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Abstract

In this numerical treatment efforts were made to reveal the conical intersections (ci) between the two lower, 12A 0 and 22A 0 states –

to be designated as (1,2) ci – and the (2,3) cis between the two upper, 22A 0 and 32A 0 states – of the {H2O} system. We found that the

two lower states are coupled by cis located along the O–H–H and the H–O–H arrangements. No other arrangement was found to

form (1,2) cis. As for the (2,3) cis, they are found to be C2v cis located along the symmetry line that connects the center-of-mass of

the two hydrogens and the oxygen.

� 2004 Elsevier B.V. All rights reserved.
1. Introduction

The {O,2H} system, whether it is the H2O (water)

molecule or the two exchange arrangement channels
(OHH) and (HOH) forms one of the more important

molecular systems in chemistry. As such it is somewhat

of a surprise that its structure is not fully known.

Whereas the (adiabatic) potential energy surfaces were

treated several times (see [1,2] and references therein)

the non-adiabatic coupling terms (NACTs) were consid-

ered only to a limited extent. Having said all that, still

the interesting fact is that the position of the conical
intersections (ci) for the OH1H2 and the H1OH2

arrangements are known for quite some time [3–7]. So

far only two studies are available in which the NACTs

were considered explicitly [6,7]. In the first study the

NACTs were employed to verify the existence of cis that
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couple the two lower states: One seam, found for the col-

linear OH1H2 arrangement, is characterized by the fact

that the distance between the two nearby hydrogens

i.e., H1H2 is fixed, namely, RHH � 1.6 a.u. (and is at
most weakly dependent of the OH2 distance) and the

second seam, found for the H1OH2 collinear arrange-

ment, is characterized by a series of (RH1O, ROH2) val-

ues. These calculations were somewhat extended in the

second study in which perturbative analysis of cis was

employed.

In fact the NACTs in [6] were calculated in order,

later, to be used for deriving the adiabatic-to-diabatic
transformation (ADT) angle [8–10] (also sometimes

termed as the mixing angle) required for forming the

diabatic potential matrix. However it seems that the

authors changed their mind and concluded that this an-

gle �can be solved only approximately, if at all, leading

to some arbitrariness in construction of diabatic states�.
This subject will be discussed to some extent in

Section 4.
In the present Letter, the study of the NACTs is ex-

tended in two different ways: (1) we calculate the (1,2)

NACTs (namely, the NACTs that couple 12A 0 and
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21A 0 – the two lower states of the present system) along

contours that surround, relatively large regions of config-

uration space (>4 a.u.2) with the aim of showing that the

(1,2) NACTs are well defined and in particularly are suit-

able for the calculation of the ADT angles. This fact, as

will be discussed below, is essential for being able to
properly diabatize the two lower states of the OH1H2

and the H1OH2 arrangements in their respective regions

(see Section 3.1). (2) We also devoted efforts to reveal the

existence of (2,3) cis which couple the 21A 0 and the 31A 0

electronic states. This study is presented in Section 3.2.
2. Background information

To study the NACTs and the positions of the corre-

sponding cis, we consider a plane which contains the

three atoms (A,B,C). It is important to realize that there

exists only one plane that contains the three atoms

(although the plane itself is, in general, not fixed but flips

and tumbles in space). Still for our purposes it is enough

to consider only the body fixed system of coordinates,
where a point in configuration space is described in terms

of three coordinates. However in order to simplify the

search for the positions of the cis we break-up the three

dimensional configuration space and present it as a series

of two-dimensional configuration spaces which are cho-

sen to be planes. In what follows we distinguish between

the various planes as follows: Each plane is formed by

fixing the inter-atomic distance R between two (out of
the three) atoms, e.g., atoms B and C (so that

R = RBC) and leave atom A (the third atom) to move

freely on that plane. Atom A is used to examine the val-

ues of the different NACTs, sjk(s) at the various points s

belonging to the (planar) region of interest. It is impor-

tant to mention that in order to obtain the NACTs for

the three dimensional configuration space the values of

RBC have to be varied, step by step, along a given grid.
In the present study we consider three states and

therefore treat the more relevant NACTs, namely,

s12(s) and s23(s) (the third NACT, i.e., s13(s) is small

and is not considered here) where each of the NACTs

is a vector. All the results to be reported in this Letter

are obtained for configurations where the distance be-

tween two atoms is fixed.

