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A propagator method for intcgr.ltion of .I set of coupled “classical trajectory” cquntlonr IF supgestcd. The number of 

function calls uwd by this method is typtwlly IO-20 timcc less thdn the number used bq tbc best avail.Mc convcntioml 
tntcyration proccdurcs. 

1. Introduction 

lncrcasing interest has been shown iri the time 

dependent formulation of scattering problems [l-4]. 
I!? the classical path approximation the kinctrc 
energy operator is replaced by the kinctrc energy and 
an expansion in internal states yields a Set of coupled 
first or&i diffcrcntinl equations in the cxpnsion co- 

efficients. These equations arc normally numerical 
~11 behaving but the integration is time-consuming 
- c-specially when the calculation of potential matrix 
elements is lengthy. 

In the present paper we suggest a “propagator 
method” which will minimize the number of matrix 
elcmcnt evaluations. This method is therefore con- 
siderably faster than conventional integration procc- 
dures. 

2. The collision model 

The system we choose as a testing case for the 
method is the collinear nonrcactivc collision between 
an H atom and a Cl2 molecule. The Cl2 molecule has 
a small vibrational energy spacing which means that 

372 

many states have to be included in the expansion of 
the total wavefunction even at moderate energies 
(l-2 eV). 

The LEPS surface from rcfs. [.S,6] was made non- 
rcactivc by the method prescribed m ref. [7]. Thus, 
the mtcrmolccular potential for an A + BC collision is 

Y = exp I-/32(’ - 511. 

The parameters Di, 0, and 5 are the Morse parameter 
for the A-B, A-C and the B-C interactions. Here 
we have Di = 03 = 4.626 eV, D, = 2.517 cV, pi = 
fi3 = 0.9892 au-l, p2 = 1.0626 au-t, Fl = F3 = 2.406 
au and i; = 3.779 au. 
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The total wavefunction is expanded in Morse oscil- 
lator states 

From the time dependent Schrddinger equation WC 
then get a set of coupled equations for the expansion 

coefficients 

where the l?,>r’~ are the Morse oscillator cigcnstatcs. 
The time dependence of the matrix elements in (I) 
is obtained from the class~al equations of motion 

R = (llP)PR, & = --a V(R, sr)/aR, (2) 

where Jo is the reduced mass of the system and PR the 
momentum of the relative matron. 

Eqs. (1) and (2) arc solved simultaneously but the 
former w111 determine the integration step length bc- 
cause of the highly oscillatory bchaviour of the a,,‘~. 

In the next section we shall consider a method which 
allows considerably larger step length. 

3. The integration procedure 

The system of coupled equations to be solved is 
given in the form 

iBd = U@(f)) u, (3) 

where u is a column vector and U(ri(t)) 1s a square. 
matrix of order N, which depends on time implicitly 
and explicitly on the translational coordinate R. In 
order to integrate this system of equations the time 
interval along which tflis integration has to be per- 
formed is divided into subintervals [t,,_ 1, t, ] where 
the length of the nth subinterval Af, is equal to 

At,=t,, - t,,_l. (4) 

We assume that u is given at time c = c,,_ 1 and our 
aim is to obtain its value at time t = t,,. 

Defining T,: 

T,, = f (t,l + tn- 1 1, (9 

U(R(t)) can be represented in the vicinity off = T,, as: 

U(R(t)) = U(R(T,)) + dU/dr 
I 

7 
t=.r,, 

+ ?-d2U/dt2 2 
I 

9, 
t=T,l 

where 

r = c - T,, 

and 

(7) 

dU/dt = (dU/dR)k , 

-- L_ 

In this way eq. (3) takes the form 

i& = (U(R(7’,I)) + (dU/dR)k 7 
t=T, 

++[(d2U/dR2)k2 +(dU/dR)jZ] t~T_i2}~(~), 
I 

(9) 
fr 

with tfle boundary conditions: 

a(0 
I t=t,,_. * = h,~-& 00) 

Making the substitution: 

b =Au, (11) 

where A is the transformation matrix 

Au(R(T,,))AT = D, cw 

W& th:lt b is diar.onnl (A I$ XI orthogoonal matrix 
since u(R) is a real symmetric matrix) and defining 
F and G as: 

F = A(dU/dR)AT& (13) 

