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In a recent letter (Science, 1992, 257, 522) the time-dependent wavepacket approach to reactive-scattering was utilized to extract
state-to-state scattering cross-sections for at high energies. Results from 1.3 up to 2.25 eV totalD] H2(v, j) ] H] DH(v6 , Ò6 )
energy, with a Ðne enough grid to enable appropriate averages simulating the experimental conditions, are reported. We brieÑy
review the formalism used for the simulations and explain how coordinate grid-reduction techniques concentrate the numerical
e†ort in a small, strong interaction region, enabling calculations of state-resolved cross-sections for this demanding reaction. We
then study the results in more detail by examining their variation with collision energy, Ðnal rotational state, and the individual
initial magnetic quantum number (measured along the incident linear momentum of the D atom relative to the centre-of-H2 H2
mass).

1 Introduction
Over the last decade it has become possible to carry out large-
scale investigations of initial- and Ðnal-state selected quantum
dynamics of few-atom reactions and detailed state-resolved
reaction rates for high-energy, three-light atom systems can
now be readily extracted.1h10 This has become possible owing
to (1) the continued growth in processor speed and memory
size of computers and, equally important, (2) the development
of new formulations which correspond more closely to the
nature of the experimental scattering process, while being
computationally extremely efficient as the size of the collision
problem increases.11¤ Among the new methods, the time-
dependent wavepacket (TDW) approach to reactive
scattering10,12h25 has been very successful, recently being used
to compute four-body initial-state selected reactive probabil-
ities.26h29.

The basic TDW paradigm11,30h34 is very simple : a grid for
the wavepacket is laid out, an initial wavepacket ot(0)T is
placed in the reagents asymptote, and the time-evolved wave-
packet exp([iHt) ot(0)T is calculated by repeated applications
of H, the local Hamiltonian operator (also appropriately con-
structed on the grid). Here, we use units where + \ 1. The
Ðnal-time wavepacket is then analysed to extract the
rearrangement scattering amplitude. Alternatively, the
deÐnite-energy time-independent LippmannÈSchwinger
(causal) scattering wavefunction at energy E, in the region on
the “potential-side Ï of the t \ 0 wavepacket, can be extracted
by a “half-Fourier transformÏ of the wavepacket. Knowing the
general form of this LS wavefunction outside the potential, it
is easy to extract the scattering amplitudes for any Ðnal

¤ It is shown in these papers that the computational e†ort for
TDW propagation scales as a combination of N3@2 and M M,log2where N is the number of internal states and M is the number of grid
points used to discretize some of the variables.

product state.18,19,35,36 The attractiveness of this simple
approach stems from the ease and speed in applying a sparse
Hamiltonian on a grid wavepacket, and the fact that a single
propagation may, in principle, be used to extract scattering
information for the continuum range of energies contained in
the initial wavepacket. These fundamental advantages, com-
plemented by the development of highly accurate and efficient
time-dependent propagators and sparse grid and/or efficient
basis representations,30,37h40 have quickly led to very large-
scale simulations of photodissociation and inelastic reac-
tions.11,33,34,41 For rearrangement scattering, however, the
TD approach was initially not optimally efficient, because the
numerical grid had to extend far into the asymptotic reagents
and productÏs arrangements (where the initial wavepacket was
placed and the Ðnal wavepacket was analysed). During the
last few years we have developed a consistent paradigm in
which the numerical grid is restricted to a small, physically
important, part of the conÐguration space where all atoms are
strongly interacting.12h25 The approach was initially devel-
oped and applied to extract energy-averaged reaction prob-
abilities for12 and for energy andH] H2(v, j)] H2(v6 , Ò6 ) ] H,
vibrationally resolved, rotationally summed reaction probabil-
ities for the same system;23 for vibrational state-resolved reac-
tion probabilities and for total reactive cross-sections as a
function of energy for the reaction22 j) ] H ] FH;F] H2(v,and for inelastic survival probability above the break-up
barrier.21 Throughout this paper, barred quantum numbers
indicate a Ðnal state. After further development of the formal-
ism to extract state-to-state cross-sections18 (see also ref. 36
and 37), it was applied to extract Ðnal-state resolved cross-
sections, as a function of energy, for10 j,D] H2(v, m) ] DH(v6 ,

an enormously demanding computational problem forÒ6 ) ] H,
any method.

In this paper we give a detailed account of the methodology
used in these simulations of the scattering system. BeforeDH2
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going into the details of the methodology and the results, we
give a brief introduction to the importance of the simulations.

The system and its isotopic analogues are wellH] H2suited for comparing theory and experiment for rearrange-
ment reactions, due to the availability of relatively accurate
Ðts of ab initio potential surface data points42,43 and to the
light masses of all three atoms. Early investigations yielded
remarkable agreement for D] H2(v\ 0, j \ 1)] DH(v6 , Ò6 )
] H cross-sections at intermediate energies (total collision
energy near E\ 1.2 eV).1,2,3,8,44 However, for the reaction

at the higher energyD] H2(v\ 1, j \ 1) ] DH(v6 , Ò6 ) ] H
E\ 1.8 eV, discrepancies were observed for both the rotation-
ally resolved state-to-state cross-sections and the ratios of
cross-sections for di†erent Ðnal vibrations when summed over
Ðnal rotations.3,45 One way to explore this disagreement was
to carry out higher-energy [1.8È2.25 eV] experiments on the

j\ 1) ] DH(v, j) ] H reaction, in which trans-D] H2(v\ 1,
lationally hot D atoms are produced by photolysis of DI,
rather than DBr, as was used in the lower-energy experi-
ments.45 Below, we denote these two sets of experiments as
“high-energyÏ and “ intermediate-energyÏ. A priori, the DI
experiments were supposed to be less succeptible to errors
because of the reduced reactivity of the I photolysis product
relative to Br, and the lack of spectral-line overlap with the
analysed DH components. Comparison between theory and
the higher-energy experiments was therefore highly desirable.
Time-independent simulations at these energies (up to 2.25
eV) were very challenging, and the comparatively low “scaling Ï
of the e†ort in the TD method with the DeBroglie momentum
and internal-state basis set size has led us to apply the method
for this demanding reaction.11,33