The emphasis in this Letter is on the ADT angle,
c(sjC) which, as was mentioned earlier, is important in

order to be able to diabatize a two-state system. In order

for the diabatization to be valid the line integral [8–11] to

be introduced next, along a closed contour has to yield

an angle which is a multiple of p [12,13].

The line-integrals to be considered in this Letter are

the ones

cjjþ1ðsjCÞ ¼
Z s

s0

sjjþ1ðs0jCÞ ds0; j ¼ 1; 2; ð1Þ
where the integration is carried out along a contour C
(the two points s and s0 are on C) and the dot stands

for a scalar product. For a closed contour the line inte-

gral yields the topological phase a(C) [11–13], namely

ajjþ1ðCÞ ¼
I

C
ds0 � sjjþ1ðs0jCÞ: ð2Þ

It is noticed that ajj+1(C) does not depend on any par-

ticular point along the contour C but on the contour

itself.

The importance of studies of this kind is in revealing

to what extent two-state diabatization is valid. Two-

state diabatization for a given region is feasible if and
only if the line integral in Eq. (2) carried out along a

contour C that surrounds the region under considera-

tion yields a value which is a multiple of p, namely,

a(C) = np where n is an integer or zero (in what follows

this feature is termed: quantization). The origin for this

requirement is as follows: If uj; j = 1,2 are the two adi-

abatic potential energy surfaces (PES) then the corre-

sponding diabatic PESs, namely W11, W22 and W12

are given in the form:

W 11ðsÞ ¼ u1ðsÞcos2cðsjCÞ þ u2ðsÞsin2cðsjCÞ;
W 22ðsÞ ¼ u1ðsÞsin2cðsjCÞ þ u2ðsÞcos2cðsjCÞ;
W 12ðsÞ ¼ ð1=2Þ u2ðsÞ � u1ðsÞð Þ sin 2cðsjCÞð Þ;

ð3Þ

where c(sjC) is the corresponding ADT angle. It is quite

obvious that in order to have a single-valued diabatic

potential matrix, W(s), the values of Wjk(s); j,k = 1,2
at the initial point of the closed contour have to be iden-

tical to their values at the final point (which is the same

point along the closed contour). This condition is satis-

fied if and only if a(C), given in Eq. (2), fulfils

cjjþ1ðs0jCÞ ¼ ajjþ1ðCÞ ¼ np; ð4Þ

where n is an integer. It is important to emphasize that

in real applications Eq. (4) cannot be exactly fulfilled.

However we show that Eq. (4) is approximately fulfilled
for large regions in configuration space thus enabling,

for all practical applications, the required diabatization.

In what follows we concentrate on contours that are

circles. From Eqs. (1) and (2) it is seen that it is only the

tangential component of sjj+1(s) that forms the corre-

sponding ADT angle, c(sjC). Therefore, in case of circu-

lar contours it is sufficient to consider the angular

component, sujj+1(ujq)/q, where sujj+1(ujq) is obtained
from the expression

sujjþ1ðujqÞ ¼ fjðujqÞ
o

ou
fjþ1ðujqÞ

����
� �

: ð5Þ

Here fj(ujq) and fj+1(ujq) are two consecutive eigenfunc-

tions. Since, in this case: ds ” qdu and c(sjC) ” cjj+1(ujq),
Eq. (1) becomes

cjjþ1ðujqÞ ¼
Z u

0

sujjþ1ðu0jqÞ du0 ð6Þ
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and an analogous expression is given for ajj+1(q) (see Eq.
(2)) where the upper limit of the integral is u = 2p.
3. Numerical results

The calculation of the non-adiabatic coupling terms

(along chosen circles) was carried out at the state-

average CASSCF level employing the following basis

functions: For the oxygen we applied s,p and d functions
from the aug-cc-pVQZ set and f functions from cc-

pVQZ set. For the hydrogens we employed s and p func-

tions aug-cc-pVQZ set and d and f functions from the

cc-pVQZ set. We used the active space including all

eight valence electrons distributed on ten (10) orbitals.

Four different electronic states, including the three stud-

ied states, were computed by the state-average CASSCF

method with equal weights. To perform the above men-
tioned integrations the relevant NACTs were obtained

employing the MOLPROOLPRO program [14]. The details how

to operate it for our purpose were discussed in previous

publications (in particular see Appendix of [15]) and are

not be repeated here.

