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Abstract

In this Letter we study the influence of proper treatment of the conical intersection on photo-absorption cross-

section of the C2H molecule. The treatment is based on the diabatization of the adiabatic potentials employing

the adiabatic-to-diabatic transformation. To facilitate the calculations we adopt a simple two-dimensional model.

� 2003 Elsevier Science B.V. All rights reserved.

1. Introduction

Cross-sections for photo-absorption can within

the time-dependent formulation be expressed in a

compact and convenient manner [1] as the time-

energy Fourier transform of the correlation func-

tion between the initial wavefunction and the
time-propagated wavefunction. The time-propaga-

tion of the ground-state wavefunctionmultiplied by

the transition dipole moment function is carried out

on the upper electronic potential energy surface

(PES) [2]. However, inmany instances this surface is

coupled by non-adiabatic coupling terms (NACTs)

to a lower surface which is the classically open sur-

face in the asymptotic region. Since the initial
wavefunction is defined by the lower adiabatic PES

and since the propagation is most conveniently

carried out within the diabatic framework we have,

in cases where the two surfaces are coupled, to ac-

tivate the adiabatic-to-diabatic transformation

(ADT) matrix. This matrix can be obtained if the

proper NACTs are given (see Section 3). But in case

of conical intersections – as in the present case – we
need to make sure we add the proper phase con-

nected to conical intersections. In the present Letter

we investigate to what extent this modification has

an effect on the absorption cross-section.

In order to facilitate the calculations we adop-

ted a simple two-dimensional model of the system

where the C–C bond is treated as a spectator.

2. Theory

The absorption cross-section is calculated as a

function of frequency employing the expression [1]:
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rðxÞ ¼ Cx
Z 1

�1
eiðEt=�hÞh/ð0Þj/ðtÞidt; ð1Þ

where /ð0Þ is the ground-state wavefunction

multiplied with the transition dipole function and

E is equal to Ej þ �hx. The wavefunction is prop-

agated on the upper adiabatic potential energy
surface to obtain /ðtÞ. The time-energy Fourier

transform of the correlation function gives the

absorption spectrum. In the present investigation

of the importance of the proper treatment of the

non-adiabatic couplings we shall introduce a sim-

plified initial state and recall that the CC bond

length is fixed.

For the ground-state wavefunction we assume a
Morse-oscillator for the C–H local stretch mode

times a Harmonic-oscillator wavefunction in the

bending angle between the CC and the CH bond.

The parameters for both functions are estimated

from the ground-state potential energy surface.

The CC bond length is kept fixed and the

Hamiltonian used for the propagation has the ki-

netic energy part [3]
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where R is the distance from the hydrogen atom

to the center of mass of CC, l is the reduced mass

for the relative motion, g is the angle between R
and the CC bond, re is the equilibrium CC bond

length and the reduced mass m is m ¼ mC=2.
The potential depends on the variables R and g.

In order to evaluate the integral over time we make

use of the fact that /ð�tÞ ¼ /ðtÞ�. In the case here

we include the coupling between the two electronic

states and hence we express the initial wavefunc-

tion as

uð0Þ ¼ /1ð0Þ
/2ð0Þ

� �
; ð3Þ

where the /nð0Þ refer to the diabatic wavefunc-

tions. At t ¼ 0 we have that the adiabatic wave-

function /ad
1 ð0Þ ¼ 0 and hence the cross-section

involves the overlap integral h/ad
2 ð0Þj/

ad
2 ðtÞi. The

adiabatic wavefunctions are obtained using the

ADT defined below.