After performing the TDW simulations, remarkably good
agreement with the high-energy measurements was found.10
Rotationally summed branching ratios into di†erent DH
vibrational states were in excellent agreement, as were also
individual state-to-state rearrangement cross-sections, except
for a shift of the maximum of the Ðnal-state rotational dis-
tribution for Ðnal states with The overall agreementv6 \ 0.
demonstrated the basic consistency of theory and experiment,
and established that the remaining discrepancies are due to
features in the potential surface utilized by the simulation. It is
certain that these discrepancies are a reÑection of the fact that
much higher energy collisions are being considered and, there-
fore, portions of the potential surface come into play which
are unimportant at the lower energies considered previously.
In particular, this implies the existence of some problem with
the short-range higher-energy portion of the potential and
can, in fact, indicate that the Ðrst excited electronic surface
may be playing a signiÐcant role.46,47 The present paper
reports the more detailed state-to-state rates calculated
without taking account of such excited surface e†ects. It is
expected that, as a result, they will not show total agreement
with experiment (were it possible to make such magnetic
state-resolved measurements). However, the results should still
be useful as benchmarks, since they represent the only con-
verged cross-sections for these processes that are available for
such a range of total energies.

First we give a brief review of the methodology used for
these simulations. In Section 3 we present the detailedDH2results, at the state-to-state resolved level. Section 4 contains
our conclusions.

2 Time-dependent quantum reactive scattering
Our algorithm for calculating reactive state-to-state ampli-
tudes is organized in terms of several components. The atomÈ
diatom wavepacket ot(t)T is expressed in terms of the usual
reagentsÏ Jacobi coordinates (R, r, c), these denoting respec-
tively the distance R from D to the centre-of-mass, theH2 H2bond length, r, and the angle c between R and r. Following

the work of Mowrey and Kouri34 and Sun et al.,12 we rep-
resent the overall wavepacket in terms of a close-coupling
expansion,

ot(t)T \ ;
JMXj

SA2J ] 1

4n
B

D
MX
j (K)y

jX
(c, 0)

1

Rr

] t
jX

(R, r, t o J, v0 , j0 , X0) (2.1)

where we introduce the Wigner function of the appropri-D
MX
J

ate Euler angles (collectively denoted by K), and the spherical
harmonic basis function of the internal angle c. The totaly

jXangular momentum quantum number is denoted by J, M and
X denote respectively its projection on the space-Ðxed and
body-Ðxed z-axis, and j is the angular momentum quantum
number of the diatom. As usual +X is also the z-H2component of the diatom angular momentum along the body-
Ðxed z-axis. Here and below, to simplify notation, we shall
often omit explicit indication of the dependence of t on J and
the indices of the initial vibrationalÈrotational stateH2 (v0 , j0 ,

(or instead represent them by a single “super Ï-index, i).X0)The essence of a direct TD propagation is a prescription for
calculating the evolution of t :

i
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where we use + \ 1. The form of H in the representation eqn.
(2.1) is easily derived as a combination of kinetic and potential
terms,
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where the are the well known body-Ðxed matrix elementsT
XX {Jj

of l2, the relative orbital angular momentum operator ; the V
jj{X

are similar close-coupling matrix elements of the triatomic
BornÈOppenheimer potential V (R, r, c), and M and k are the
reduced masses for the motion and the bond (seeDwH2 H2e.g. ref. 12 for further details).

Grid reduction

For rearrangement scattering, direct propagation is expensive
since the initial and Ðnal wavepackets cover large regions in
physical space. To circumvent this difficulty, we invoke a pro-
jection operator formalism (introduced originally by Neuhau-
ser and Baer,14 and used in wavepacket treatments which
could yield energy-resolved total and energy-resolved, state-
selected cross-sections10,11,13,16,17,27) where the wavepacket is
represented by a combination of two parts : one contains the
“close-coupling Ï sum over the target vibrations, and a remain-
der which contains the e†ects of reactions :

t
jX

\ (Pt] Qt)
jX

4 ;
n

/
nj
(r)g

njX
(R, t)] s

jX
(R, r, t) (2.4)

where the are the vibrational eigenfunctions and P/
nj
(r) H2and Q are complementary projection operators deÐned by

P\ ;
njX

o y
jX

T o/
nj
TSy

jX
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nj
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and

Q\ 1 [ P (2.5b)

The evaluation of Pt follows as :