The numerical study is divided into two main parts.

In the first part we extend the previous studies related

to the (1,2) cis as described in Section 1 and in the sec-
ond part we present results concerning the newly re-

vealed (2,3) cis.

All the results in this Letter are given in figures. The

figures are arranged in columns – each column for one

situation, usually limited to a given geometrical arrange-

ment (either a collinear or a perpendicular arrangement)

specified by an inter-atomic distance RAB (between atom

A and atom B) a distance, RYX, of the center of the cir-
cular contour from some fixed point, and the radius, q, of

the circle (we remind the reader that all calculations are

performed along circles, as explained earlier). Each col-

umn contains two sub-figures: The upper sub-figure

shows the (angular) non-adiabatic coupling term,

sujj+1(ujq) and the lower one shows the corresponding

cjj+1(ujq)-angle, both calculated along the a circle and

presented as a function of u. In addition, in each lower
subfigure, are given the values of ajj+1(q) (in radians)

and of cos ajj+1(q).

3.1. The (1,2) collinear conical intersection

Aswas verified in numerous publications the {O,2H} is

characterizedby twokinds of (1,2) cis: one kind (or group)

is located along collinear OHH arrangement channel
and the other along the collinear HOH arrangement

channel. In what follows we distinguish between the two.

3.1.1. The (1,2) collinear ci for the OHH arrangement

Since the only contribution for the line integral is due

to the angular component of the NACTs the emphasis
in the forthcoming discussion is on s12(ujq) (the coeffi-

cient of (1/q)) as calculated in various situations.

In general there are two possibilities to extract the

magnitudes of interest; either fixing the HH distance

and moving the oxygen along a circular contour with

a given center and a fixed radius or fixing the OH posi-
tion and moving the external hydrogen under similar

conditions (see Fig. 1). It is known from previous studies

[3–7] that the ci is located along the collinear arrange-

ment at RHH = 1.6 a.u. only (and its position is, at most,

weakly dependent on the OH distance).

As mentioned above we can, in principle, fix RHH and

move the oxygen along a circular contour with a given

center and a fixed radius. However we soon realized that
this procedure fails because of the following reasons: (1)

Fixing the distance between the two hydrogens such that

RHH 6¼ 1.6 a.u. will end up without exposing any cis and

(2) fixing this distance to be RHH = 1.6 a.u. causes any

circle to surround an infinite number of cis and therefore

yielding confusing values for the topological phase

a12(q).
The outcome of this analysis is that the only configu-

rations for which we can reveal the above mentioned

(1,2) ci is assuming the center of the circle to be at some

distance RHX from the central hydrogen (see Figs. 1 and

2), assuming the radius q of the circle to fulfill the con-

dition q > jRHH � RHXj where RHH = 1.6 a.u. and move

the external hydrogen along this circle. The distance

ROH is arbitrary (as long it is not too large).

The numerical results for the OHH case are presented
in Figs. 1 and 2. In Fig. 1 are presented results for the

case that the center of the circle is at the ci point, namely

RHX = RHH = 1.6 a.u. but the three cases differ either

due to different ROH values or q-values. Although the re-

sults, essentially speak for themselves we emphasize two

important issues. It is noticed that the su12(ujq)-coeffi-

cients resemble the double-peak structure typical to an

elliptic Jahn–Teller ci (elliptic ci – as opposed to the reg-
ular circular Jahn–Teller ci [16]) and that a12(q), the top-
ological phase, is in all three cases close to p. These two
results are usually expected when the radius q is very

small (i.e., �0.02 a.u.). In such a case we encounter what

was termed some time ago as the virgin structure of

su12(ujq), namely, a pure spatial distribution which is

not damaged by other cis [17,18]. Whereas the results

in sub-figures (a)–(d) are for small q-values the results
in (e) and (f) are obtained for a large radius (q = 1.5

a.u.) but, nevertheless the above mentioned features

are still maintained. In particular a12 remains close to

p (in fact it is �3.115) a fact which implies that quanti-

zation holds, in this case, over a large region in configu-

ration space, i.e., �7 a.u.2

The results in Fig. 2 are of the same kind and the

same quality although the center of the circles is now
shifted from the point RHX = RHH (the ci-point) to at

different point for which RHX = 1.8 a.u. As is noticed
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Fig. 1. Results related to the (1,2) ci for the collinear OHH arrangement as calculated along circles positioned at RHX (=RHH) = 1.6 a.u. and different