The potential matrices are represented on a grid

with parameters listed later. At the edge of the grid

absorbing potentials [4–8] were introduced and the

number of iterations in the Hermite propagator

was taken to be 20 000. This number is sufficient

for obtaining a reliable spectrum (see also Fig. 3).
The V12 coupling is in the grid-representation a

matrix element which is obtained by integrating

over the non-adiabatic coupling elements (see be-

low). The Hamiltonian operator is then given as

ĤH ¼ Tkin þ V11 V12
V12 Tkin þ V22

� �
: ð4Þ

In order to evaluate the wavefunction /ðtÞ we use
the Hermite expansion of the exponential operator

[7], i.e.,

j/ðtÞi ¼ eð�iHtÞj/ð0Þi

¼
X1
m¼0

ð�iÞm

m!
kme�k2HmðH=EmaxÞj/ð0Þi; ð5Þ

where k ¼ Emaxt=ð2�hÞ and Hm is the mth Hermite

polynomial. Strictly speaking we do not have to

scale the Hamiltonian with the energy factor Emax

since the Hermite polynomials are defined for in-

finite arguments. But improved convergence in the
recursion formula can be obtained by this scaling.

With the above expansion we are able to evaluate

the time-integral analytically. Thus we obtain [2]

rðxÞ ¼
X1
m¼0

FmðxÞ


 h/ð0Þj 1ffiffiffiffiffiffiffiffiffiffi
2mm!
p HmðH=EmaxÞj/ð0Þi; ð6Þ

where the form-factor is

FmðxÞ ¼ 2C
ffiffiffi
p
p �hx

Emax

eð�e2Þ HmðeÞffiffiffiffiffiffiffiffiffiffi
2mm!
p : ð7Þ

Here e ¼ E=Emax. The summation is carried out

using that H0 ¼ 1, H1ðH=EmaxÞ ¼ 2H=Emax and the

recursion relation

HmðxÞ ¼ 2xHm�1ðxÞ � 2ðm� 1ÞHm�2ðxÞ ð8Þ

for m > 1. Thus we just need to know how to

operate with H on a wavefunction in order to

evaluate the series. The activation of H on the

wavefunction is done using the fast Fourier

transform (FFT) procedure for evaluation of the
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kinetic energy terms. Absorbing boundary condi-

tions are introduced at the edge of the grid, i.e., for

large values of R [4–8].

Ab initio electronic structure calculations were

carried out at the MRCI(9,9)/cc-pvtz level varying
the bond distances as well as the CC–CH angle so

as to obtain information on the adiabatic ground

and electronic excited states 12A0 and 22A0 [9,10].

Next the NACTs, i.e., shðr1; r2; hÞ and srjðr1; r2; hÞ;
j ¼ 1; 2 were calculated at the CASSCF(9,9)/

6-311G(d,p) level employing the expressions

sqðh; r1; r2Þ ¼ f1 f1
o

oq

���� f2

� �
; q ¼ h; r1; r2 ð9Þ

as well as the required transition dipole moments.
To carry out the dynamic calculations we express

the initial nuclear ground-state wavefunction as a

product /M
m0
ðr2Þ/HO

n0
ðhÞ of a local mode Morse-os-

cillator in the C–H(r2) bond times a Harmonic-

oscillator wavefunction in the angle h between the

two bonds. For the ground-state potential surface

we obtain r1eq ¼ 1:202 �AA and r2eq ¼ 1:064 �AA, and
the bending force constant kh ¼ 0:1305
 105 dyn/
cm. The two local mode force constants were,

likewise estimated to be kr1 ¼ 7:006
 105 and

kr2 ¼ 402
 105 dyn/cm, respectively. The Morse

parameters were also obtained from the ab initio

data to be: �hxe ¼ 1328:3 cm�1 and �hxexe ¼ 10:53
cm�1.

3. Diabatic potential energy surfaces

Whereas the ab initio treatment of molecular

systems yields the adiabatic potential energy sur-

faces the dynamic calculations have, in the presence

of conical intersections, to be carried out employing

diabatic PESs. The reason being that the NACTs,

in the region of interest, become infinite and,
therefore, create topological, non-local, effects that

cannot be treated numerically. The only way to

overcome this difficulty is to eliminate them, em-

ploying the ADT which forms the connection be-

tween the two frameworks, i.e., the adiabatic and

the diabatic ones. The ADT matrix A is a solution

of the following first order differential equation [11]

rAþ sA ¼ 0: ð10Þ

Here r is the grad operator and s is a vectorial

anti-symmetrical matrix that contains the NACTs

defined in Eq. (9). In case of two states (as is dis-

cussed later) the s-matrix contains one non-zero

matrix element (for each component). The A-ma-
trix, which is an orthogonal matrix [11], can

therefore be presented as follows:

A ¼ cos c sin c
� sin c cos c

� �
; ð11Þ

where c is given in terms of a line integral [11]

cðsÞ ¼ cðs0Þ þ
Z s

s0

ds � sðsÞ: ð12Þ

The integration in Eq. (12) is formed along an

assumed contour C. Once cðsÞ is calculated at a

given point, the diabatic potential matrix elements,

Vij; i ¼ 1; 2 and j ¼ 1; 2, are calculated from the

expressions [12]

V11ðsÞ ¼ u1ðsÞ cos2 cðsÞ þ u2ðsÞ sin2 cðsÞ;
V22ðsÞ ¼ u1ðsÞ sin2 cðsÞ þ u2ðsÞ cos2 cðsÞ; ð13Þ

V12ðsÞ ¼ V21ðsÞ ¼
1

2
ðu2ðsÞ � u1ðsÞÞ sinð2cðsÞÞ;

where ujðsÞ; j ¼ 1; 2 are the adiabatic PESs.

In the present treatment (which is carried out

for a fixed CC-distance) the contours C are de-

fined in terms of r2 and h and are made up of a

straight line that connects the asymptotic point

ðr20; h ¼ 0Þ with a given point of interest

ðr2; h ¼ 0Þ and of a circular arc centered at one of

the carbons and defined for a fixed radius r2 (see
Fig. 4). As a result the angle cðsÞ � cðr2; hÞ is given
in the form [11]:

cðr2; hÞ ¼ cðr20; h ¼ 0Þ þ
Z r2

r20

sr2ðr2; h ¼ 0Þdr2

þ
Z h

0

shðr2; hÞdh: ð14Þ

Some difficulties with this procedure are expected

when the conical intersection is located on the

CCH (collinear) axis, namely at ðrCI2 ; h ¼ 0Þ as is
the situation in the present case [9,10]. The reason

is that the radial NACT, sr2ðr2; hÞ has a pole at this
point [13–15]. To overcome this difficulty while

approaching the CI from the right-hand side, it is

avoided by integrating along a semi-circle formed
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by an infinitesimal small radius around the conical

intersection (see Appendix A). As a result we en-

counter the following (abrupt) change in the cal-

culated c-values:

lim
e!1

cðr2 ¼ rCI2 � e; h ¼ 0Þ

¼ lim
e!1

cðr2 ¼ rCI2 þ e; h ¼ 0Þ þ p
2
: ð15Þ

This fact implies that any angle cðr2; hÞ calculated
for r2 > rCI2 is unaffected whereas those calculated

for r2 < rCI2 have to be shifted by p=2. For further
details see Appendix A.

4. Results

While treating multi-electronic-state system, the

first and foremost difficulty to be handled is related

to the minimum number of states required to form

a sub-Hilbert space. This question was recently

studied, for the system under consideration, by the
present authors [16]. It was concluded that this

number is only two although each state is strongly

coupled (namely, forming a conical intersection)

with its next neighbors and therefore a much larger

number is expected. The reason for this conclusion

(which is based on a mathematical–numerical

analysis) is the fact that the spatial distribution of

s12ðr2; hÞ – the NACT between the ground and the
first excited states – and the spatial distribution of

s23ðr2; hÞ – the NACT between the first and the

second excited states – do not overlap. It was

shown that the fulfillment of this condition is

sufficient to enable an approximate two-state di-

abatization which implies: forming a single-valued

2
 2 diabatic potential matrix. This is an inter-

esting result because it is known from studies of
other systems [17–20] that such a situation is only

rarely encountered.

The scattering calculations were carried out for

a grid of 19 r2-values in the range f0:7; 4:0 �AAg and
seven (7) h-angles in the range f0�;�70�g. Here the
collinear configuration C–C–H is described in

terms of h ¼ 0�. In order to obtain the potential at

the required points a simple spline interpolation in
the two dimensions was introduced.

