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Abstract

In this Letter new ideas regarding the e�ect of several conical intersections taking place in a multi-state system are

discussed. The subjects treated here are: (a) A new way to construct sub-Hilbert-spaces. (b) The introduction of the

topological spin. (c) A geometrical description of topological e�ects. Ó 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

In the study of (electronic) curve crossing
problems, one distinguishes between a situation
where two electronic curves, Ej�R�; j � 1; 2 ap-
proximate each other at a point R � R0 so that the
di�erence DE�R � R0�u0, and a situation where
the two electronic curves interact with each other
so that DE�R� � constant �> 0�. The ®rst case is
usually treated by the Landau±Zener (LZ) ap-
proach [1±6] and the second by the Demkov ap-
proach [7]. It is well known that as the LZ
interactions are strong enough to cause transitions
between electronic states, the Demkov interactions
are usually weak and a�ect the motion of the in-
teracting molecular species only slightly. The LZ
situation is the one that leads either to the Jahn±
Teller conical intersection (CI) [8,9] or the Renner±
Teller parabolic intersection (PI) [10,11].

Recently, we suggested [12] breaking up a
complete Hilbert-space of size N into L sub-

Hilbert-spaces (SHS) of varying sizes NP ; P �
1; . . . ; L such that

N �
XL

P�1

NP : �1�

The criterion according to which the break-up is
carried out is based on the electronic non-adia-
batic coupling terms sij de®ned as

sij � fijrfj


 �
; �2�

where fk; k � i; j is the kth electronic adiabatic
eigenfunction and r is the grad operator. Here the
bra and the ket notation is applied to integration
with respect to the electronic coordinates. In what
follows we distinguish between two kinds of non-
adiabatic coupling terms: (a) intra non-adiabatic
coupling terms s�P�ij which are formed between two
eigenfunctions belonging to a given SHS namely
the Pth SHS

s�P �ij � f�P �i

D ��rf�P�j

E
; i; j � 1; . . . ;NP �3�

and (b) inter non-adiabatic coupling terms s�P ;Q�ij

which are formed between two eigenfunctions, the
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®rst belonging to the Pth SHS and the second to
the Qth SHS

s�P ;Q�ij � f�P �i

D ��rf�Q�j

E
; i � 1; . . . ;NP ;

j � 1; . . . ;NQ:
�4�

The Pth SHS is de®ned through the following two
requirements:

(1) All NP states belonging to thePth SHS in-
teract strongly with each other in the sense that
each pair of consecutive states have at least one
point where they form a LZ-type interaction. In
other words all s�P �jj�1; j � 1; . . . ;NP form, at least
at one point in con®guration space (CS), a CI [8,9]
or a PI [10,11].

(2) The range of the Pth SHS, is de®ned in such
a way that the lowest (or the ®rst) state and the
highest (the NP th) state which belong to this SHS
form Demkov-type interactions with the highest
state belonging to the lower, (P ÿ 1)th SHS and
with the lowest state belonging to the upper
(P+1)th SHS, respectively (see Fig. 1). In other
words, the two non-adiabatic coupling terms ful®ll
the conditions (Pacher et al. [13,14] used similar

arguments to justify their block diagonalization
approach)

s�Pÿ1;P �
NPÿ11 � 0 and s�P ;P�1�

NP 1 � 0: �5�
At this point we would like to make two com-

ments. (a) Conditions (1) and (2) lead to a well-
de®ned SHS which for any further treatments (in
spectroscopy or scattering processes) has to be
treated as a whole (and not on the level of `state by
state'). (b) Since all states in a given SHS are
adiabatic states, strong interactions of the LZ-type
can occur between two consecutive states only.
However, Demkov-type interactions may exist
between any two states.

This Letter is organized in the following way: In
Section 2, we introduce the adiabatic-to-diabatic
transformation (ADT) matrix A [15], and the
closely related topological matrix D [12,16,17]. In
Section 3 a novel concept, namely the topological
spin is de®ned. In Section 4 the diagonal elements
of the matrix D are analyzed. In Section 5 is the
theory extended to more general cases and the
conclusions are listed in Section 6.