ROH values: sub-figures (a) and (b) are for ROH = 2.5 a.u. and q = 0.5 a.u.; sub-figures (c) and (d) are for ROH = 3.0 a.u. and q = 0.3 a.u.; sub-figures

(e) and (f) are for ROH = 3.0 a.u. and q = 1.5 a.u. In sub-figures (a), (c) and (e) are presented the angular NACTs, su12(ujq) and in sub-figures (b), (d)

and (f) are presented the ADT angle c12(u), both as a function of u. A schematic picture of the configurations is given above the sub-figures.
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Fig. 2. Results related to the (1,2) ci for the collinear OHH

arrangement as calculated along circles positioned at ROH = 3.0 a.u.

and two different RHX-values: sub-figures (a) and (b) are for RHX = 1.7

a.u. and q = 0.3 a.u.; sub-figures (c) and (d) are for RHX = 1.8 a.u. and

q = 1.5 a.u. The rest is like in Fig. 1.
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the features seen in Fig. 1 continue to exist also

for this situation; in particular, the fact that a12
(q = 1.5 a.u.) remains close enough to p (in fact it is

�3.123).

These results have important consequences regarding

the possibility of forming, for this system, a two-state

diabatization for large regions in configuration space
in general and employing for this purpose the (1,2)

NACTs (in contrast to ad hoc procedures [6]). This sub-

ject will be further elaborated in Section 4.

3.1.2. The (1,2) collinear ci for the HOH arrangement

The results for this HOH arrangement presented in

Figs. 3 and 4 and are found to be only partly similar

to the ones we presented for the OHH arrangement
in Fig. 1. It is noticed that the ci is located, again,

along the collinear arrangement but this time it is not

attached to one single OH value (as in the previous

case where it was attached to RHH = 1.6 a.u.) but to

a continuous series of (RHO,ROH) values. In Fig. 3

are presented results, for ROH = 3.1 a.u., along circles

with different radii all locate at the ci-point, namely,

at ROX = 1.8 a.u. We find that as long as the radius
q is small enough, namely, q = 0.3 the value of the top-

ological phase a12 (q = 0.3 a.u.) � 3.137 rad a value

which is relatively close to p(=3.143 rad). However as

q increases the deviations from p become more and

more pronounced. Thus, we have a12(q = 1.0
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Fig. 3. Results related to the (1,2) ci for the collinear HOH arrangement as calculated along circles located at the ci-point, namely at ROH = 3.1 a.u.,

RHO = 1.8 a.u. but for different q-values: sub-figures (a) and (b) are for q = 0.2 a.u.; sub-figures (c) and (d) are for q = 1.0 a.u.; sub-figures (e) and (f)

are for q = 1.5 a.u. The rest is like in Fig. 1.
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Fig. 4. Results related to the (1,2) ci for the collinear HOH

arrangement as calculated along circles positioned at the ROH = 3.1

a.u., RHO = 2.1 a.u. but with different q-values: sub-figures (a) and (b)

are for q = 0.6 a.u.; sub-figures (c) and (d) are for q = 0.8 a.u. The rest

is like in Fig. 1.
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a.u.) = 2.99 rad and a12 (q = 1.5 a.u.) = 2.74 rad (in
case of OHH we got for the same q-value: a12(q = 1.5

a.u.) = 3.115 rad). The deviations just mentioned are

supported by additional calculations presented in Fig.

4. Here we show two sets of results as calculated along

two circles removed from the ci-point, namely, at

(ROH, ROX) = (3.1, 2.1 a.u.). In both of them, although

not calculated for particularly large radii (one is for

q = 0.6 a.u. and the other for q = 0.8 a.u.) the a12-val-
ues deviate significantly from p (i.e., 2.999 and 2.975

rad, respectively).