The initial wavefunction is expressed as a

product between a Morse-oscillator in the C–H

bond length r2 and an Harmonic function in the

h-angle. Thus we have:

Um0n0ðr2; hÞ ¼ /M
m0
ðr2Þ/HO

n0
ðhÞ: ð16Þ

The time-propagation of the wavefunction is car-
ried out employing the ordinary polar coordinates

R and g (see Eq. (1)). The relations between these

coordinates and the local mode variables ðr2; hÞ in
which the wavefunction is initialized are given as

r2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ ðreq1 Þ

2
=4� req1 R cos g

q
; ð17aÞ

h ¼ cos�1 ½ðR cos g� req1 =2Þ=r2�; ð17bÞ

The ground-state wavefunction is multiplied by the

ab initio computed transition dipole moments to

obtain the initial wavefunction /ð0Þ. The effect of
the Hamiltonian operator on the wavefunction is

needed in order to evaluate the cross-section in

Eq. (1). This is done using a FFT evaluation of the
kinetic energy operators using a 128
 128 grid in

the variables R and g. The surfaces used are the

upper 2A0 and lower 1A0 states assuming r1 ¼ 1:35
�AA. The location of the conical intersection depends
upon the CC bond distance r1. We have in the

present investigations considered r1 ¼ 1:35 �AA. The
reason for choosing the potential energy surfaces

with this distance for the propagation of the wave-
function is that this conical intersection located at

r2 ¼ 1:60 �AA, i.e., in the region, the wave packet is

capable to spread out during the dissociation pro-

cess. In this manner we are, then, able to investigate

whether the presence of a conical intersection and

due to this, possible difficulties related to the ADT

angle, have any dynamical significance. Further-

more the upper surface decreases in the magnitude
when r1 is increased from the equilibrium value of

1.202 �AA of the ground-state surface, i.e., the system

would at the upper surface increase the r1-bond
distance from the equilibrium value at the lower

surface. However, in order to include these effects

properly it would be necessary to treat also the

surface dependence with r1 – which in these pre-

liminary calculations has been avoided. The upper
adiabatic surface (see Fig. 1) has awell in the region,

where the maximum of the ground-state surface is

located. As described above the ADT angle is ob-

tained from the NACTs. If the conical intersection

4 G.D. Billing et al. / Chemical Physics Letters 372 (2003) 1–7



is taken into account properly we have to add p=2
for distances less than r2 ¼ 1:6 �AA.

The absorption cross-section has been calcu-

lated in three ways: by neglecting the coupling

between the two surfaces, by including the cou-

pling and defining the ADT angle with and with-

out the p=2 added at the conical intersection. The

first calculation revealed that the well on the upper
surface (see Fig. 1) makes the absorption cross-

section zero if no coupling is included, i.e., if no

leaking to the ground state can occur. Thus only in

the last two cases we obtain a proper absorption

spectrum (see Fig. 2). If a system as the present one

has a conical intersection this has to be taken into

account by a proper treatment of the NACTs. For

chemical reactions, at energies below the position
of the intersection, the nuclear wavefunction can

be given a phase-factor [21] or one can add a

vector potential to the Hamiltonian [22–24]. Al-

though it is now generally accepted that the proper

treatment of the phase of the nuclear wavefunction

has a significant influence on differential cross-

sections for chemical reactions – it came as a sur-

prise that also integral cross-sections are affected
as well [25,26]. The total absorption cross-section

is of the latter type – it is even summed over all

product channels.

If the ADT angle is defined properly it includes

the phase shift due to the encountered singularity

at the point of the conical intersection (along the

h ¼ g ¼ 0 axis). Fig. 3 shows that in this case we

obtain a somewhat different absorption cross-sec-

tion if this is taken into account.

