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A quantum mechanical approach to treat diatom-diatom exchange processes of the type 
A B + CD -+A B C + D is presented. The approach is based on three types of wave functions I$,,,,, @ok, 
and x, where the first two are (asymptotic) elastic distorted wave functions for the two arrangement 
channels Y and X, and x is a short range (square integrable) wave function describing the system 
in the close interaction region. The functions &,, and tcroh, are presented within the j, approximation, 
and to calculate x, a perturbative-type Schrijdinger equation which contains negative imaginary 
potentials (to form absorbing boundary conditions) is solved. The variationally stable solution is 
obtained employing Gaussians and local adiabatic basis sets. The actual calculation of x is done 
employing the quasibreathing sphere model, where the relevant angular coordinates are selected 
randomly (about 50 sets like that were used) employing a Monte Carlo approach. With this 
approach, most detailed state-to-state cross sections were calculated for the reaction 
Hz(n,=O, jt=O)+OH(n,=O, j2=O)--+H20(~JuKRK)+H, where (uju) are the usual 
vibrational-bending states of the water molecule, and K and fi, are, respectively, the overall 
rotational quantum number and the corresponding magnetic component. The results were compared 
with those due to other treatments and with experiment. 

1. INTRODUCTION 

In the present work, we consider the diatom-diatom re- 
action 

H2+0H-+H20+H (0 

with the aim of calculating quantum mechanical (QM) three 
dimensional (3D) state-to-state reactive cross sections. Nu- 
merous experimental’Y2 and numerical studies3V4 of this reac- 
tion and the reverse one 

H20+H-+H2+0H (11) 

as well as their isotopic analogs were studied in the last 15 
years. The first experiments on the effect of translational en- 
ergy on the cross section of reaction (I) were carried out by 
Wolfrum and co-workers. 1(d)Y’(e) Similar studies, on reaction 
(II), were done by Kessler and Kleinermanns.‘(f) The first 
studies of reaction (II) with excited H20 (and D,O) were 
done by Crim and co-workers1(p)-16) as well as by Zare and 
co-workers. Recently, the first study of the differential cross 
section for the OH+D2 reaction was reported by Alagia 
et al.‘(m’ 

The most relevant experimental studies to our present 
results are those of Koppe et al.2(a) who measured the inte- 
gral cross sections for reaction (I) at two energies. The higher 
energy is close to the energy value for which our calculations 
were carried out. Recently, Jacobs et al.2(b) performed similar 
experiments for reaction (II). 

Numerical studies of processes (I) and (II) have em- 
ployed quasiclassical trajectories (QCT),3(a).3(b),3(e),3(f),3(i) 
variational transition state,3(c) semiclassical,s(d) and quantum 
mechanical (QM) treatments.3(g)V3(h)V3(i)V4(a)*40 Most of these 
studies were carried out on a potential energy surface calcu- 
lated by Walch and Dunning’@‘) and fitted by Schatz and 
Elgersma. 3(a)*5(c) Whereas the QCT calculations are done es- 

sentially without approximations, the QM ones employ 
(sometimes even drastic) approximations to reduce the num- 
ber of internal degrees of freedom. 

We have so far carried out two such studies.4 In the first, 
we treated reaction (II) assuming all four atoms to be 
aligned ( 4(a) this is considered to be a study of a collinear 
system), and in the second, we treated reaction (I) in 3D and 
calculated state-to-state reactive cross sections for the 
processes4(b) 

+HOX(u&‘IK=O)+H, X=H,D (I’) 

Here u, J, u’, and K are, respectively the asymmetric, 
bending, symmetric, and (overall) rotational quantum num- 
bers. In the present publication, this study is extended to 
values of K f 0 and so we were also able to calculate integral 
cross sections. In the previous publication,4(b) we also pre- 
sented the theory that finally led to the calculated state-to- 
state cross section. However, in order to make the presenta- 
tion as comprehensive as possible, we limited ourselves to 
the case of K = 0, and in this way, simplified significantly the 
notation. In the present publication, the theory is given for 
the general case. As before, it is based on the application of 
negative imaginary potentials (NIPs),~*~ which create absorb- 
ing boundary conditions. The employment of NIPS help in 
two ways (1) it enables the decoupling of all arrangement 
channels from the one under consideration (in this way, a 
reactive system is essentially treated like an inelastic nonre- 
active system) and (2) it enables the conversion of a scatter- 
ing problem into a bound system problem, and in this way 
permits the application of square integrable basis sets.8 

The theoretical approach is based on the derivation of 
three wave functions: (a) two asymptotic ones-&, for the 
reagents and eox for the products-where both are assumed 

J. Chem. Phys. 101 (3), 1 August 1994 0021-9606/94/101(3)/2081/10/$6.00 Q 1994 American Institute of Physics 2081 

Downloaded 21 Nov 2006 to 132.64.1.37. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



2082 H. Szichman and M. Baer: Cross sections for H,+OH-+H,O+H 

to describe elastic collision processes’ and (b) a short range 
wave function which is responsible for the processes in the 
strong interaction region. 

The approximations that will be made are as follows: the 
two (elastic) asymptotic functions will be treated within the 
j, (coupled states) approximation” [in particular, see Ref. 
10(d)]. The short range function x will be derived employing 
the quasibreathing-sphere (QBS) approximation. 