2. The topological matrix

It was shown, employing projection operators
[12], that the Born±Oppenheimer treatment yields
for each SHS the following set of coupled adia-
batic Schroedinger equations:

ÿ 1

2m
rÿ � s�P�

�2
W�P � � u�P �

ÿ ÿ E
�
W�P � � 0; �6�

where u�P� is a diagonal matrix which contains the
above-mentioned NP adiabatic potential energy
surfaces and W�P� is a column vector which con-
tains the relevant nuclear wave functions w�P �j j �
1; . . . ;NP .

In order to refer to the topological features of
the Pth SHS, it is essential to obtain A�P� ± the
ADT matrix. If U�P � is the column vector which
contains the diabatic nuclear wave functions, the
A�P�-matrix is de®ned through the relation

W�p� � A�p�U�p�: �7�
One can show, again employing projection
operators, that for each separate SHS, the

Fig. 1. A schematic picture describing the three consecutive

sub-Hilbert spaces, namely, the (P ÿ 1)th, the Pth and the

(P � 1)th. The dotted lines are separation lines. The full lines

designate the states in each sub-Hilbert space.
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corresponding A-matrix ful®lls the following ®rst-
order di�erential equation [12,15]:

rA� sA � 0; �8�
where s was introduced in Eq. (2). In what follows
we drop the subscript P and discuss one particular
SHS of dimension N. To solve Eq. (8) one has to
assume a path (or a contour), C, and a solution
will be obtained for this particular path. If s and s0

are two points on this path, we ®nd for A�s� the
result:

A�s� � exp

0B@ÿ Z s

s0

ds � s

1CAA�s0�; �9�

where ds is a di�erential vector along the path, the
dot stands for a scalar product and A�s0� is a given
initial or boundary value. By writing the solution
of Eq. (8) in this form it is understood that the
exponential function is evaluated in an ordered
form as explained in Ref. [18]. The solution in Eq.
(9) is well de®ned along this particular path as long
as the elements of the s-matrix are analytic func-
tions along this path and its close vicinity. Next,
we introduce the topological D-matrix de®ned as
[12,16,17]

D � exp

�
ÿ
I

C
ds � s

�
; �10�

which by its de®nition is only dependent on the
path C. This matrix was shown to be a diagonal
matrix with numbers being of norm 1, namely, ei-
ther (+1)s or �ÿ1�s. Substituting Eq. (10) in Eq. (9),
for a closed loop, it is seen that D transforms A at a
given point s0 to itself at the same point, following,
step by step, the closed path C. Since D is not the
unit matrix this implies that the ADT matrix is not
necessarily uniquely de®ned along this path. This
fact is not expected to cause any di�culties as long
as the diabatic potential matrix W that follows
from the ADT given in Eq. (7), namely

W �s� � Ay�s�u�s�A�s� �11�
is uniquely de®ned (again, following in®nitesimal
steps) along this same path [14]. It is important to
emphasize that these particular features of the D-
matrix were obtained from the uniqueness re-
quirement of W(s) [16,17].

To construct the general topological matrix, we
shall ®rst refer to the ADT matrix, A, as intro-
duced in Eq. (8). Since A is a real orthogonal
matrix it can be expressed in terms of cosine and
sine functions of given angles [15]. Thus in case of
N � 2; A takes the form

A�2� � cos c12 sin c12

ÿ sin c12 cos c12

� �
; �12�

where c12, the ADT angle, can be shown to be [15]:

c12 �
Z s

s0

s12�s0� � ds0: �13�

Having these expressions, it can be shown that D�2�

is given in the form:

D�2� � �ÿ1�nI ; �14�
where I is the unit matrix. The case where n is an
odd number is recognized as the Jahn±Teller case
[8,9]. The reason is that the number of �ÿ1�s in a
D�N�, designated as K, is equal to the number of
eigen-functions that ¯ip signs when the SHS
manifold follows the relevant closed contour (for
details, see Appendix A). In the present case we
have two �ÿ1�s in the diagonal and therefore the
two eigen-functions will ¯ip sign if the contour
surrounds the point of the CI.

In case n is an even number, no functions will
¯ip sign as the contour surrounds the point of the
PI [10,11]. No other possibilities are allowed for
D�2�.

