects 
were very important for the F + H 2 systems and some 
disagreements between quantum and classical results 
were pointed out. Since the F + H 2 system is very 
quantum-like it will be of interest to see how the clas- 
sical mechanical description fits more "classical" sys: 
tems like H + C12 and D + C12. Recently some col- 
linear quantum calculations [6] on these systems 
have become available. In this paper we use the LEPS 
potential parameters given in ref. [6] for the classical 
trajectory studies. 

2. Quasi-classical methods 

The reactions considered in this paper are 

A + C12(o ) --" ACI(o') + C1 forward, 

and the reverse 
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Table 1 
Reaction probabilities obtained by different quasi-classical methods at 0.130 eV and 0.268 eV total energy 

Energy Transition Quasi-classical 
(eV) 

QCF QCR QCFR QCRF 

Quantum 
mechanical 

0.130 0 ~ 3 0.005 +- 0.005 0.25 • 0.04 0.25 • 0.03 0.20 • 0.04 
0.130 0 ~ 4  0.15 • 0.03 0.23 • 0.04 0.14 • 0.02 0.20 • 0.04 
0.268 0 ~ 4  0.33 • 0.05 0.50 • 0.04 0.41 • 0.04 0.41 • 0.04 
0.268 1 ~ 4  0.26 • 0.04 0.13 • 0.03 0.21 • 0.04 0.24 • 0.04 
0.268 2 ~ 4 0.06 • 0.03 0.05 • 0.03 0.06 • 0.03 0.07 • 0.03 

0.14 
0.16 
0.53 
0.06 
0.13 

a) The probabilities and error fimits were obtained from the equation [14] : 

?i/= (llNtot)[Ni/+- Ni/(N~ 1 ~-1,1/21 - ~ ' to t )  J' 

where Nto t is the total number of trajectories and Ni/the number ending in v~rational state/. 

C1 + C1A(v') -~ C12(v ) + A reverse, 

where A is either a H or a D atom. 
The vibration is quantized initially and fmally by 

assigning a quantum number v to values of  the con- 
tinuous variable in the box [o - �89 v + ~ ].  

I f  the system is started in a given initial v-state and 
box quantized rmally then the principle o f  detailed 
balance is not  properly fulfilled. This is however, the 
case if also initial box quantization is used. Thus we 
tested the following three possibilities: 

( I )  QCF fixed initial v, f'mal box quantization of  
o' (forward reaction); 

(2) QRC fixed initial v',  fmal box quantization of  
o (reverse reaction); 

(3) QCRF box quantization in both ends, forward; 

or QCFR box quantization in both ends, reverse. 
We have here introduced the same notation as in 

ref. [7] .  The QCRF and QCFR methods should o f  
course in the limit of  an infinite number of  trajecto- 
ties give the same result, i.e., they obey detailed bal- 
ance. In table 1 we show some reaction probabilities 
at two energies for forward and reverse reaction by 
the methods mentioned above. A total o f  100 -200  
trajectories was used in each case. Table 1 shows large 
differences between the QCF and the QCR results 
and that the detailed balance is fulfilled for the QCFR 
and the QCRF method. The performance of  the 
QCFR and the QCF methods are also visualized in 

and 2 where the reaction probabilities P~,,,_.o figs. 1 

(v' = 0, 1 and 2) are shown. When comparing with 
quantum results (fig. 3) we see that the detailed struc- 
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Fig. 1. Quasi-classical react ion  probabi l i t ies  Pv,_,v (v' = 0 , 1 ,  2)  
for H + C12 at 0.268 eV total energy. The QCFR (see text) 
method was used. 
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Fig. 2. Quasi-classical reaction probabilities Pv'~v (v' = 0, 1, 2) 
for H + C12 at 0.268 eV total energy. The QCF (see text) moth-  
od was  used.  



H. EssEn et aL /Collinear reaction rate constants for the H + C12 and D + Cl2 systems 445 

0 .5  

0.~ 

0.3 
e~  

" 0.2 

D .  

0.1 

I I 

2 3 / ,  

I 

 P,-v 
I 
I 
t 
i 
I 

i 

I 
5 6 7  V 

Fig. 3. Quantum mechanical reaction probabilities Pv'--,o (o' : 

0, 1,2) for H+ C12 at 0.268 eV total energy. 

ture, which probably has its origin in the quantum be- 
haviour of the vibrational degree of freedom, cannot 
be reproduced by classical trajectory calculations. 
Apart from this the agreement is however qualitative- 
ly correct. We also see that the QCFR calculation pre- 
dicts the correct maximum at o = 4 in the 0 ~ o case. 

