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Recently we introduced a time-independent approach to treat reactive collisions employing the negative imaginary absorbing 

potentials and Lz basis sets. The application of these potentials led to the formulation of a method whereby only one arrangement 

channel has to be considered in a given calculation. In the present work we further extend this approach. (a) We show how this 

method is capable of yielding reactive state-to-state S-matrix elements. (In the previous versions of this method, these could not 

be obtained.) (b) We show that by employing contracted vibrational adiabatic and translational Gaussian functions the number 

of algebraic equations to be solved within this approach is significantly reduced (by a factor of four). 

1. Introduction 

Recently we introduced a new (time-indepen- 
dent ) method to treat reactive multi-arrangement 
channel (MAC) systems [ l-5 1. The basic idea un- 
derlying this approach is the conversion of the MAC 
problem into a single arrangement channel (AC) 

problem. The conversion is achieved by employing 
a carefully selected set of negative imaginary poten- 
tials [ 6,7] (NIP), which are applied to absorb the 
fluxes leaking from the one kept AC to the rest of the 
system. (These potentials will hereafter be termed 
negative imaginary arrangement decoupling poten- 

tials (NIADP).) In dealing with MAC systems, one 
distinguishes between the reagents AC and the prod- 
ucts AC (see fig. 1). Most of the applications of this 
idea [ l-3] have so far been for the case where the 
kept AC was the same as the reagents AC. This ap- 
plication had one significant drawback, namely, that 
no state-to-state reactive S-matrix elements (or 
probabilities) could be obtained and that conse- 
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quently only total probabilities (or cross sections) 

were calculated. In recent publications, this idea was 

extended to the products AC [4,5]. In this way we 

have been able to report the first state-to-state re- 

active probabilities treating one AC only [ 41. (They 

were obtained employing flux expressions. ) 

In most of our applications of the NIADP, we 

solved the Schriidinger equation (SE) by either the 

finite difference method [ 1 ] or propagation [ 2 1. (It 
is important to mention that in such calculations, the 

NIADPs are added to the ordinary potential and the 

resulting Hamiltonian is then treated as usual. ) Re- 

cently we made further use of the NIP and substi- 

tuted it also in the asymptotic region of the AC un- 

der consideration. In this way, Baer et al. [3] 

converted the scattering problem into a bound sys- 

tem problem and solved the SE by expanding the 

wave function in terms of L2 basis sets. This idea was 

tested in a detailed study by Last et al. [ 4 ] who cal- 

culated state-to-state non-reactive probabilities for 

the (collinear) H+H2 system when the retained AC 

was the reagents AC, and state-to-state reactive 
probabilities when the retained AC was the products 

AC. In both cases, good agreement was obtained 
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when the results were compared with those obtained 
using more established methods [ 8,9 1. 

In a recent publication, Baer and Nakamura [ 51 
formulated the variational principle for this situa- 
tion and derived the corresponding variational-sta- 
ble algebraic equations for solving the coefficients of 
the expansion. This procedure was shown to lead to 
the calculation of reactive S-matrix elements. 

Having done all this makes our approach some- 
what reminiscent of the S-matrix Kohn variational 
method of Miller et al. [ lo]. However, whereas with 

Miller’s method one has to solve for all ACs in one 
single calculation, with ours each AC can be treated 

independently and the calculation carried out sep- 
arately for any chosen AC. 

In this work we report on two improvements of a 
previous version: (a) Before, all state-to-state prob- 
abilities were calculated using flux expressions, and 
consequently, no S-matrix elements could be ob- 
tained. In this publication we present, for the first 
time, reactive state-to-state transition probabilities 
resulting from the corresponding S-matrix elements. 
(b) One of the difficulties encountered in our pre- 
vious calculations [ 41 was that in order to obtain 
well-converged results, we had to apply a large num- 
ber of vibrational-translational basis functions. For 
instance in the case H+H2-+H2+H at 1.4 eV we 
needed 25 vibrational x 39 translational ( = 1000) 
basis functions. Here, we show that this number can 

be reduced significantly (to = 250 for this particular 
case), employing a new procedure based on con- 
tracted-vibrational basis sets and translational Gaus- 
sian functions. The idea of using this kind of func- 
tion has its origin in the bound-state treatment 
carried out by BaEiC and Light [ 111 and was recently 
employed by Zhang [ 12 ] within the S-matrix Kohn 

variational method of Miller et al. [ lo] for reactive 
calculations. 

This paper is organized as follows: section 2 is a 
theory section, in section 3 we present and analyze 
numerical results, and section 4 lists the conclusions. 