This idea was extended to any dimension in the
following way. The matrix A�N� is written as a
product of elementary rotation matrices similar to
the one given in Eq. (12) [12,19,20]

A�N� �
YNÿ1

i�1

YN
j>i

Q�N�ij �cij�; �15�

where Q�N�ij �cij� is an N � N matrix which in its �ii�
and �jj� positions in the diagonal are the two rel-
evant cosine functions and the rest of the �N ÿ 2�
elements are (+1)s, in the �ij� and �ji� o�-diagonal
positions, we have the two relevant�sine functions
and the rest are zeros.

For instance in case of N � 3 one such Q�3�ij �cij�
matrix, namely, Q�3�13 �c13�, is of the form
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Q�3�13 �c13� �
cos c13 0 sin c13

0 1 0
ÿ sin c13 0 cos c13

0BB@
1CCA: �16�

Thus, following Eq. (15) the corresponding A�3� is

A�3� �
C12C13ÿ S12S23S13 S12S23 C12S13�C12S23C13

ÿS12C13ÿC12S23S13 C12C23 ÿS12S13�C12S23C13

ÿC23S13 ÿS23 C23C13

0BB@
1CCA;
�17�

where cij � cos�cij� and sij � sin�cij�. The three
angles are obtained by solving the following three
(partially) coupled ®rst-order di�erential equations
(which follow from Eq. (8)) [19±21]:

rc12 � ÿs12 ÿ tan c23�ÿs13 cos c12 � s23 sin c12�;
rc23 � ÿ�s23 cos c12 � s13 sin c12�; �17

0 �
rc13 � ÿ�cos c23�ÿ1�ÿs13 cos c12 � s23 sin c12�:

Returning now to the general case as presented
in Eq. (15), it can be shown that the number of
matrices contained in this product is N�N ÿ 1�=2.
This is also the number of independent cij-angles
which are needed to describe an N � N unitary
matrix. The matrix A�N� as presented in Eq. (16) is
characterized by two important features: (a) Every
diagonal element contains at least one term which
is a product of cosine functions only. (b) Every o�-
diagonal element is a summation of products of
terms, where each product contains at least one
sine function. For a rigorous proof, see Appendix
B. These two features, will lead to conditions to be
imposed on the various cij-angles to ensure that
the topological matrix, D�N�, is diagonal (and all its
diagonal elements are of norm 1) as discussed
earlier in this section (see also [16,17]).

To obtain the cij-angles, one usually has to
solve the relevant ®rst-order di�erential equations
of the type given in Eq. (17) or a more involved set
of equations if N > 3. Next are de®ned the aij-
angles as the values the cij-angles attain once in-
tegrated along a closed loop. In order to obtain
the matrix D�N� all we have to do is to replace, in
Eq. (15), the angles cij by the corresponding aij-
angles. Since D�N� has to be a diagonal matrix with

(+1)s and �ÿ1�s in the diagonal this can be
achieved if and only if all aij-angles are all multi-
ples of p. It is easy to show that with this structure,
the elements of D�N� become

D�N�ij � dij

YN
k 6�i

cos aik � dij�ÿ1�
PN

k 6�i
nik ;

i � 1; . . . ;N ;

�18�

where nik are integers and we have nik � nki. From
Eq. (18) it is noticed that along the diagonal of D,
we encounter K numbers which are equal to �ÿ1�
and �N ÿ K� numbers which are equal (+1). In
Appendix A it is shown that K is also equal to the
number of electronic eigenfunctions which ¯ip sign
when tracing a closed contour around a CI, for a
given SHS.

Let us summarize our ®ndings so far: In a
previous [16,17] publication we proved, rigorously,
that in order for a solution of Eq. (8) to yield a
uniquely de®ned diabatic potential matrix, the
corresponding topological matrix D has to have
elements that ful®ll Eq. (18). This structure leads
to a new concept ± the topological spin ± as will be
discussed next.

3. The topological spin

Before we continue we clarify two matters in
order to avoid confusion: (a) In general one may
encounter several CIs between two given states. In
the present treatment we assume that any two
(consecutive) states have one CI only (the exten-
sion to the more general case is straightforward).
(b) We frequently emphasized the fact that we may
encounter two types of LZ situations, namely the
Jahn±Teller CI and the Renner±Teller PI. Thus, if
the system contains NJ CIs and NR PIs, then
N � NJ � NR � 1. The main di�erence between the
two is that the PIs do not produce topological
e�ects and therefore, for the on-going presenta-
tion, their existence can be ignored. Making this
observation leads to the conclusion that the more
relevant magnitude to characterize a given SHS is
not its size N but NJ, the number of CIs.