The conclusion is then that for a number of
dynamical processes involving systems with conical

intersections, the proper treatment of the ADT

angle is significant for obtaining an accurate cross-

section. By proper treatment we mean (in the

present case) integration over the non-adiabatic

Fig. 1. The upper adiabatic potential energy surface (in units of

100 kJ/mol) as a function of h and r2.

Fig. 2. The ADT angle with a phase change p=2 for distances

less than 1.60 �AA, the location in r2 of the conical intersection.

Fig. 3. The cross-section for photo-absorption: solid line pre-

sents the cross-sections with the correct ADT angle; dashed line

presents the cross-sections calculated while neglecting the ad-

ditional phase of p=2.
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coupling terms along contours in the two-dimen-

sional plane [11] and inclusion of the proper

phase-angle when passing through the point of

intersection. Although our model is probably too

simplistic for a realistic calculation of the cross-

section it is sufficiently detailed to show the effect
we wish to demonstrate, namely, that the proper

treatment of the phase angle in the presence of a

conical intersection may change the results, some-

times even significantly. To our knowledge this is

the first investigation for photo-absorption pro-

cesses which considers this particular aspect using

the adiabatic description and the definition of the

ADT angle that follows from contour integration.
In other approaches the problem is �dealt with� by
defining a diabatic potential surface while per-

forming the ab initio calculation [27] or eventually

by other means [28–30].

Although the photo-absorption cross-section

plays a role for the atmospheric conditions on the

planet Titan we have not been able to find any

experimental data to be compared with our cal-
culated spectrum. On the other hand, the position

of the maximum of the calculated absorption band

agrees well with the experimental Te for the A X

transition (0:45 eV ffi 3630 cm�1) [31,32] and with

the energy of the Að010Þ ! Xð010Þ transition

(�3700 cm�1) recently observed in the emission

spectrum of C2H [33].
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Appendix A

In Section 3 we suggested to perform the line

integral calculation [11] employing a contour that

starts at a point in the asymptotic region, i.e., at

r2 ¼ r20 � 1. To calculate the value of c at a given
point ðr2; hÞ the contour moves first to the left

(towards the origin, i.e., r2 ¼ 0) until it reaches the
assigned r2-value and then follows an arc until it

reaches the assigned-value (see also Eq. (14)). The

integration along r2 is performed over sr2ðr2; hÞ.
Assuming that the CI is located at the point

ðr2 ¼ rCI2 ; h ¼ 0Þ we may expect difficulties in inte-

grating over sr2ðr2; hÞ if we have to reach r2-values
smaller than rCI2 because in these cases we en-

counter a singular value of sr2ðr2; hÞ at rCI2 . The
question we encounter is to the type of singularity

possessed by sr2ðr2; hÞ.
To answer this question we refer to a system of

coordinates that has its origin at the conical in-

tersection and is presented in terms of a radius q.

In a recent theoretical study [15] it was shown that

sq, the radial component of s, may behave, in the

vicinity of q ¼ 0, as q�1, which implies that sq may
have a pole at q ¼ 0 (this feature was also sup-

ported by ab initio calculations for the C2H mol-

ecule [34]). By shifting from the origin q ¼ 0 to the

point of the conical intersection (r2 ¼ rCI2 ; h ¼ 0Þ
we encounter a sr2 which has a pole at that point

and therefore its denominator must contain the

value q ¼ r2 � rCI2 .

Having a pole on the h ¼ 0 axis requires a more
careful integration along this axis for r2-values

Fig. 4. The integration contour around the conical intersection

for defining the ADT angle: The integration should be carried

out for the radius e! 0 of the semi-circle surrounding the

conical intersection. In this process a phase p=2 is added to the

ADT angle, c.
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which are on the left-hand side of the CI position

(see Fig. 4). It is well known from the theory of

complex functions that in order to overcome this

difficulty one forms an infinitesimal semi-circle of

radius e and integrates from rCI2 þ e to rCI2 � e along
this semi-circle by varying h from 0 to p (see Fig.
4). Since, it is well known that surrounding a CI

forms a phase of p [35], integrating only along the

semi-circle leads to a phase of p=2.
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