(Pt)
jX

\ ;
n

/
nj
(r)
P

t
jX

(R, r@, t)/
nj
(r@) dr@ (2.6)

so that the [eqn. (2.4)] are deÐned by the integrals overg
nj
(R)

r@ in eqn. (2.6). [Note that the usual Jacobian factor, r@2, does
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not appear in eqn. (2.6), because a factor of 1/r has been
explicitly removed to yield r@, t) and see thet

jX
(R, /

nj
(r@) ;

kinetic energy terms in eqn. (2.3).]
In practice, one stores the two sets of t), r, t)][g

njX
(R, s

jX
(R,

as one “super-vector Ï o uT containing all relevant values of j, X,
R, r for s and j, X, R, n for g, at time t. The evolution of this
super-vector in time follows by rewriting the Schro� dinger
equation in terms of a “super-HamiltonianÏ, easily shown to
be :14
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To understand the fundamental advantages of the projection
operator formalism, we utilize the fact that in eqn. (2.7) the
evolution of s is determined from a source term which is auto-
matically localized in the strong-interaction region

i
L
Lt

o sT [ QH o sT \ [Q(V [ v) o gT (2.8)

where we suppress the j, X indices. Recast in this form, the
scattering problem is similar to photodissociation. In both
cases a wavepacket (here s) is “createdÏ in the strong inter-
action (SI) region. Once the wave exits from the SI region
towards each asymptote, it is absorbed with a negative ima-
ginary potential14,15 which is adjacent to the SI region.[iVIThis is an advantage over the direct approach where the grids
necessarily include the reagentsÏ asymptote where the initial
wavepacket is placed.

For our simulations was chosen as a sum of two linear-V Iramp potentials14 which block the reagentÏs and productÏs
arrangements :

VI(R, r) \ V I1(R) ] V I2(r)

In addition to the imaginary potential which a†ects s, an
additional potential14,15 is added to absorb the Pt[iV Ig(R)
portion of the wavepacket when it is reÑected into the far-
asymptotic region, leading to the Ðnal equation

i
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Lt
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s
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s
B

4
AP(H [ iV Ig)P
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P(V [ v)Q

Q(H [ iVI)Q
BAg
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B

(2.9)

When included in this manner, the term which acts on sVIdoes not directly inÑuence the o gT part of the wavepacket. The
initial wavepacket can therefore be placed outside the VIregion and is not inÑuenced by it when it propagates inwards
into the strong-interaction region (of course, g is indirectly
inÑuenced by through its being coupled to s). Finally, weVInote that there is some freedom with respect to the choice of
the number of (n, j, X) channels employed in P [eqn. (2.5)]. In
the earliest applications, all open channels at the sampled col-
lision energies were used ; this choice has the advantage that
o sT is formally composed of closed reagents channels solely
and therefore vanishes automatically at large R, without the
need to incorporate an additional non-zero region for V IR(R).
Here, however, we follow ref. 21, in which it was noted that, at
high energies, it is more convenient to reduce the number of
channels in Pt to a few (rather than all) open channels,
thereby avoiding large potential-matrices coupling di†erent
channels ; o sT, which then does not decay automatically at
large R, is absorbed away by the incorporation of alongV IR(R)
an additional “ strip Ï blocking the reagents channel.

Initial wavefunction

For every value of J, three separate simulations are performed
(only one arises for the case J \ 0), corresponding to the pos-
sible values of the initial diatom angular momentum orienta-

tion quantum number, Each of these initial wavefunctionsm0 .
is a combination of states, i.e.DH(v0\ 1, j0 \ 1, m0)

g
n, j, X

(R, t \ 0 o J) \ d
n1 d

j1 b
X , m0, J(R)

where the functions are the proper free initial wave-b
X , m0, J(R)

packets in a body-Ðxed axis. We use the methods of ref. 12 to
obtain these functions.

Propagation

The generalized Hamiltonian is used to propagate theHŒ
wavepacket employing the Chebychev formula30,33

o u(t ] t0)T \ exp([iHŒ t) o u(t0)T

\ exp([iHavg t) ;
n

(2 [ d
n0)([i)nJ

n
(*Ht)

] T
n

AH [ Havg
*H

B
o u(t0)T (2.10)

where u 4 (g, s). The parameters *H and necessary forHavg ,
adjusting the range of the argument of the Chebychev func-
tion to [[1, 1], can actually be taken as any reasonableT

napproximation to the width and centre of the spectrum of H.
The are Bessel functions. The introduction of the absorbingJ

npotential implies that the expansion eqn. (2.10) is inherently
unstable [for essentially the same reasons that a Taylor
expansion of exp([x) is numerically inaccurate for large x].
The difficulty is easily resolved by dividing the total propaga-
tion time to a few large time-steps of duration q such that *Hq
does not exceed ca. 200 and, in addition, by artiÐcially enlarg-
ing the range *H by ca. 20%. This has the e†ect of decreasing
the eigenvalues of the shifted argument of the Chebychev
function thus stabilizing the polynomials(H [ Havg)/*H, T

nup to a large n.

Analysis

Energy-resolved scattering amplitudes are obtained by a two-
stage procedure, developed in ref. 18 and 19 (see also ref. 36
and 37). First, during the propagation we calculate the energy-
resolved time-independent causal (LippmannÈSchwinger) scat-
tering solution to the Schro� dinger wavepacket, evaluated at a
scattering distance R, according to

SR ot`(E)T 4
1

aE

P
0

=
exp(iEt)SR ot

i
(t)T dt (2.11)

where the weight that the component carries in thet
i
`(E)

initial wavepacket is calculated by

aE\ SU
i
`(E) ot(0)T (2.12)

and is the appropriately Ñux-normalized “positiveU
i
`

momentumÏ free-particle solution for the same target state.
One obtains the causal LippmannÈSchwinger state provided
that the R-value is any value on the “potential-side Ï of the
initial wavepacket (i.e. not a value “behindÏ the initial
wavepacket49,50).