So far we introduced three di�erent integers
N ;NJ and K. As mentioned, N is a characteristic
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number of the SHS but not important for our
theory, NJ is an important characteristic number
for each SHS and K (the number of �ÿ1�s in the
diagonal of the D-matrix) is important but may
vary from one path to another and therefore is not
a characteristic feature for a given SHS.

Our next task will be to derive all possible K-
values for a given NJ. Let us ®rst refer to a few
special cases (a series of special cases, including the
ones to be mentioned here, were discussed in [12]):
It was shown before that in case of NJ � 1, we have
two sign ¯ips in case the contour surrounds the CI
and no ¯ip of signs when it does not surround any
CI. Thus the allowed values of K are either 2 or
zero. The value K � 1 is not allowed. A similar
inspection of the case NJ � 2 reveals that K, as
before, is either equal to 2 or zero [12] (see also
Appendix B). Thus the values K � 1 or 3 are not
allowed. Moreover in [12] it was established that in
case of an odd manifold of states, i.e. when N is an
odd number (or when NJ is even), a situation where
all eigenfunctions ¯ip sign (i.e. K � N� ± de®ned as
the extended Jahn±Teller case ± cannot be formed.
This was the more general statement that was made
in [12]. In the present Letter we shall refer to the
most general case and prove the following Lemma.

In any molecular system K can attain only even
integers in the range

K � f0; 2; . . . ;KJg; �19�
where KJ is equal to NJ when NJ is an even integer or
to �NJ � 1� when NJ is odd.

The proof is based on calculating the possible
numbers of �ÿ1�s in the various D-matrices and
recalling that this number is equal to the number
of sign-conversions as discussed in Appendix A.
Let us assume that a certain path yields a set of aij-
angles which produce the number K (see Eq. (18)).
Next, consider a slightly di�erent path, along
which one of these aijs, say ast, changed its value
from zero to p. From Eq. (18) it can be seen that
only two D-matrix elements contain cos �ast),
namely, Dss and Dtt. Now if, these two matrix el-
ements were, following the ®rst path, positive then
changing ast from 0! p will produce two addi-
tional �ÿ1�s thus increasing K to K � 2; if these
two matrix elements were negative this change

would cause K to decrease to K ÿ 2 and if one of
these elements were positive and the other negative
then changing ast from 0! p would not a�ect K .
Thus immaterial of the value of N, various K
values can di�er from each other by even integers
only. Now since any set of Ks contains also the
value K � 0 (the case when the closed loop does
not contain any CIs), this implies that K can attain
only even integers. The ®nal result is the set of
values as presented in Eq. (19).

The fact that eigenfunctions may ¯ip their sign
along closed contours may hint at a possibility that
these sign conversions are related or connected to
a spin quantum number and in particular to its
magnetic components. The spin in quantum me-
chanics was introduced because experiments indi-
cated that individual particles are not completely
identi®ed in terms of their three spatial coordi-
nates. Here, we encounter a similar situation: A
system of particles (electrons) in a given point in
CS is usually described in terms of its set of ei-
genfunctions. This description is incomplete be-
cause the existence of CIs causes the electronic
manifold to be multi-valued. For instance, in case
of two (isolated) CIs we may encounter at a given
point in CS four di�erent sets of eigenfunctions
(see Appendix A)

�f1; f2; f3�; �ÿf1;ÿf2; f3�;
�f1;ÿf2;ÿf3�; �ÿf1; f2;ÿf3�:

�20�

In case of three CIs we may have eight di�erent
sets of eigenfunctions, etc. Thus, we have to refer
to an additional characterization of a given SHS.
This characterization is related to the number NJ

of CIs and the associated possible number of sign
conversions due to di�erent paths in CS, traced by
the electronic manifold.