2. Theory 

2.1. Methodology 

The theory to be presented is for the case where 1 
is the initial AC and v is the final AC (see fig. 1). 

I *RA 

Fig. 1. The (mass-scaled) collinear system. Note the definitions 
ofthe I (reagents) AC and the v (products) AC. 

Two SEs are considered: 
(a) The first is represented in terms of the full 

Hamiltonian, 

(E-W p,,u,,, =0 , (1) 

(b) and the second is represented in terms of the 
unperturbed Hamiltonian HA, 

(E-HAm=O. (2) 

Accordingly, ul,,, is the full solution and Vet,, is the 
unperturbed solution. The index ni, stands for the 
initial vibrational state in the il (reagents) AC. If V, 
is the interaction potential such that 

lim v,(R,, . ..) =O (3) 
R1-‘X 

then the relation between H and HA is 

H=H,+I/,. (4) 

The coordinate RA in eq. (3 ) is the translational co- 
ordinate in the reagents AC. 

Assuming that vn10 is known, the full wavefunc- 

tion Y,,,, can be written as 

ul,, = X”l0 + Yflu,,, > (5) 

where xnlo can be shown to be a solution of the in- 

homogeneous equation [ 1,3 ] 

(E-H)xm, = VAV,,, . (6) 

Below we consider the collinear case. If U(R, r) is 
the full potential and WA(RA, rA) is the unperturbed 
potential then VA( RA, rA) is obtained from the relation 

I/,(&, rJ = U(R r) - W,(&, rh) . (7) 
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The coordinates (R, r) may be either (R,, rl) or 

(& r,). In all our numerical treatments, W, was 
chosen to be a separable potential of the form [ 13 ] 

where Q( rA) is the asymptotic (diatomic) potential 
and w,(Rn) is a distortion potential which increases 

as RL decreases. Once eq. (6) is solved, the reactive 
S nrnlO matrix element related to the nAo-tn, transi- 
tion can be shown to be of the form [ 5 ] 

S ..n,,=(~n,IVy(Ry,ry)I~nlO). (9) 

Here, V,(R,, r,) is the perturbation potential in the 
products v AC and v/n” is the solution of the corre- 
sponding unperturbed SE, 

(E-H,)%, =0 3 

where 

(10) 

H, = H- V, 

and V, is obtained from the expression 

(11) 

v,=u-W”. (12) 

Here W, is the unperturbed potential, like W, given 
in eq. (8), in the v AC. 

In order to obtain S,,,,,, given in eq. (9), we need 

to solve three SEs: eqs. (2), (6) and (lo), of which 
eq. (6) is complicated and needs more considera- 
tion. The rest of this section is devoted to the so- 

lution of eq. (6). 

2.2. Application of contracted basis sets and 
Gaussian functions 

Eq. (6) will be solved for the products AC, em- 
ploying the corresponding Jacobi coordinates [ 5 1. 
To convert the scattering problem into a bound-sys- 
tem problem, we add two NIPS, one to absorb the 
leaking flux from the products AC to the reagents AC, 
and the other to absorb the flux going to the asymp- 
totic region. The addition of these two potentials to 
H given in eq. (6) will cause xn10 to become zero once 
either R, or rv is large enough. Since x,,~,, is zero also 
along R, = 0 and rr = 0, it is, in fact, non-zero only in 
a given rectangular domain r (as shown in fig. 2)) 
say { 0 G ru < S,, , 0 < R, < S,, }, where S,, and S,, will 
be discussed in the next paragraph. Next, we divide 
the interval [0, S,] into sub-intervals with the di- 
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Fig. 2. The boundaries of the products AC domain r as deter- 

mined by the lines r,=S,, and R,=S,,. The wavefunction 

x,,,(rv, R,) is assumed to be non-zero within this rectangular re- 

gion only. 

vision points (0, RI, R2, . . . . RN), where RN=SR (here 
and in what follows, the index v is deleted). 

The wavefunction x(R, r) is expanded in terms of 

a double set of eigenfunctions 

xn,,(R r)= C a,??)~(Rk,,(rlR,) 
,m 

(13) 

Here A(R) is a Gaussian function of the form [ 111 

A(R)= &exp[-$y+)2], (14) 

where B is the width of the interval 

o=R,-R,_, 

and cz is a dimensionless parameter. 