The causal LippmannÈSchwinger solution would be
obtained everywhere if the time-integral extended from
t \ [O to t \ ]O. The 0 to O range is all that is needed
because in the expressions used below, only the component of
t in the strong-interaction region is utilized. In addition, we
note that the energy-Ðlter methodology yields

u
i
(E) 4 [g

i
(E), s

i
(E)]

from a Ðlter of is then a sum of the two com-u
i
(t) ; t

i
`(E)

ponents.
The “ÐlteredÏ function is easily shown to be, in thet

i
(E)

strong-interaction region, the properly normalized solution of
the time-independent equation with the(H [ E)t

i
`(E) \ 0

proper boundary condition, i.e. it is composed of an incoming
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wave in channel i, supplemented by outgoing waves for all
other channels using the few-step Chebychev propagation,

is numerically obtained as17t
i
`(E)

t
i
`(E) \ ;

l/0

P
lq

(l`1)q
exp(iEq) ot

i
(t)T dt (2.13)

and from eqn. (2.10) it follows that
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and the integrals in eqn. (2.15) are calculated numerically.
The second stage in the analysis is the use of toot

i
`(E)T

extract the state-to-state transition amplitudes, from theS
if

,
well known expression,

S
if
J \ 2niSU

f
~(E) oH [ H1 0 ot

i
`(E)T (2.16)

where f stands for the Ðnal productÏs state, is a(v6 , Ò6 , X1 ) H1 0single arrangement Hamiltonian which accurately simulates H
in the speciÐc product arrangement (here DH ] H), and U

f
~

is the corresponding product-channel inelastic wavefunction.
By construction, the integrand in eqn. (2.16) vanishes outside
the strong-interaction region (in the desired productÏs asymp-
totic region, vanishes, while in the reagentsÏ and theH[ H1 0other productsÏ asymptotic regions, vanishes, assumingU

f
~

there can be no dissociation into three free atoms). Eqn. (2.16)
is, therefore, appropriate for our case where the grid used in
propagating is designed to be limited to a small strong-s

i
(t)

interaction region. For this study a very simple (elastic type)
is employed ; each is then a combination of single-H1 0 U

f
~

channel functions, obtained by solvingm
Á, Ë, ¿(R),
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where is the rovibrational energy of the DH producte
Ë, ¿ ,(R1 )diatom. The Ðnal expression for in terms of and theS

if
t

i
`(E)

ms is straightforward to derive ; we refer the reader to ref. 19,
36 and 37 for details. We only note here that the resulting
three-dimensional integrals are evaluated using the reagents
coordinates (R, r, c) ; this is an additional advantage of the
T-matrix expression, since the are automatically givent

i
`(E)

on grids deÐned in terms of the reagentsÏ Jacobi coordinates,
so that they do not need to be interpolated (accurate inter-
polation of though possible, is very expensive due to thet

i
`,

sparseness of the grid-representation. It is this same feature of
sparseness which makes the grid-representation of the Hamil-
tonian so efficient for propagation). The only required inter-
polation is of the Ðnal from product to reagentU

f
~

coordinates. SpeciÐcally, for every value of R, r and c one
Ðnds the associated values of and c6 , the Jacobi coordi-R1 , r6
nates in the productÏs channel, and constructs the m

Á, Ë, ¿(R1 )from a stored list of its values on an equispaced grid. This is
an inexpensive task since the simple are computed onm

Á, Ë, ¿(R1 )dense one-dimensional grids, so that a rapid few-point inter-
polation procedure is highly accurate.

3 Results
The reactive-scattering time-dependent algorithm described
above was applied to study j \ 1, m) ] HD] H2(v\ 1,

reactive collisions at high energies (E\ 1.8È2.25] DH(v6 , Ò6 )

eV). Below, we present and discuss the detailed results as a
function of collision energy, for a speciÐc initial vibrotational
state ( j, m), magnetic quantum number (m) and parity state.
The calculations were carried out for a sufficient time and Ðne
enough grid parameters to ensure accuracy of the results.

To begin analysing some results, it is useful to note the sig-
niÐcance of the various quantum numbers characterizing the
system and to remind ourselves of the e†ects of certain con-
straints on quantum numbers. First, we emphasize that
although the results are reported in a laboratory-Ðxed coordi-
nate system (with the quantization axis taken along the linear
momentum vector of the D atom relative to the centre-of-H2mass), the calculations are done in a body frame in which the
z-axis points along the relative scattering vector to the atom
from the or HD centre-of-mass (depending on the arrange-H2ment in which one is propagating). Thus, +m is the z-
component of the angular momentum measured along theH2initial linear momentum of the D atom, relative to the H2centre-of-mass. Other quantum numbers of interest are v and

which are the initial vibrational quantum number of thev6 , H2and the Ðnal vibrational quantum number of the HD product,
respectively ; j and which are the reactant and productÒ6 ,
molecular rotational quantum numbers ; +X, which is the reac-
tant molecules z-component of angular momentum, measured
along the scattering vector, R, from the centre-of-mass toH2the incident D atom; and s or a, which denotes the parity of
the wavefunction. The m-labelled states are related to the X-
labelled states by a unitary transformation involving ClebschÈ
Gordan coefficients, as discussed in ref. 12. It is important to
realize that the X\ 0 state can only have even parity, so only
the states labelled by m\ 0(s) and m\ 1(s) contain any con-
tribution from X\ 0. Furthermore, the properties of the
angular momentum wavefunctions are such that the collinear
conÐguration of the three-atom system, associated with the
internal angle, c, equaling 0 or n, can only contribute in the
X\ 0 states. The X\ ^1 states both vanish at c\ 0. There-
fore, only the m\ 0(s) and m\ 1(s) contain any contributions
from the exactly collinear arrangements of the three atoms.