In order to show the similarity between the
present case and the ordinary spin case, we de®ne
J, the spin quantum number, in the following way:

J � KJ=4 �21a�
and its quantized projections, M, along some axis
in some space as

M � J ÿ K=2; where K � f0; 2; . . . ;KJg: �21b�
For the seven lowest NJ values, we have the fol-
lowing assignments:
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For NJ � 0; fJ � 0; M � 0g:
For NJ � 1; fJ � 1=2 M � 1=2;ÿ1=2g:
For NJ � 2; fJ � 1=2 M � 1=2;ÿ1=2g:
For NJ � 3; fJ � 1 M � 1; 0;ÿ1g: �22�
For NJ � 4; fJ � 1 M � 1; 0;ÿ1g:
For NJ � 5; fJ � 3=2 M � 3=2; 1=2;ÿ1=2;ÿ3=2g:
For NJ � 6; fJ � 3=2 M � 3=2; 1=2;ÿ1=2;ÿ3=2g:

It is well noticed that two types of spin quantum
number are encountered here, namely, half inte-
gers and integers. The integers are related to values
of NJ (or NJ +1) which are multiples of four and
the half integers are characteristically related to
values of (even) NJ (or NJ � 1� which are not
multiples of four. At this stage it is not clear if this
di�erence has any implications.

4. The geometrical approach

The closed contours we mentioned in previous
sections take place in multi-dimensional CSs. It
will be di�cult to get some insight, if at this stage,
we try to follow what happens along these multi-
dimensional contours. Therefore, in the present
Letter, we assume that all the CIs are located in a
plane so that all paths considered here are assumed
to be in the same plane. Another simplifying as-
sumption is that the various CIs take place at
di�erent points, so that no more than two states
may cross at a given point. Thus, having the two
consecutive states j and �j� 1�, the two form the
CI to be designated as Cj (see Fig. 2).

In the last two sections it was mentioned that K
yields the number of eigenfunctions which change
sign when the electronic manifold follows certain
closed paths. The situation is relatively simple in
case of NJ � 1. Here the path, either surrounds or
does not surround C1. In case it surrounds it, the
two functions change sign so that K � 2 and if it
does not surround it, none of them changes sign
and K � 0. We also discussed to some extent the
case of NJ � 2 and found that, again, either K � 2
or K � 0. However, we would like to be able to say
more about that case. Here are encountered the
two CIs, C1 and the C2 (see Fig. 3a). In what fol-

lows Cjj�1 is a contour that surrounds only the
corresponding Cj.

Moving along the path C12 will change the signs
of the functions 1 and 2, whereas moving along the
path C23 will change the signs of the functions 2
and 3. Next is examined the situation where a
path, C13, surrounds both, C1 and C2. It turns out
that following that path, will cause again a ¯ip of
signs of two eigenfunctions only, because we al-
ready know that for NJ � 2, K can be, at most,
equal to 2. To analyze the situation we refer to
Fig. 3b in which it is shown that the contour C13

that surrounds the two CIs can be presented as the
sum C13 � C12 + C23 of two contours each sur-
rounding one of the relevant CIs. Thus, surround-
ing the two CIs will cause the sign of the second
eigenfunction to ¯ip twice and therefore, altogeth-
er, its sign is left unchanged. Thus in case of NJ � 2,
we can have either no change of sign (when the path
does not surround any CI) or three cases where two
di�erent functions change signs. It is important to
mention that all four possibilities are predicted by
the products in Eq. (18) (for N � 3 or NJ � 2�.

A somewhat di�erent situation is encountered
in case of NJ � 3 and therefore we shall brie¯y
discuss it as well (see Fig. 3). In this case we have
three CIs. It is now obvious that each contour of
the type Cjj�1; j � 1; 2; 3 surrounds Cj (see Fig. 3a)
and will cause a ¯ip of the signs of the two
relevant eigenfunctions. Surrounding with Cjj�2;
j � 1; 2 the two consecutive CIs namely Cj and
Cj�1 (see Fig. 3b), will cause sign-¯ip of the two

Fig. 2. Four interacting adiabatic surfaces presented in terms of

four adiabatic Landau±Zener-type curves. The points Cj; j �
1; 2; 3; stand for the three conical intersections.
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external eigenfunctions namely the jth and the
�j� 2�th functions, but leave the sign of the central
�j� 1�th function unchanged. We have two such
cases ± the ®rst and the second CIs and the second
and the third ones. Then, we have a contour C14

that surrounds all three CIs (see Fig. 3c) and here,
like in the previous NJ � 2 case, only the two ex-
ternal functions change signs but the two internal
ones, namely, the second and the third functions,
will not change sign. Finally we have the case
where the contour C1234 surrounds C1 and C3 but
not C2 (see Fig. 3d). In this case all four functions
will ¯ip sign. We brie¯y summarize what we found
in this particular case as follows. We revealed six
types of contour that lead to sign changes of six
pairs of functions and one type that leads to sign
conversions of four functions. Inspection of Eq.
(18) shows that indeed we should have seven cases
of sign ¯ipping and one case where no sign change
takes place (no surrounding of any CI).