Since box quantization is a crude way of building 
in quantum principles in classical mechanics one 
would expect this quantization to be best for the 
most classical channel. Thus for the reaction H+ C12 
--> HC1 + CI the QCR method is expected to be supe- 
rior because the C12 vibrational energy spacing is 
smaller (the vibration is more "classical") than for 
HC1. Table 1 actually confLrms this ansatz but in 
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Fig. 4. Quasi-classical QCFR reaction probabilities Po-~o for 
H + C1 z as a function of total energy. The error bars indicate 
the statistical error associated with the Monte Carlo aver- 
age. 
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Fig. 5. Quantum mechanical reaction probabilities Po--,o for 
H + C12 as a function of total energy. 

ref. [7] exactly the opposite was found for the F +H 2 
-~ FH + H reaction. Also here the QCR method was 
superior although the opposite could be expected. 
Thus it appears that no general rule can be given. Be- 
cause of this and the automatic fulfilment of the prin- 
ciple of detailed balance we found it most convenient 
to use the QCFR method in the remaining part of this 
work. The QCFR method has for the H + H 2 reaction 
been used previously by Miller [15]. Although the 
threshold was lowered (see fig. 2 of ref. [15] ) the 
QCFR method appeared to be inadequate for this 
system. 

3 .  R e s u l t s  

Figs. 4 - 7  show the classical and the quantum mech- 
anical reaction probabflities Po_, o, and Pl_~ o, for 
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Fig. 6. Quasi-classical QCFR reaction probabilities Pl-~v for 
H + Cl2 as a function of total energy. 
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Fig. 7. Quantum mechanical reaction probab.;IJties Pz~v for 
H + C12 as a function of total energy. 

H + C12. Figs. 8 and 9 show the classical and quantum 
mechanical reaction probabilities PO~v' for D + CI 2. 
We note that the classical results are more "washed 
out" ,  i.e., we get 2 - 3  dominating transitions (e.g., 
P0--,3 and P0-,4 in fig. 4) whereas the quantum mech- 
anical calculations show just one dominating transi- 
tion. The qualitative behaviour of  the reaction prob- 
abilities is however the same. The most populated lev- 
els are classically predicted to be o = 3, 4 for HCI and 
o = 4, 5, 6 for DClwhereas we quantum mechanical- 
ly get o = 4 for HCI and o = 5 for DC1 and experimen- 
tally [16] o = 2, 3 for HC1 and o = 3, 4 for DC1 as 
most populated levels. The disagreement with experi- 
ment is however to be explained by the inadequacy 
of  the collinear collision model. For instance it is 
shown in ref. [17] how the one-dimensional results, 
by three-dimensional considerations, can be modified 
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Fig. 8. Quasi-classical ACFR reaction probabilities Po.~v for 
D + C12 as a function of total energy. 
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Fig. 9. Quantum mechanical reaction probabilities Po~o for 
D + C12 as a function of total energy. 

to give agreement with experimental findings. 
The total reaction probabilities Po R = ~,o,Po_~,o, for 

H + CI 2 are shown as a function of  the total energy 
in figs. 10 and 11. Here we get rather good agreement 
between the classical and the quantum mechanical re- 
suits (except may be forP~2 and at energetic thresh. 
old). Thus the quantum effects are diminished when 
summing over quantum numbers. 

4.  R a t e  c o n s t a n t s  

The reaction rate constants are found from [7] : 
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Fig. 10. Total quasi-classical ACFR reaction probabilities P~u = 
r'v~ Pv-~v' for H + Cl2 as a function of total energy. 
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Fig. 11. Total quantum mechanical reaction probabilities pR 
for H + C12 as a function of total energy. 

ktm, (T) = (2rr/akB T)-l /2 ? dePuo, (e) e -#e, (1) 
0 

where k B is Boltzmann's constant,/3 = I [kBT , la the 
reduced collision mass and e the kinetic energy. 