We next note that the initial states with m\ ^ 1 consist of
the rotating in a plane that wobbles about the initial rela-H2tive momentum of the D atom, so that its angular momentum
precesses. The initial states with m\ 0 consist of the rotat-H2ing in a plane containing the initial linear relative momentum
of the D atom. The angle made by the precession cone of the

initial angular momentum relative to the incident linearH2momentum of the D atom is cos~1[^1/)2].
We also note that the X\ ^1 states correspond to the

diatom rotating in a plane that precesses about the scattering
vector from the diatom centre-of-mass to the atom, R, with
the total angular momentum and the diatom angular momen-
tum each also making the angle cos~1[^1/)2]. The X\ 0
state corresponds to the diatom rotating in a plane containing
the vector R.

Obviously, an enormous amount of information and data
are generated by solving the collision equations. It is instruc-
tive to discuss now constraints relating various quantum
numbers. In a space frame (ArthursÈDalgarno) description,50
there are three angular momenta one must consider, J, j and l,
which are, respectively, the total, diatom and the relative
orbital angular momenta. Each has a quantum number deter-
mining the length of an angular momentum vector, J, j or l, so
that o J o\ +)[J(J ] 1)], o j o\ +)[ j( j ] 1)], o l o\ +)[l(l ] 1)]
for the reactant state and similar expressions involving andÒ6 l6
for product states (J is the same because of conservation of
total angular momentum). These must satisfy the triangle
inequalities o J [ j oO l O J ] l and Weo J[ Ò6 oO l6 O J] Ò6 .
note that there is not a great deal of diatom angular momen-
tum initially, since j \ 1, so the initial l values can only range
from l \ o J [ 1 o, J, J ] 1. This implies that the opacity, cal-
culated as a function of J, is approximately similar to that
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calculated as a function of l and grazing collisions dominate
as J becomes larger. However, one may also think of the reac-
tion as occurring in two stages (this is rigorously true owing
to the existence of surfaces-of-no-return, where absorbing
potentials can be placed to absorb the amplitude immediately
after the HD has been formed10,12h16). However, there is still
a substantial region of scattering over which one must propa-
gate if one desires the Ðnal product state distribution. This
corresponds to a “Ðnal state interaction, Ï and it can play a
fundamental role in governing the distribution among Ðnal
product states. In the exit arrangement scattering in the
HD ] H arrangement, given values of J and determine theÒ6
range of Ðnal or “exit impact parameters Ï that contribute to
reaction. The larger is, the wider the range of values, andÒ6 l6
one has . . . , These facts willl6 \ o J[ Ò6 o, o J[ Ò6 o] 1, J ] Ò6 .
play an important role in interpreting the results we have
obtained.

We now begin a consideration of the computational results.
First, in Fig. 1 and 2 we display the (total angular momentum)
opacities at a single energy, E\ 2.25 eV, for initial states
v\ j\ 1, m\ 0, 1(s) and 1(a), for the Ðnal product states of
HD with and We see that there arev6 \ 1, Ò6 \ 8 v6 \ 1, Ò6 \ 12.
signiÐcant oscillations in the opacities which may be an
important interference phenomenon. (To settle unambiguously
whether this is the case, additional calculations would need to
be done.) One possible source of such oscillations is the result
of the unitarity of the S matrix. Thus, oscillations can arise
due to the fact that the sum of the probabilities for all possible
processes must add up to 1. However, at higher energies, the
elastic scattering probability (as a function of J) can be
approximated by where is a phase shift for the non-sin2d

J
, d

Jreactive elastic channel. At high energy, can vary greatlyd
Jwith J so that the elastic opacity has a “sawtoothÏ shape.51

Fig. 1 Reactive scattering opacity function vs. total angular momen-
tum quantum number, J, for D ] H2(v\ j \ 1, m) ] H ] HD(v6 \ 1,

for various J values. The magnetic/symmetry states are givenÒ6 \ 8),
on the Ðgure. The m\ 0 is also symmetric. The Ðnal projection
quantum number has been summed over.

Fig. 2 As Fig. 1, except for HD in the statev6 \ 1, Ò6 \ 12

This fact, combined with conservation of total probability, can
result in oscillations in the inelastic and reactive probabilities,
which is reÑected in the opacity.) However, it is clear that for
the m\ 1(a) and m\ 0, the largest opacities are roughly in a
range 13 O J O 20, corresponding to incident orbital angular
momentum in a range 12O J O 21. These are intermediate
values, considering that the minimum is zero, and from Fig.l

i1 and 2, the maximum initial l value is in excess of 35 (the
precise value depending on the Ðnal state of the HDv6 , Ò6
product). This would indicate that, at higher energies, the
usual idea that reaction is dominated by collinear conÐgu-
rations is not likely to be accurate. This is supported by the
fact that the largest opacities are those for m\ 1(a), and (as
discussed above) this state cannot have any contributions
from collinear geometries.

In Fig. 3 and 4, we display the opacities for the same range
of initial states, but for Ðnal states andv6 \ 2, Ò6 \ 4 v6 \ 2, Ò6 \
12, respectively. We see that for the product, thev6 \ 2, Ò6 \ 4
dominant initial state is the v\ 1, j\ 1, m\ 1(a). The range
of J for the reaction out of this initial state, producing the

product is 13 O J O 20, and for it isv6 \ 2, Ò6 \ 4 v6 \ 2, Ò6 \ 12,
5 O J O 26. Thus, the also gets signiÐcant contri-v6 \ 2, Ò6 \ 12
butions from lower J values, corresponding to low initial
impact parameter or more nearly “head-onÏ collisions. Again,
signiÐcant oscillations are observed.