5. Extensions

In building our approach we limited ourselves
in several ways. In this Letter, we shall try to
eliminate some of the limitations. In our present
study we considered the case where all CI/PI
points are located on a given plane in CS. The
question is whether, in real molecular systems, this

Fig. 3. The four interacting surfaces, the three points of conical

intersections and the various contours leading to sign conver-

sions: (a) The contours Cjj�1 surrounding the respective Cj;

j � 1; 2; 3 leading to the sign conversions of the jth and the

(j+1)th eigenfunctions. (b) The contours Cjj�2 surrounding the

two (respective) conical intersections namely Cj and Cj�1;

j � 1; 2 leading to the sign conversions of the jth and the (j+2)th

eigenfunctions but leaving unchanged the sign of the middle,

the (j+1), eigenfunction. Also shown are the contours Cjj�1

surrounding the respective Cj; j � 1; 2; 3 using partly dotted

lines. It can be seen that Cjj�2 � Cjj�1 � Cj�1j�2. (c) The contour

C14 surrounding the three conical intersections, leading to the

sign conversions of the ®rst and the fourth eigenfunctions but

leaving unchanged the signs of the second and the third ei-

genfunctions. Based on (b), we have: C14 � C12 � C23 � C34. (d)

The contour C1234 surrounding the two external conical inter-

sections but not the middle one, leading to the sign conversions

of all four eigenfunctions, i.e. �f1; f2; f3; f4�;! �ÿf1;ÿf2;ÿf3;

ÿf4�. Based on (b), we have: C1234 � C12 � C34.
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situation is a rare event or, in other words, is this
case of any importance? We assumed that only one
CI exists between two given (consecutive) states.
The question is whether the present approach can
be extended to include cases of several CIs of this
kind. We assumed that only two states cross at a
point of a CI. The question is how to treat the case
where several �> 2� states cross at the same point.
In what follows we shall refer to these three sub-
jects:

(a) The plane of the CI/PI. The information
regarding CIs/PIs in real systems is quite limited
and so we can only speculate about the importance
of encountering several CI/PI points in a given
plane. We expect that a CI does not appear at a
single point in CS but belongs to a ®nite or in®nite
line (seam) in CS. A well-known example is the H3

system [22±24] for which it is known that the CI at
a given point stands, in fact, for an in®nite line of
CIs. The C2H system is another example. Here, we
recently found several seams related to di�erent
CIs between di�erent states. [25] Although the
studies on this subject are at a preliminary stage, it
seems that within a molecular `universe'are dis-
tributed not points of CIs (which can be consid-
ered as `Black Holes' of molecular systems) but
®nite or in®nitely long seams `cutting' through the
CS. If this is really the case then almost every plane
will contain several CIs, each related to a di�erent
seam.

(b) The case of several CIs between a given pair
of adiabatic states. To account for more than one
CI between a given pair of states, the assumed
closed path has to surround at least two CIs. It is
well known that if the path surrounds an odd
number of CIs, the two functions ¯ip their sign
and if it surrounds an even number the two are
una�ected [11,26]. Thus altogether no complica-
tions are expected for this extended situation.

(c) The multi-state-degeneracy case. The multi-
state-degeneracy case is too complicated to be
treated here as a minor subject. Therefore, we shall
just refer to it brie¯y with the aim of indicating
potential di�culties. For simplicity we start with
the case of three states where all the three surfaces
become degenerate at a point. To treat this case
the idea is to start with two separate CIs and then
shift the one with respect to the other until the two

form one single point of degeneracy. The possible
K-values, namely, the number of eigenfunctions
that ¯ip sign, will be identi®ed with the K-value
just before the two points coincide. We start by
considering two CIs: The ®rst CI is formed by the
two lowest states and is presented in terms of
s12�q�, located at the origin, i.e. at q � 0. The
second CI, is formed between the second and the
third states and is presented in terms of s23�q;
/jq0;/0�, located at q � q0; / � /0. Now, if the
contour C13 in Fig. 3b surrounds the two CIs then,
following the discussion in the previous section,
K � 2 which implies that two electronic eigen-
functions will ¯ip their sign. Moreover, as was
discussed it is the two external functions, namely,
the ®rst and the third that ¯ip their sign, but the
sign of the second function remains unchanged.