We have calculated the total reaction rate con- 
stants k u, (T) to a given Final vibrational state of HC1, 
i.e., 

/%, (T) -- G 4(T) ~ ,  (7t). (2) 
O 

Here we assume a Boltzrnann distribution of the ini- 
tial vibrational states, i.e., 

/.(T) = exp exp (3) 
O 

where E o is the vibrational energy of C12 in state v. 
The rate constants k o, (T) are shown in an Arrheni- 

us plot (fig. 12). The agreement between classical and 
quantum mechanical values is better than a factor of 
two for the individual k o, (T) rate constants and better 
than 10% for the total reaction rate constant k(T) = 
~o' ko' (T). This again shows how averaging over quan- 
tum numbers tends to wipe out the quantum effects. 

5. Comparison with transition state theory 

In this section we will compare the rate constants 
found numerically with values obtained by the Transi- 
tion State (TS) theory. From the TS theory we get [18] 

kTS(T)- kBT Q* 
h QTQBc exp(-E~ 
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Fig. 12. Arrhenius plot of quasi-classical QCFR (c) and quan- 
tum mechanical (q) reaction rate constants for H + Cl2. ko(T) 
is def'med by eq. (2) and the total reaction rate constant is 
given by k(T) = F, vkv(T). 

where h is Hancks constant, E 0 is the minimal energy 
necessary to reach the ground state of the activated 
complex i.e., E 0 = E b + e~ - e BC. Here E b is the bar- 
tier height (0.1076 eV), e~ and e BC ground state ener- 
gies of the complex H"-Cl" .C1 and CI 2. The Q's are 
partition functions for the complex (Q*), translation 
ofA (QT) and for CI 2 (QBc). The vibrational energies 
of the transition state could now be calculated [1 ] 
and the partition function Q* could then be deter- 
mined. We will however make the following simplify- 
ing assumptions 

Q* m QBC and e 0 . (4) 

Since the H-atom is very light compared to the Cl-at- 
om we imagine that the H-atom when colliding with 
the Cl-atom simply "hooks on" the C12 molecule and 
acquires the momentum of the Cl-atom. In this way 
a vibrating complex HCI-CI is formed and since we 
have an early barrier [6] we expect the potential in 
which this vibrator moves to be well approximated 
with the C12 potential. Thus both the masses and the 
potential corresponds to what we have for C12 and 
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and the assumptions in eq. (4) are justified. 
For the one-dimensional translational partition 

function we have 

QT = (27r mH kBT)l/2[h' 

i.e., " 

kTS(T) = (kBT/2rtmn)1/2 exp ( -Eb/kBT) .  (5) 

The activation energy for the TS result is then 

E a = - k  B d In kWS/d(1/T) = E b + ~kBT. (6) 

This activation energy, which is 2.7-3.1 kcal/mol in 
the temperature range 200-600  K, is slightly larger 
than the 2.5 kcal/mol found from fig. 12. The lower 
activation energy found quantum mechanically could 
indicate that tunneling is important. Table 2 confirms 
this since tunneling is expected to be most important 
at low temperatures. Thus we get rate constants which 
are about a factor of two lower at 200 K whereas the 
agreement at 600 K is very good. The deviation of the 
TS results could of course also be due to the simplify- 
ing assumption made in eq. (4) or maybe more likely 
to the vibrational adiabatic (VA) approximation im- 
plicitly made in the TS model. The VA approxima- 
tion has been investigated by Bowman et al. [19] for 
the H + H 2 reaction. In ref. [19] it was shown that 
the VA approximation in the transition state region 
was valid only in a restricted energy range. 

The classical trajectory calculations yields also an 
activation energy of 2.5 kcal/mol. Since tunneling 
can be excluded in this case, the explanation is that 
the barrier has been lowered by the introduction of 
the initial box quantization. 

We have also calculated the quantum mechanical 
rate constants for the reaction D + C12 -+ DC1 + C1. 