Considering the results in Fig. 1È4 as a group, we make the
following suggestions. For collisions leading to the vibra-
tionally hot, moderate diatom angular momenta products

the change from(v6 \ 1, Ò6 \ 4 ; v6 \ 1, Ò6 \ 12 ; v6 \ 2, Ò6 \ 4), j
i
, l

iapproximately 1, J to the set of values . . . ,M Ò6 , J [ Ò6 ; J[ Ò6 ] 1,
J, . . . , Thus, for v\ 1 or 2, we haveJ ] Ò6 [ 1, J ] Ò6 N. Ò6 \ 4,

Now in one extreme mass ratio situationJ[ 4 O l6 O J] 4.
[the lightÈheavyÈlight (LHL) combination52], where the pro-
jectile and exiting atoms are both light compared to the third
atom, it has been argued that approximate selection rules hold

Fig. 3 As Fig. 1, except for HD in the statev6 \ 2, Ò6 \ 4

Fig. 4 As Fig. 1, except for HD in the statev6 \ 2, Ò6 \ 12
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Fig. 5 Reactive cross-section plotted as a function of the Ðnal HD
rotational state, Results are shown for seven total energies (in eV)Ò6 .
and have been summed over Ðnal HD projection quantum states. The
initial state is v\ j \ 1, m\ 0 and the Ðnal state is v6 \ 0, Ò6 .

such that The D atom is certainly not inÐnitelyl6 \ j, Ò6 \ l.
massive, but it does have twice the mass of the H atoms. (Also,
the projectile is the D atom, rather than the light H atom).
The centre of mass of HD lies 2/3 of the HD internuclear
distance, r, away from the H atom and only r/3 away from the
D atom. This suggests that one may see enhancement of reac-
tivity for producing Ðnal rotational states with the valuesÒ6

J and J ] 1.Ò6 \J [ 1,
However, it is also true that, at very high energies, the colli-

sions can probe the short-range anisotropy of the diatom.
Furthermore, once the product molecule is distinguishable

Fig. 6 As Fig. 5, except are the Ðnal states of the HDv6 \ 1, Ò6

Fig. 7 As Fig. 5, except the Ðnal states are v6 \ 2, Ò6

Fig. 8 As Fig. 5, with the Ðnal states being However, thev6 \ 0, Ò6 .
initial state is v\ j \ 1, m\ 1(s).

(just past the point-of-no-return), the anisotropy of the HD
will dominate the Ðnal-state portion of the collision. This will
be signiÐcantly more anisotropic than for D scattering o† H2 ,
and the anisotropy will be more and more pronounced as the
collision energy increases. This can lead to deviations from the
simple LHL situation, so that much wider ranges ofÒ6 \ l, l6 \ j
Ðnal can be populated. We believe this is evident in theÒ6 , l6
results in Fig. 1È4, so that the LHL propensity is not nearly
so pronounced as it might otherwise be.

Fig. 9 As Fig. 8, except the Ðnal states are v6 \ 1, Ò6

Fig. 10 As Fig. 8, except the Ðnal states are v6 \ 2, Ò6
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The next results, displayed in Fig. 5È13, contain the Ðnal
rotationalÈvibrational cross-sections, as a function of m (for
m\ 0, 1(a), 1(s), m\ 1 summed over parity, and the initial-
degeneracy averaged case). Results for seven total energies are
given, from 1.74È2.25 eV (the highest energy studied). First, we
consider Fig. 5 for m\ 0 and and we see that av6 \ 0,
bimodal distribution occurs with maxima occurring at about
(1) and 13 for eV, (2) j \ 8 and 13 forÒ6 \ 7 Etot\ 1.74 Etot\eV, (3) and 14 for eV, (4) and 151.815 Ò6 \ 9 Etot\ 1.935 Ò6 \ 9
for eV, (5) and 15 for eV, (6)Etot\ 2.00 Ò6 \ 10 Etot\ 2.063

and 16 for eV and (7) and 17 forÒ6 \ 10 Etot\ 2.125 Ò6 \ 11

Fig. 11 As Fig. 5, with the Ðnal states being However, thev6 \ 0, Ò6 .
initial state is v\ j \ 1, m\ 1(a).

Fig. 12 As Fig. 11 except the Ðnal states are v6 \ 1, Ò6

Fig. 13 As Fig. 11, except the Ðnal states are v6 \ 2, Ò6

eV. This type of behaviour is reminiscent of theEtot\ 2.25
so-called “rotational rainbowÏ observed in inelastic atomÈ
diatom scattering.53 We can take the view that owing to the
relatively large anisotropy of the HD molecule (especially
when undergoing high-energy collisions), there is rotational
rainbow scattering in the Ðnal-state interaction portion of the
collision dynamics. The presence of the bimodal or double
rotational rainbow peaks is the result of the di†erence in the
two ends of the molecule (HD is heteronuclear), so that a
strongly di†erent anisotropy is experienced depending on
whether the exiting H atom leaves from the H- or the D-
portion of the HD molecule. We should note that the major
source of the anisotropy of the HD molecule can be viewed as
a result of the non-symmetric location of the centre-of-mass.
That is, the electronic distribution is very little di†erent in HD
than in however the analogous classical system is aH2 ;
“ loaded sphere, Ï for which the displacement of the mass-
centroid from the geometric centre results in much larger
torques being produced in collisions with another particle.