Next, the tri-state-degeneracy is formed by let-
ting q0 ! 0, namely

lim
q0!0

s23�q;u j q0;u0� � s23�q;u�; �23�

so that now the two CIs, coincide. It is well noticed
that in this limiting process the value of K stays
equal to 2 and, also, it is the two external functions
that ¯ip sign. A similar situation is expected for
any number of degenerate states, namely, K will
always be equal to 2, immaterial of how many
states are degenerate at a point and it is only that
the ®rst (belonging to the lowest state) and the last
(belonging to the highest state) wave functions that
will ¯ip sign. This ®nding is at odds with some
previous studies. First, we mention our own study
of a tri-state degeneracy where it was established,
at least for the special case treated there, that no
sign ¯ip takes place in a tri-state-degeneracy
[16,17]. These ®ndings are also at odds, although
sometimes only partially, with a recent study by
Manolopoulos and Child [27]. In that study these
authors got, for a tri-state-degeneracy, the values
K� 0,2, thus one of their results is similar to ours.
However for a tetra-state-degeneracy, they got for
K, the values K � 0; 4 which are, altogether, dif-
ferent from our single value, namely, K � 2 (see
Fig. 3c). These ®ndings seem to indicate that when
considering multi-state degeneracy one has to dis-
tinguish between situations where the multi-state
degeneracy is formed via a continuous limiting

M. Baer / Chemical Physics Letters 329 (2000) 450±460 457



process as discussed above (this case can also be
considered as the breakable case)or a situation
that can be considered as fait accompli and has to
be treated in di�erent ways as for instance in [16,17].

6. Conclusions

In this Letter, we discussed new ideas regarding
the e�ect of several CIs taking place in a multi-
state system. These are the main ®ndings:

(a) In a previous publication [12], we suggested
breaking-up the entire electronic manifold into
sub-Hilbert-spaces (termed as SHS) according
to the strength of the non-adiabatic coupling
terms between the relevant states (see Eq. (5)).
This division is now re®ned by demanding that
the two border states namely the lowest state of
the Pth SHS and its uppermost one do not form
LZ situations namely, do not form, neither
Jahn±Teller CIs nor Renner Teller PIs, with
their respective neighbor states belonging to
the lower and the upper SHSs, respectively.
(b) A novel concept ± the topological spin ± is
introduced and it is shown that the value of this
spin is closely related to the number, NJ, of CIs
in a given SHS (see Eq. (21a)) and its compo-
nents are related to the possible number of sign
conversions, K, in this system (see Eq. (21b)).
(c) We present a geometrical description of the
possible sign conversions for a given SHS and
show that this description is in full correspon-
dence with the results obtained from the topo-
logical matrix D.
(d) We also devoted some e�orts to the multi-
degenerate case. It was found that in such a case
only two functions, i.e. the ®rst and the last, ¯ip
signs whereas the rest remain untouched. This
result, obtained via a limiting process, is at odds
with other studies and therefore needs to be
treated in a more extensive study.

Appendix A. On the possible sign conversions and
diagonal elements of the topological matrix

The topological matrix, D, is a diagonal matrix
which contains K(-1)s (and �N ÿ K�(+1)s) in its

diagonal. This number is dependent on the closed
contour, C, along which D is calculated. In this
appendix we show that K is equal to the number
of electronic eigenfunctions that change sign
when the electronic manifold of the SHS moves
along C.

The ADT is carried out along a path C and as a
result the adiabatic basis set, f, transforms to v, the
corresponding diabatic basis set

v � Af: �A:1�
A similar transformation will be applied to the
complementary nuclear wave functions (see Eq.
(7)).