G= +A[(d2U/dR2)i2 f (du/dR)ii] AT, 

we get for 6(t) the equation: 

i&= (D+ Fr +GT2)b. (14) 

In order to derive b(t) WC write it as: 

b = Bb,,, i = iib, + r&, (W 

where B and ho arc matrices to be determined. 
If B is assumed to bc a regular solution of tfle 

equation 

i&= [D+F,,7+G,,?,B] +(ForfGo?)B, (16) 
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where the square brackets stand for the commutator 
the two matrices, FD and GD arc diagonal matrices 

defined as: 

!F,),, = I;i$rk, (Gl,hk = Glk6ik, (17) 

and F. and Go arc accordingly defined as _ 

Fo=F - F,, G,=G-G,. (18) 

then it can be showr. that the equation for bo is: 

fi6, = (D+ F,y + G,y2)!+ (1% 

In order to solve cq. (16) we have to assume boundary 
colnditions for B at some time t. However, once the 
boundary conditions for B are chosen the boundary 
coaditions of b,,(t) arc uniquely determined because 
of cqs. (15), (11) and (IO). Thus, it is assumed 
that at time t = T,, (7 = 0), B is identical to the unity 
matrix: 

3(t = T,,) = I _ (20) 

Since at time t = i;, (T = 0), B = 0 (because [D, B] = 
q 0) and since the diagonal elements of the commuta- 
lor arc identically zero for any time t one may ex- 

pect B to be a slowly varying matrix and consequcnt- 
y it can be approximated on the right hand side of 
cq. (16) by the unity matrix. Therefore if 7 is small 
enough the solution of cq. (16) can-be written as: 

B = I - (i/fi)($ Fo~2 i- iGor3), (21) 

and in particular the values of B at t = t,,_ 1 and 
p=t, are: 

B(tn_l) = I - (i/fi)[g F0(At,,)2 - &G0(At,1)3], 

B(r,) = I- (i/ii) [+ FU(Ar,,)2 + i$-G,,(A’n)3 1. (22) 

l3c next step is lo solve cq. (19) for b0. Since on the 
right hand side of this equation b,, is multiplied by a 
d:iagonal matrix the solution of this equation is 
straightforward, namely: 

b&) = E(tP&_ & (23) 

where 

E/k(t) = CXp&(i/fi)[D& +$At,,) 

+&(T2 -$(At,J2)+jC;rr(73 +&tJ3)I &,. 

(24) 

It is seen that at time t = tn_1 

E&r,- 1) = 1, (25) 

and at time t = t,,: 

&(fn) = exp {-(i/ff)[O,& + &Gj~@t,)3 1 I, (26) 

so that 

$-)(m) = E(f,$&,,- 1% (27) 

If WC now combine cqs. (IO), (1 I), (15), (22) and 
(27) we obtain for ii(t,,): 

dt,,) = ATB(t,)E(t,)B-‘(t,_ 1 )A&,_ Il. (28) 

Still two comments have to be made: 
(i) In deriving cq. (19) we assumed B to be regular. It 

can be seen that at least to the order cq. (16) is 
solved this requirement is fulfilled. 

(ii) For small enough values of 7 the matrix B-l(t,l_ 1) 

in eq. (28) can be replaced by B* and consequently 
cq. (28) becomes: 

o(t,) = ATB(t,,)E(t,,)B*(t,_. ;)Aa(t, _ 1). (29) 

4. Results 

A conventional integration subroutine will require 
an amount cf computer time proportional to the time 
it takes to calcuiate the matrix elements of A, i.e. 
the computer time is 

To alcfodV2, 

where MO is the number of A-matrix calculations, N 
the order of A and Q a proportionality factor. For the 
propagator method dwxibcd in section 3 WC have 

the computer time 

?-I 0: M,(CYN2 + @), 

where /3N3 is the time it takes to diagonalize the A 
matrix. We see that much computer time is saved if 
M, < hfo and cr > PZV, i.e. if the time determining 
step is the calculation of the matrix elements or if N 
is not too big. This will for instance be the case in a 
PSS (perturbed stationary state) method where the 
basis set for expansion of the wavefunction is changed 
along the trajectory. We have in tables 1 and 2 shown 
some results obtained with the integration procedure 
described in section 3. The results are compared with 
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Table 1 
Comparison of probabllitws obtained by the predictor-corrector (PChl) and the propagator (PM) method 
---- .--_ --- --- - _ _ _ _ _.___ _.---_-_-_-_ ---_ _-_ ___ 