The main difference in the results for the two

arrangement systems is that, in the present HOH case,

the two-state diabatization is valid for smaller regions

of configuration space. Recall that the ability to carry

out two-state diabatization in a given region is deter-

mined by whether the phase a12(q) calculated for a con-
tour that surrounds this region is close to p. It is

noticed that the value of a12(q = 1.5 a.u.), in case of

the OHH system, is �3.116 rad (very close p(=3.143
rad)) whereas here, we obtain a much smaller value,

namely, a12(q) = 2.784 rad. In fact the deterioration

in the values of a12(q) is already seen at q = 1 a.u.

for which we get only, a12(q) = 2.992 rad. It could be

that the circular region, in this case, is located too close
to the oxygen (�0.1 a.u.) and that this is the reason for

the significant deviations of a12(q) from p. However

this possibility is ruled out by the results presented in
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Fig. 5. Results related to the (2,3) cis for the orthogonal HHO arrangement as calculated along circles located at different ci-points along the

symmetry line that connects the center-of-mass point of the two hydrogens and the oxygen: sub-figures (a) and (b) are for RHH = 1.5 a.u., RCH = 1.38

a.u. and q = 0.2 a.u.; sub-figures (c) and (d) are for ROH = 2.0 a.u., RCX = 1.5 a.u. and q = 0.1 a.u.; and sub-figures (e) and (f) are for ROH = 2.4 a.u.,

RCX = 1.6 a.u. and q = 0.2 a.u. The rest is like in Fig. 1.
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Fig. 4. Here the calculations are done for circles remote
from the oxygen and we found even larger deviations.

3.2. The (2,3) conical intersections

In this publication we also consider the possibility that

the {H2O} system forms (2,3) cis. To our knowledge this

is the first attempt to study the NACTs connected with

these cis. Following an intensive search it was established
that the (2,3) cis are found for the perpendicular arrange-

ment only and are located along the symmetry line that

connects the center-of-mass point, C, of the two (fixed)

hydrogens and the oxygen. Due to this structure these

cis have the C2v symmetry. In Fig. 5 are presented results

due to three situations as calculated along circles cen-

tered at ci-points but for different RHH values and q-val-

ues. In sub Fig. 5a,b, we show results for RHH = 1.5 a.u.,
RCX = 1.38 a.u. and q = 0.2 a.u., in sub Fig. 5c,d we show

results forRHH = 2.0 a.u.,RCX = 1.5 a.u. and q = 0.1 a.u.

and in Fig. 5e,f are shown results for RHH = 2.4 a.u.,

RCX = 1.6 a.u. and q = 0.2 a.u. All the three calculated

angular NACTs show the expected Elliptic structure

(similar to the collinear (1,2) cis) and it is seen that the

value of the relevant topological angle a23(q) � p. This
nice result for p is not surprising as the calculations were
done for small q-values.

In fact this study seem to indicate that up to a certain

limit we may find for any distance RHH a value of RCX

so that at (RHH, RCX) is located a (2,3) ci.
4. Discussion and conclusions

The motivation for performing this study is twofold.

(1) To reveal the (2,3) cis which to our knowledge were

not presented before. (2) To discuss the possibility of

diabatizing the two-state system employing NACTs.

As for the first subject our conclusion, based on the

limited study we did, is that the {H2O} system contains

(2,3) cis, located along the symmetry line that connects
the center-of-mass of the hydrogens with the oxygen.

In other words the (2,3) cis that were revealed in the pre-

sent study, are C2v cis. Since the (1,2) cis are all located

along the collinear arrangements the interaction be-

tween the two groups of cis is expected to be relatively

weak. The implication of this fact will be elaborated

later.

As far as the two lower states of the OHH arrange-
ment is concerned we have two interesting messages:

(1) In contrast to what is claimed in a previous publica-

tion [6] the diabatization can be carried out, unambigu-

ously, employing NACTs. (2) As far as we can tell a

two-state diabatization for the two lower states is feasi-

ble (as was also discussed in [6]) for all practical pur-

poses (namely �chemical energies�) for large regions in

configuration space.
Different conclusions are drawn for the HOH

arrangement. Here we find that the two-state diabatiza-

tion can be carried out only for small limited regions of

configuration space. Based on the extended calculations
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we did, in particular for revealing the (2,3) cis, we may

speculate that it seems as if the NACTs formed by the

(1,2) cis along the HOH arrangement interact with the

(2,3) cis found along the orthogonal geometry. As was

explained in numerous publications it is this interaction

which damages, in certain cases, the two-state diabatiza-
tion [19,20]. Since the topological phase a(C)(”a(q)) for
the two lower states of the HOH system consistently

deviates from p (except for small regions) the conclusion

to be drawn is that dynamic calculations cannot be car-

ried out for the two-state HOH system and in order to

treat this system properly we need to include, at least,

three states.