(15) 

The functions gm( rlR,) are the vibrational adi- 
abatic eigenfunctions calculated at R = R,: namely, 
they are solutions of the eigenvalue problem 
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g$ + U(r, Rj) gm(rlRj) 
> 

=Em(Rj)gm(rIR,) 9 (16) 

where em ( Rj) are the corresponding eigenvalues. It 
is important to emphasize that U( R, r) is real (it does 
not include any of the NIPS). The coefficients a,,,, 
are not yet known, but will follow once the corre- 
sponding variational set of algebraic equations is 

solved [ 5 1. 
Substituting eq. (13) in eq. (6), multiplying the 

resulting expression by J;( R)g,,, (r 1 R,) and integrat- 
ing over R and r, yields the variational stable equa- 

tions [ 51 for Uj, 

Aanm =Z,,, , (17) 

where Z,,,, is the inhomogeneous column 

Z 'n'oo) = <Jgnzj I vA llno > ,m (18) 

and A is a square matrix which contains complex 
numbers due to the two NIPS. (The details concern- 
ing this matrix will be published elsewhere.) 

2.3 The negative imaginary absorbing potentials 

The NIPS employed in the present treatment must 
fulfill three (somewhat contradictory) requirements: 

(a) They must be concentrated enough to absorb 

all the flux that passes through them. 
(b) They must be soft enough not to cause any 

reflection. 
(c) They must be non-zero at a very short range 

(xl A). 
Such potentials can be found [ 6 ] ; they are of a tri- 
angular, linear-ramp-type form, and their parame- 
ters, namely their heights and widths, can be safely 

estimated before the numerical treatment is applied 

1671: 
If x is the coordinate along which such a potential, 

V,(x), is defined, then 

x-x, 
v,(x)=lv,(x)=-lv,,~ Xl<X<S,, 

=o, otherwise, (19) 

where 

S,=x, +Ax, . (20) 

Here, x stands for either r or R. 

3. Numerical results 

The numerical treatment is devoted to the study 
of the efficiency of the contracted basis sets. Con- 

sequently, all other parameters, namely those of the 
NIPS and those related to the size of the r domain, 
are held fixed (they are listed in table 1). 

To introduce the contracted basis sets, we divide 
the translational axis R by two independent sets of 

division points: 

(a) The first set is equidistant and the various di- 
vision points stand for the maximum positions of the 
incorporated Gaussian function (see eq. ( 14) ) . 

(b) The second set (which is not necessarily equi- 
distant) contains a significantly smaller number of 
division points &; k= 1, . . . . M. For each such inter- 

val, the wavefunction x,,,( r, R ) is expanded in terms 
of a different number of vibrational states, nk. The 

reason for doing that is to achieve convergence of the 

number of vibrational states for a given R value, 
which has to be at least equal to the number of open 
states at that R value [ 14 1. The AC is relatively nar- 
row in two regions: the asymptotic (and the quasi- 
asymptotic) region and the small-R value region, 

Table 1 

NIPS and domain parameters (see eqs. ( 19 ) and (20) ) (as de- 

termined for I&,,= I .O eV) 

X XI (A) AXI (A) VOI (A) s.%l (A) 

R 3.25 1.70 0.27 4.95 
r 1.90 1.60 0.29 3.30 

Table 2 

Division points along the R interval and the relevant number of 

vibrational adiabatic states included in the expansion of xnl,,(rv, 

R,) as determined for two energy values 

J% (eV) k 

1 2 3 4 5 6 7 8 

1.0 Rk 1.0 1.4 1.7 2.3 2.5 2.8 3.1 5.2 

nk 5 8 12 10 8 4 2 
1.4 Rk 1.0 1.4 1.7 2.3 2.7 3.0 3.2 5.2 

nl, 6 8 12 10 8 6 3 
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where, at intermediate R values, the AC becomes 
broadest. Therefore, one may need a relatively large 
number of vibrational states in the intermediate-R 
region but only a small number at both ends. For in- 
stance, we need in the asymptotic region two vibra- 
tional states for E,,,= 1.0 eV and three vibrational 
states for E,,, = 1.4 eV. The reason is that in the first 
case we have two open states, and in the second, three 
open states. 

The division points, as well as the number of vi- 
brational states included in the expansion at each in- 
terval for two energy values, namely E,,,= 1 .O, 1.4 
eV, is given in table 2. It is well known that a large 

number of vibrational states is required only along 
a short R interval, where the main flux is expected 
to leak out into the reagents AC. The reason for the 
large number of vibrational states required is, as was 
mentioned before, that the AC at these R values be- 
comes relatively wide. 