The same qualitative behaviour is observed in Fig. 6È12 to
a greater or lesser degree. The major changes are a decrease in
the values of the maxima as the Ðnal vibrational state isÒ6
increased. This is true for m\ 0, 1(s) and 1(a), and we inter-
pret this as a result of the fact that the Ðnal available kinetic
energy decreases as the Ðnal vibrational state increases. Thus,
as we consider the 1 and 2 results, the behaviourv6 \ 0,
becomes characteristic of an e†ective energy given byE(v6 ) EtotThe approximate pure vibrational energies of HD[ e

Ë, ¿/0 .
are lower than those of by a factor of 1/)2, so thatH2 e0, 0HD B
0.36 eV, eV and eV. Therefore, scat-e1, 0HD B 0.56 e2, 0HD B 0.76
tering in the initial state, producing the HDm(H2) \ 0 v6 \ 0,

product occurs at an “e†ective total energy, Ïp6 E(v6 \ 0) BEtot[ 0.36 eV. Similarly, the reaction yielding the HD v6 \ 1, Ò6
product occurs at an e†ective total energy E(v6 \ 1) BEtot[ 0.56 eV. Then we should compare the eVv6 \ 1, Etot\ 2.25
results with those of at eV. Doing this, we seev6 \ 0 Etot\ 2.05
that both distributions are bimodal, with the maximav6 v6 \ 0
occurring at and 15, while those for occur atÒ6 \ 10 v6 \ 1

and 14. While certainly not exact, we see they are rea-Ò6 \ 9
sonably close. Furthermore, the sizes of these two cross-
sections are quite close, while the eVv6 \ 0, Etot\ 2.25
cross-section is much larger than for eV. Atv6 \ 1, Etot\ 2.05
the other extreme, we can compare the eVv6 \ 0, Etot\ 1.74
results with those for eV (which is close tov6 \ 1, Etot\ 1.935
the value 1.74 ] 0.20\ 1.94 eV). In this instance, the m\ 0,

eV maxima are at and 13 while thev6 \ 1, Etot \ 1.74 Ò6 \ 7
m\ 0, eV maxima are at and 12 ;v6 \ 1, Etot\ 1.935 Ò6 \ 6
again quite close. If we consider the results, we shouldv6 \ 2
be able to compare the m\ 0, eV resultsv6 \ 1, Etot\ 2.05
with those for m\ 0, eV; then the maximav6 \ 2, Etot\ 2.25
for are at and 13 and for are at 4 and 12.v6 \ 1 Ò6 \ 7 v6 \ 2
Here, the di†erence is more pronounced, and this may be due
to inadequacies in a non-rotating harmonic oscillator model
for the energies of the HD molecule. If we look at the lowest
energy for m\ 0, a clear bimodal distribution is nov6 \ 1,
longer seen (though a “shoulder Ï still appears at andÒ6 \ 3È4)
a maximum occurs at Thus, the agreement is qualit-Ò6 \ 5.
ative, as in the higher-energy results. The disappearance of the
bimodal character can be explained in terms of the disap-
pearance of the rotational rainbow for the less anisotropic
part of the HD Ðnal state interaction as the e†ective energy is
lowered. Then the energy is insufficient to probe the aniso-
tropy and the rotational rainbow for the less anisotropic part
of HD will disappear Ðrst. This implies that it should be the

maximum which disappears (which is, indeed, what welower-Ò6
observe).

Fig. 8È10 contain analogous results for the m\ 1(s), v6 \ 0,
1 and 2 cases. These are interesting in that the bimodal char-
acter is less clear cut than the m\ 0 cases. At present, we are
unable to account in detail for this qualitative di†erence.

J. Chem. Soc., Faraday T rans., 1997, V ol. 93 733



However, in general, the results behave analogously to those
just discussed. There is a lower e†ective total energy as v6
increases, and the bimodal character disappears for the lowest
energy cases. Finally, in Fig. 11È13, analogous resultsv6 \ 2
are shown for the m\ 1(a), 1, 2 cases. In this case, thev6 \ 0,
bimodal character of the results appears to disappear even
more rapidly as increases. Thus, for m\ 1(a), none ofv6 v6 \ 2,
the cross-sections show double maxima as a function of Ò6 .
However, we still see a systematic reduction in the value of the
at which the maximum occurs.Ò6
The fact that the e†ective energy available for motion of the

exiting H atom relative to the HD centre-of-mass decreases
with increasing can also suggest a reason why our calcu-v6 ,
lations begin to disagree signiÐcantly with the experimental
results10 only for while the results for andv6 \ 0, v6 \ 1 v6 \ 2
agree with experiment very well indeed. If the source of the
disagreement has to do with the upper BornÈOppenheimer
(BO) surface becoming important, this would clearly occur
Ðrst for products, since these have the largest e†ectivev6 \ 0
energy and therefore the highest amount of kinetic energy
available (to “ride upÏ the hard core potential surface and
thereby be inÑuenced by the neglect of the higher-energy
surface).

Finally, we note that as one sums and/or averages the
results, the presence of structure in the product-state distribu-
tion can be washed out. To see this, in Fig. 14È16, we display
the degeneracy-averaged cross-sections as a function of Ðnal
HD diatom state of We see that the bimodal structure hasv6 , Ò6 .
been almost completely washed out. However, there still

Fig. 14 Final rotationalÈvibrational state-resolved cross-sections at
the same seven total energies. These cross-sections have been averaged
over initial m states and summed over Ðnal X states. The Ðnal states
are v6 \ 0, Ò6 .