Considering the point s0 on, C, for which we
have

v�s0� � A�s0�f�s0� �A:2�
and designate ~v�s0� as the v-column that is derived
by employing ~A�s0� which is the matrix A calcu-
lated at s � s0 following the integration of Eq. (8)
along the (closed) contour C, namely

~A�s0� � exp

�
ÿ
I

C
ds � s

�
A�s0�: �A:3�

Thus

~v�s0� � ~A�s0�f�s0�

� exp

�
ÿ
I

C
ds � s

�
A�s0�f�s0�: �A:4�

If now A�s0) is chosen to be the unit matrix, then
the new adiabatic basis set formed at s � s0 is:

~v�s0� � exp

�
ÿ
I

C
ds � s

�
f�s0� � Df�s0�; �A:5�

where we made use of Eq. (10). Since Dy, is a di-
agonal matrix which contains �N ÿ K���1�s and
K�ÿ1�s in its diagonal, the column-vector ~v�s0� is
identical to the original column-vector, f�s0), ex-
cept that K of its components ¯ipped their sign.

Since along each path a di�erent set of eigen-
functions may (or also may not) ¯ip their sign the
column vector is not just double-valued as in case
of N � 2 but multi-valued. For instance in case of
N � 3 �NJ � 2� the multivaluedness is 4. We may
encounter the following four di�erent eigen-vec-
tors:
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�f1; f2; f3�; �ÿf1;ÿf2; f3�;
�f1;ÿf2;ÿf3�; �ÿf1; f2;ÿf3�:

�A:6�

It is interesting to mention that the eigen-vector
�ÿf1;ÿf2;ÿf3) cannot be formed.

For a more complete discussion on this subject,
we refer the reader to Section 4.

Appendix B. On the trigonometric structure of the
adiabatic-to-diabatic matrix

For the present purposes, the ADT matrix will
be presented (see Eq. (15)) as the following prod-
uct of rotation matrices:

A �
YNÿ1

i�1

YN
j>i

Q�ij��cij�; �B:1�

where Q�ij��cij) is an N � N matrix which in its �ii�
and �jj� positions in the diagonal are the two rel-
evant cosine functions and the rest of the �N ÿ 2�
elements are (+1)s, in the �ij� and �ji� o�-diagonal
positions, we have the two relevant � sine func-
tions and the rest are zeros. It is noticed that Eq.
(B.1) is written in a somewhat di�erent manner
from Eq. (15). An example for such a matrix is
given in Eq. (16). In what follows we drop the
variable cij, to simplify the notations. To continue
we consider ®rst a general diagonal term of the A-
matrix and later an odd diagonal term:

(1)The kth diagonal term of A can be written as

Akk �
XN

l;n���p;
q;...;t

Q�12�
k` Q�13�

`n � � �Q�uv�
t � � �Q�xy�

tk ; �B:2�

where the upper indices run over all possible ma-
trices included in Eq. (B.1). Among the various
terms in Eq. (B.2) there is, for each k, also one
single term of the form

Ckk � Q�12�
kk Q�13�

kk � � �Q�uv�
kk � � �Q�xy�

kk ; �B:3�
which is the only term in Eq. (B.2) that contains
(only) diagonal terms of the various Q-matrices.
This product is made up of N terms (one term
from each matrix) which are either cosine func-
tions of the various angles cij or (+1)s but no sine

functions. In fact we can be more speci®c, and it
can be shown that Ckk is of the form

Ckk �
YN
j 6�k

Q�kj�
kk �B:4�

or

Ckk �
YN
j 6�k

cos�cjk�; �B:5�

which proves our ®rst assertion.
(2) For this case we consider a general o�-di-

agonal (kj) element which can be written as

Akj �
XN

l;n���p;
q;...;t

Q�12�
k` Q�13�

`n � � �Q�uv�
pq � � �Q�xy�

tj ; k 6� j;

�B:6�
where, as before, the upper indices run over all
possible matrices included in Eq. (B.1). We claim
that, each term in (B.6) has to have in its product
at least one sine function. So, let us assume that
this assertion is wrong and there exists a product
of pure cosine functions (or (+1)s). Cosine func-
tions or (+1)s are located only in the diagonal of
each matrix and therefore both lower indices of
each term in the product in Eq. (B.6) has to be
equal. Making the two corresponding indices, of
each term, equal we get

Akj � Q�12�
kk Q�13�

kk � � �Q�uv�
kk � � �Q�xy�

kj ; k 6� j: �B:7�

It is noticed that changing the indices in order to
obtain a product of diagonal elements only is im-
possible, because among others the two indices of
the last term have also to be made equal. However
replacing j by k contradicts our assumption that
j 6� k.
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