The number of Gaussian functions required for 
convergence is also dependent on the total energy. 
We found that for Et,, = 1 .O eV, around 34 Gaussian 
functions are required, but this number has to be in- 
creased to 43 when E,,, becomes 1.4 eV. Conse- 
quently, the optimal number of states, Iv,,,, was about 
180 for E,,,= 1 .O eV and around 260 for E,,,= 1.4 
eV. The latter number can be compared to numbers 
in the interval [ 1000; 1 1001 that were required in 

case of an ordinary double-set expansion. 
A detailed study of how the reactive state-to-state 

transitional probabilities vary, as a function of the 

number of Gaussian functions N included in the ex- 
pansion and as a function of the Gaussian-function- 

width parameter & (see eq. ( 14) ) is given in table 
3. The reactive probabilities are for the process 

Hz(Ui)+H+H+HZ(Ur); Vi=O, 1; v,=O, 1; 

as calculated employing the LSTH potential energy 
surface and for Etot = 1 .O eV. It is well known that as 

long as (Y is not too large (namely, the Gaussian width 
is not too narrow), the results tend to converge to 
the correct result as the number of Gaussian func- 
tions increase. Of particular interest are the two ex- 
treme cases, namely o=O.6 and cry= 2.0. In the first 
case, the results are not yet converged, but eventually 
adding a few Gaussians will lead to the correct re- 
sults. On the other hand, the results for (Y = 2.0 seem 
to be converged, but to incorrect values. The reason 

0 
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Table 4 

State-to-state and total reactive transition probabilities for the reaction H2 ( vi) + H+ H + Hz ( vr). A comparison between present results 

(first row) and those due to ref. [ 81 (second row) 

E tot o+o 041 O-2 Total l-0 I+1 l-2 Total 2-O 2+1 2-2 Total 

0.85 0.834 0.013 - 0.847 0.012 0.003 - 0.016 

0.81 0.01 - 0.82 0.01 0.01 - 0.02 

0.9 0.380 0.290 - 0.670 0.289 0.298 - 0.586 

(0.40) =’ 0.29 - (0.69) 0.29 0.30 - 0.59 

I.0 0.537 0.283 - 0.820 0.275 0.468 - 0.744 

0.54 0.28 - 0.82 0.28 0.45 - 0.73 

I.1 0.289 0.393 - 0.682 0.371 0.363 - 0.734 

0.32 0.38 - 0.709 0.38 0.36 - 0.74 

1.2 0.133 0.371 - 0.504 0.386 0.238 - 0.625 

0.14 0.38 - 0.52 0.38 0.22 - 0.60 

1.3 0.513 0.059 0.065 0.637 0.063 0.489 0.045 0.597 0.105 0.07 1 0.02 1 0.197 

(0.56) =’ (0.04) (0.06) (0.66) (0.04) (0.46) (0.06) (0.56) (0.06) (0.06) (0.06) (0.18) 

1.4 0.059 0.23 1 0.106 0.396 0.223 0.302 0.122 0.648 0.112 0.136 0.512 0.759 

0.06 0.22 0.11 0.39 0.22 0.30 0.13 0.65 0.11 0.13 0.50 0.74 

1.5 0.064 0.147 0.138 0.350 0.137 0.263 0.206 0.606 0.136 0.210 0.396 0.742 

0.07 0.14 0.14 0.35 0.14 0.26 0.20 0.60 0.14 0.20 0.40 0.74 

1.6 0.049 0.078 0.169 0.296 0.070 0.248 0.288 0.605 0.140 0.242 0.214 0.596 

0.04 0.07 0.15 0.26 0.07 0.23 0.25 0.55 0.15 0.25 0.19 0.59 

a) The numbers in parentheses are relatively less accurate, due to “extraction difficulties”. 

is that Gaussians are too narrow and therefore are 
not able to present correctly the xn10 (r, R) function 
for each R value. 

Finally, in table 4 are presented various reactive 
state-to-state transition probabilities as a function of 
E,,,. The results are compared with those of Bondi 
and Connor [ 81 and the agreement seems acceptable. 

4. Conclusions 

In this work we consider the TID approach for 
treating reactive collisions employing NIPS. The 
method presented is based on expanding the single 
AC wavefunction in terms of L* basis sets, where the 
coefficients are determined by variational stable al- 
gebraic equations. 

The work is devoted to two new aspects of this 
approach: 

(a) We show, for the first time, that our approach, 
which is based on L* basis sets, can yield the correct 
reactive state-to-state s-matrix elements. It is im- 

portant to emphasize that this is done by considering 
one single AC (the products AC). 

(b) Since our method is based on L* basis sets, it 
gave us an opportunity to incorporate the recent very 
promising contracted vibrational adiabatic and 
translational Gaussian basis sets [ 111. We found that 
using these functions in our particular cask the total 
number of basis functions required for convergence 
was reduced by a factor of four. 

We have reached the stage where our approach is 
ready for extension to 3D treatments, and we hope 
to complete one of those in the near future. 
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