Fig. 15 As Fig. 14, except the Ðnal states are v6 \ 1, Ò6

Fig. 16 As Fig. 14, except the Ðnal states are v6 \ 2, Ò6

remains the highest rotational rainbow maximum in all the
results. In addition, we can still see clearly the results of the
decreasing e†ective total energy as increases. If we comparev6
the results at eV, we see that thev6 \ 0 Etot\ 2.05 v6 \ 0
maximum occurs at while the maximum occursÒ6 \ 16, v6 \ 1
at The eV results have a maximum atÒ6 \ 13. v6 \ 0, Etot\ 1.74

and the eV results have a maximumÒ6 \ 14 v6 \ 1, Etot\ 1.935
at We can compare the eVÒ6 \ 11. v6 \ 0, Etot\ 1.815
maximum at to the eV maximum atÒ6 \ 10 v6 \ 2, Etot\ 2.25

Similarly, for eV, the maximum is atÒ6 \ 11. v6 \ 0, Etot \ 1.74
while for eV, it is at Clearly,Ò6 \ 14, v6 \ 2, Etot\ 2.125 Ò6 \ 9.

the agreement is only qualitative, so that scattering into HD
in is analogous to scattering into HD in at a lowerv6 \ 2 v6 \ 0
total energy.

There is a great deal left to be done on this system. Even
continuing to neglect the upper potential surface, one should
calculate di†erential cross-sections. We have not done this pri-
marily because we did not carry out calculations at every J
value. Since the state-resolved di†erential cross-sections can
depend sensitively on the phase of the S matrix, we did not
attempt to interpolate as a function of J. With the increased
efficiency now available for doing wavepacket calculations, it
should be possible to carry out such detailed calculations for
each contributing J, as a function of energy. In addition, it is
important to carry out studies that include the upper potential
surface and its coupling to the lower surface. This also should
be feasible (although it will be an enormous calculation). Thus,
we conclude by remarking that this simplest atomÈdiatom
reactive system still poses important and fascinating chal-
lenges for theoretical quantum simulations.

4 Conclusions
The results we have obtained are useful for several reasons.
First, they conÐrm the quality of the potential surfaceDH2and the accuracy of a detailed experiment designed to study
this reaction at the most detailed level to date. Second, at the
time that the simulations were performed they demonstrated,
for the Ðrst time, the enormous power of the time-dependent
reactive scattering approach for extracting state-to-state cross-
sections in chemical reactions, for systems that are very chal-
lenging for more traditional descriptions (there are more than
2000 channels open at the highest energy of the simulations
and a large number of energies were extracted in various
studies). Subsequent calculations for three- and four-atom
systems using TD methods (strongly inÑuenced by our formu-
lation and methods) have borne out the power and promise of
this approach.10,12h29,54,55

In this paper we have given a brief a review of our time-
dependent reactive-scattering formalism as applied to the
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reactions. We have then taken a closer look at theDH2results of the simulations, and have speciÐcally investigated
both energy and Ðnal-state e†ects. We posit that the rotation-
al distributions are consistent with the presence of rotational
rainbows which arise in the Ðnal state scattering of HD by H.
In addition, we found di†erences between “a Ï and “s Ï parities,
and noted that the former do not sample the collinear con-
Ðguration. This can lead to di†erences in the details of scat-
tering between the two symmetries. We suggest that
theoretical calculations which resolve the magnetic substates,
yield state-resolved angular distributions of the reaction pro-
ducts, and incorporate the excited BO potential surface, can
lead to further understanding of this “ simplest Ï chemical reac-
tion.

As noted above, in the almost three years which have
passed since the simulations reported here were performed,
the time-dependent reactive scattering method has achieved
great success in surmounting the “ four-body-barrier Ï for
initial- and Ðnal-state-resolved reaction probabilities. Several
of us have also independently developed this method further,
and we enumerate some of the developments below. (i) New
expressions for state-resolved amplitudes were developed
which reduced by an order of magnitude the storage require-
ments associated with extraction of the wavepacket at various
energies.19 (ii) Approaches for minimizing the propagation
time were developed using a mixture of time-dependent and
time-independent wavepacket ideas.20 (iii) An alternative pro-
jection operator formalism was developed, making the
propagation-time-restriction method easier to apply.19 (iv)
The time-dependent propagation was cast in a simple time-
independent language, making it possible to incorporate in
the method other time-independent, techniques.48 (v) New
grid techniques are currently being developed.49 (vi) Methods
for dealing with very narrow wavepackets (containing initially
outgoing momenta) were developed40 and, most recently,
“divide and conquer Ï approaches have been developed which
should make it possible to treat much more complex
systems.54,55 The time-dependent approach is already very
efficient and capable of dealing with four-atom systems ; by
including all or parts of these development we expect that
large-scale simulations of challenging three and four-atom
reactive scattering systems will soon be feasible.

We are greatly indebted to R. N. Zare, D. E. Adelman and N.
Schafer, for introducing us to the challenges posed by the

reactions at high energies, and for their detailed help. J.DH2Pang and M. Guzman are thanked for their help with the
data reduction. D. J. K. was supported by NSF grant CHE-
9403416 and R. A. Welch Foundation Grant E-0608 ; R. S. J.
acknowledges the support of the DOE under contract DE-
AC04-94AL85000. D. N. was supported by a James Franck
Fellowship during a postdoctoral stay at the University of
Chicago, and is now supported by NSF grant CHE93-14320.
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