Probabthty 1 ot.tl cncrgy 0.5 182 eV 
(N=S) ----_-_-__ - ---- 

PCM PM 
absolute accurxy stcpslzc 
10-5 0.3 x 10-14 5 

-__- ----.-- -._--_-_.-_- -- -- -- -- -- - 

kI 0 8192 0.8182 

P 0, 0.1625 0 1637 
P 02 0.01666 0.01693 
PO3 0 00121 0.0012A 

PO4 0.000063 0.000065 

mlmbcr of 
fuwtion c.~llc Mo = 317 M; = 26 

_- --. _-.--_--- - -_ - ---- -- -- _ -.- 

Tot.11 energy 1.0364 cV 
--_ - 
PChI 
absolute accuracy 
10-5 

.- --__ -- -- 
0.5575 

0.3223 
0.0960 
0 0208 
0.0033 

__ _-- .- 
Phf 

stepsrzz 
0.3 x lo-r4 

.- _-_-_ 

0 5551 
0.3243 
0.0975 
0.0213 
0.0035 

Ml-J = 395 hf, = 19 
_- _- -- .-- -- -_ _------ - 

Table 2 
Comparison of prob.lbdnw obt.dncd by !he prcdlctor--corrector (PChi) dnd the prop++or (PM) method at 2.0728 eV total energy 

‘N?o)____ --__-__-__- -.--___ -__- --. -- -. - --- -_ ---. .-- _- . -- - - 

Prolxlblhty PChl PM 
absolute accurxy stepsite 
- -- --. ---__---- --_ -_-- --__---- 

-- - --. ---- 

PO0 
POI 
PO2 

PO3 

PO4 

PO5 

PO6 

ho7 

poti 

PO9 

10-a 
-- --.-- - 

0.2592 
0.3494 
0.2424 
0.1165 
0 0440 
0.0143 
0.004 1 
0.0011 
0.00028 
0.000086 

10-3 

0.2516 
0.3382 
0.2350 
01133 
0.0425 
0.0134 
0.0036 
0.00087 
0.00021 
0 000040 

10-5 
_- _- - 

0.2514 
0 3383 
0.2354 
0.1137 
0.0428 
0.0135 
0.0037 
0.00089 
0.00021 
0.000042 

07x lo-‘4, .U 0.3 x lo-‘% 
.__- - --. -__ -. 

0.2506 0 2502 
0.3395 0.3432 
0.2376 0.24 16 
0.1152 0.1175 
0.0435 0.0444 
0.0138 0.0140 
0 0038 0.0038 
0.0009 1 0.00092 
0.00022 0.00022 
0.000044 0.000045 

0.4 x lo-‘4s 
-. _- --_ - 

0.2494 
0.360 1 
0.2544 
0.12%5 
O.&I93 
0.0159 
0.0044 
0.0011 
0.00029 
0.000062 

number of 
function cdlis 231 231 485 21 14 11 

__ __ __ _ _ --__ -- .- - -- _- - - - -- - -- - 

values obtained by a predictor --corrector @CM) in- 
tegration method t. t T lis method was chosen because 
it evaluates the A matrix just twice in each integra- 
tion step and uses a fairly large steplength which means 
that it can represent the best avaIlable standard sub- 
routines for solving the first order differential equa- 
tions which are considered here. We see that the 
number of A-matrix evaluations used by the predictor 
-corrector method is about IO-20 times the number 
used in the propagator method. Even when the ab- 

t An algorithm by Krogh [8] was used. 

solute accuracy is taken as large as IOB2 the number 
of function evaluations in the PCM integration is 231 
compared to 21 in the propagator method. it should 
also be mentioned that it is normally not “safe” to 
use an absolute accuracy of IO- 2. The propagator re- 
sults shown here have been obtained using ! constant 
time stcpsiz in the range (O-2-0.4) X lo-” s- It is 
of course possible to vary the stepsize - but a con- 
stant appears to be adequate - the reason being that 
the first correction term [see eq. (9)] of the order T 
is small asymptoticaliy because dU/dR is small and in 
the decoupling region because k is vanishing. 
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