We could not find any evidence to the statement
made by Dobbyn and Knowles (DK) [6] that their

�Eq. (3) can be solved only approximately if at all�. It
is not clear what they mean by �only approximately�
but we claim that their Eq. (3) (which has to be ex-

tended to several coordinates to make it relevant for

a poly-atomic system) has an obvious solution given

in terms of a simple line integral (see Eq. (1) or Eq.

(6). in this Letter). It is true that in general one has
to worry about whether the solution yields single-val-

ued diabatic potentials [11–13]. As explained in the text

the diabatic potentials, in a given region, are single-val-

ued if and only if the line integral in Eq. (2) calculated

along the closed contour that surrounds this region

yields, for a(C), the value of np where n is an integer

(see Eq. (4)). The results presented in Figs. 1 and 2

show that, indeed, even for large regions of configura-
tion space a(C) = a(q) � p.

There are two possible sources for difficulties in

employing the NACTs to calculate the ADT (mixing)

angles: (1) For very small values of q (as measured from

the ci-point) the NACTs become relatively large and

spiky thus causing difficulties in performing the neces-

sary integrations. (2) As q increases we may expect

difficulties due to the interaction of higher states.
As for the first difficulty we remind the readers that

the NACT of interest is the angular component only,

namely, sujj+1(ujq) (see Eq. (5)) which is usually a

smooth function of u for the small q-values as presented

in Figs. 1 and 2 (for q = 0.3 a.u.) and even for much

smaller q-values [16–18] – of the order of q � 0.01 a.u.

(This statement applies to situations where the center

of the circle is located at the ci-point. For other situa-
tions see [17,18]). As for the potential difficulties in case

of large q-values – these, in general can only be treated

by adding states. However what happens for the OHH

configuration is that even for q-values as large as

q = 1.5 a.u. the ADT angles are, exceptionally, stable

as is reflected by the fact that a (q = 1.5 a.u.) = 3.123

(thus cosa(q = 1.5 a.u.) = 0.9998) (see Fig. 2d).

It is true that a(q) is not exactly p (to guarantee
strictly diabatic states) but in case of the OHH arrange-

ment it is sufficiently close to p to ensure diabatic states
accurate enough for any practical purposes. This state-

ment is supported by the following short exercise: We

compare the value of W11 (u = 0jq = 1.5 a.u.) with the

value of W11 (u = 2pjq = 1.5 a.u.) as calculated for

u = 2pj employing Eq. (3). The expression W11

(u = 2pjq = 1.5 a.u.) is given by:

W 11ðu ¼ 2pjqÞ ¼ u1ðu ¼ 0jqÞcos2ðaðqÞÞ
þ u2ðu ¼ 0jqÞsin2ðaðqÞÞ; ð7Þ

where we recall that c(u = 2pjq) ” a(q). Employing the

value cos(a(q = 1.5 a.u.)) = 0.9998 (see Fig. 2d) we get

that

W 11ðu¼ 2pjq¼ 1:5 a:u:Þ¼ 0:9996W 11ðu¼ 0jq¼ 1:5 a:u:Þ
þ0:0004W 22ðu¼ 0jq¼ 1:5 a:u:Þ; ð8Þ

where we assumed that Wjj(u = 0jq = 1.5 a.u.) =

uj(u = 0jq = 1.5 a.u.); j = 1,2. It is noticed that difference

between the W11(u = 0jq = 1.5 a.u.) and W11(u =
2pjq = 1.5 a.u.) is negligibly small, in fact smaller than

the accuracy of the ab initio treatment. The same proce-

dure can be employed for W22(u = 2pjq = 1.5 a.u.) and

W12(u = 2pjq = 1.5 a.u.).

It is also important to realize that we do not claim

that ad hoc approaches to perform diabatization [21–

24] are necessarily wrong or inadequate but we think

that basing diabatization on the NACTs, as discussed
here and in several other publications [10,25–33], is

not only simple and straightforward but introduces

some consistency in the study of electronic non-adiabatic

processes.
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