Table 2 
Total rate constants k(T) for the reaction H + C12 ~ HC1 + CI 

Temperature k(T) (cm/s) 

Quantum Transition 
mechanical State theory 

200 2.10 X 102 97.4 
300 1.47 X 103 9.64 X 10 2 
400 4.18 X 10 3 3.17 X 103 
500 8.05 X 103 6.62 x 103 
600 1.26 x 104 1.10 x 104 

Table 3 
The isotopic quantum mechanical ratio k(H + C12)/k(D + C12) 
as a function of temperature 

Temperature Isotopic ratio 

200 1.58 
250 1.48 
300 1AS 
350 1.42 
400 1.41 
450 1.40 

Table 3 shows the isotopic ratio k(H + C12)/k(D + C12) 
which approaches 1.4 at higher temperatures. This is 
also the ratio which one would get from the TS-mod- 
el, i.e., 

kTS(H+C12 )/kTSD+C12 ) = __ .tmD/mH~l/2 ~ 1.4. (7) 

6. Conclusions 

The purpose of this paper was to investigate the 
performance of a classical mechanical description of 
a reactive system (H + C12) which is much more "clas- 
sical" (has smaller vibrational energy spacing) than the 
H + H 2, C1 + H 2 and F + H 2 systems which previously 
have been used for comparison between quantum and 
classical or semiclassical methods [1,5,7]. 

The symmetric QCFR method has been used here. 
The reason being that the principle of detailed bal- 
ance then is properly fulfilled. Although it might be 
that the QCF or the QCR methods in certain cases 
could give better agreement with quantum mechanical 
calculations we feel that this would be fortuitous and 
have therefore preferred to use the "consistent" 
QCFR method. 

It is found that often the detailed structure cannot 
be predicted by using the QCFR method. All qualita- 
tive features and even quantitative values of less de- 
talied properties such as the total reaction rate con- 
stant are, however, predicted. 

Acknowledgement 

The authors wish to thank Professor C. Moser for 
inviting them to take part in the workshop on "Non- 



H. Ess~n et aL/Collinear reaction rate constants for  the H + Cl2 and D + Cl2 systems 449 

adiabatic Transitions in Chemical Reactions" at 

CECAM, University of Paris, Orsay, France during 
summer 1975. The main part of  this work was car- 
fled out there. 

References 

[1] D.G. Thruhlar and A. Kuppermann, i Chem. Phys. 56 
(1972) 2232. 

[2] S-F. Wu, B.R. Johnson and R.D. Levine, Mol. Phys. 25 
(1973) 609. 

[3] G. Miller and J.C. Light, J. Chem. Phys. 54 (1971) 1643. 
[4] M. Baer and DJ. Kouri, Chem. Phys. Letters 24 (1974) 

37. 
[5] M. Baer, U. Halavee and A. Persky, J. Chem. Phys. 61 

(1974) 5122. 
[6] M. Baer, J. Chem. Phys. 60 (1974) 1057. 
[7] G.C. Schatz, LM. Bowman and A. Kuppermann, J. Chem. 

Phys. 63 (1975) 674,685. 
[8] M. Baer and D.J. Koud, J. Chem. Phys. 56 (1972) 1758. 

[9] G. Wolken and M. Karplus, J. Chem. Phys. 60 (1974) 
351. 

[10] R.P. Saxon and J.C. Light, J. Chem. Phys. 56 (1972) 
3885. 

[11] A. Kuppermann, G.C. Schatz and M. Baer, J. Chem. 
Phys. 61 (1974) 4362; 
A. Kuppermann and G.C. Sehatz, J. Chem. Phys. 62 
(1975) 2502. 

[12] A.B. Elkovitz and R.E. Wyatt, J. Chem. Phys. 62 (1975) 
2504. 

[13] M. Baer, J. Chem. Phys. 65 (1976) 493. 
[14] M. Karplus, R.N. Porter and R.D. Sharma, J. Chem. 

Phys. 43 (1965) 3259. 
[15] W.H. Miller, J. Chem. Phys. 61 (1974) 1823. 
[16] K.G. Anlanf, P.J. Kuntz, D.H. Mayolett0, P.D. Paeey 

and J.C. Polanyi, Discuss. Faraday See. 44 (1967) 183; 
K.G. Anlanf, D.S. Home, R.G. MacDonald, J.C. Polanyi 
and K.B. WoodaU, J. Chem. Phys. 57 (1972) 1561. 

[17] M. Baer, i Chem. Phys. 62 (1975) 4545. 
[18] R.D. Levine and R.B. Bernstein, Molecular reaction dy- 

namics (Oxford University Press, New York, 1974). 
[19] J.M. Bowman, A. Kuppermann, J.T. Adams and D.G. 

Thruhlar, Chem. Phys. Letters 20 (1973) 229. 