The breathing-sphere-potential follows from the ordi- 
nary potential by treating the three reagent Jacobi angles as 
parameters rather than variables which are randomly selected 
by the Monte Carlo method.” The calculations are repeated 
many times, each time for a different set of three angles. The 
final outcome follows from an averaging procedure, as will 
be discussed in the next section. Whereas the j, approxima- 
tion is known to be a reliable approximation [see Refs. 
10(a)-10(c) for inelastic triatom systems, Ref. 10(d) for an 
inelastic diatom-diatom system, and Ref. 7(c) for triatom 
reactive systems], the QBS approximation could be question- 
able, but since it is applied only to a short range function 
(and not for the whole wave function), that makes it much 
more justifiable. 

The publication is arranged in the following way: the 
theory for the general process A B + CD+A BC+ D is de- 
scribed in detail in Sec. II, numerical information concerning 
the calculation of the state-to-state cross sections for reaction 
(I) is presented in the Sec. III, results are given in Sec. IV, 
and conclusions are made in Sec. V. 

II. THEORY 

The relevant Schrodinger equation to be considered is7 

(E-HI)XA=vh~oA~ (1) 
where E is the total energy, lGoh is the X unperturbed part of 
the total wave function [henceforth A designates the atom- 
triatom arrangement channel (AC)], Vk is the relevant per- 
turbation potential, H, is the full Hamiltonian (which con- 
tains the relevant NIPS) defined in the v AC (henceforth u 
designates the diatom-diatom AC), and xi is the function 
which stands for the perturbed part of the overall wave func- 
tion *\Ir,. Thus 

xA=*A- qoox. (2) 
The aim of the numerical treatment is to obtain the state-to- 
state S matrix element7 

~(~-,~)=(cCr,,lV,l~Ax)=(~o”lv,l(Xh+ $OA))% (3) 
where $ov is the v unperturbed wave function and V, is the 
relevant perturbation potential in this AC. 

To obtain S( v-+X), it is necessary to perform the fol- 
lowing steps: 

A. Derivation of the unperturbed wave functions I),,~; 
cl!=& v 

To derive t,&; CY=X, v, we consider the unperturbed 
Hamiltonian Ho, and the relevant Schrodinger equation (SE) 

(E-Ho,)@oo,=O, ff=h,v. (4) 
Ho, is written in the form 

Ho,=T,+W,, LY=X,v, (5) 

where T, is the kinetic energy and W, is the unperturbed 
potential. Since different clusters are encountered in the two 
ACs, we discuss each equation (and solution) separately. 

7. The reagents equation (a)=~) 

Here two diatoms are encountered and consequently T, 
takes the form 

h2 a2 h2 a2 fi2 a2 
TV= -- 

2p,rl LGf r1-2rCL2r2 dr, ‘-2 ‘2-2/L& z Rv 

fi2 j,(j,+ 1) +- 
WI 4 

1: 1 ti2 j2(j2+1) 

G2 4 
+7- 2PzJR, 

(6) 

where CL,, ri, and ji; i = 1,2 are the reduced masses, the 
vibrational coordinates, and the internal rotational quantum 
numbers, respectively, of the two diatomics; ,u,, is the vth 
reduced mass; R, is the ti translational coordinate; and 1, is 
the orbital angular momentum operator. If J, is defined as: 

J,=j,+h, (7) 
and if J is the total angular momentum (operator) of the 
system, then 1, is written as 

l,=J-J,. 03) 
Henceforth, we shall employ the body-fixed (Bc) frame- 
work, in which the z, axis is assumed to be along R, . Next, 
we introduce the j, approximation” and consequently the 
representation of l”, is 

12,=h2[J(J+ 1)-2fi2,]+J;, (9) 

where @, is the projection of both J and Jy along l?, . In 
what follows, J’, will be presented as 

Jz=fi2J,(J,+ l), (10) 
where J, is an integer assumed to be in the range 
lj, -j21sJvsj1 +j2. Also it can be seen that 

flv=ml+m2. (11) 
As for W,, it is assumed to be of the form’ 

W,(r,r2RvYlY2S)=U1(r1)+U2(r2)+wV(Rv), (12) 
where ui( ri), i = 1,2 are the asymptotic vibrational poten- 
tials of the two diatoms; w .( R .) is the vth distortion poten- 
tial (assumed to increase once R, is small enough and de- 
creases); yi , i = 1,2 are two Jacobi angles defined as 

Y~=cos-~(R~.T~), i=l and 2, (13) 
and S is the angle between the (R, ,r,) and the (R, ,r2) 
planes. The potential w .( R J is usually taken as 

wY(RY)= ~tr~er2eRv~~o~2&)~ (14) 
where U is the full potential expressed in terms of the tih 
coordinates; Tie, i = 1,2 are diatomic asymptotic equilibrium 
dtstances and yio, i = 1,2 and 4 are three fixed angles to be 
discussed later. 

Since the W, potential is separable in terms of all vari- 
ables, the solution of Eq. (4) can be written as 
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(b) 

FIG. 1. The Jacobi coordinates of the four atom system. (a) Reagent 
(diatom-diatom) coordinates; (b) product (atom-triatom) coordinates. 

X(R.lt,tzJJJ.n.)Y(y,S,y,S,lj,j,J,n.), 
where 

Y( YI 4 ~AhhJv%) 

(1% 

= c C(j,j2m,mzlJ,~n,)~(ylG1Ij,ml) 
?tl,+Il12=nv 

XP(Y2~2lj2Fd. (16) 
Here J, fulfills the two inequalities Ij, -j,l=~J,,~j, +j,, 
4e,,( ri]tt ), i = 1,2 are the ti vibrational eigenfunctions; 
Y( Ytsibimi> are the respective spherical harmonics; 
&v(Rvltlt2J JJ.n.) is the corresponding translational func- 
tion; C(jdzfnImdJ,fL> are the Clebsch-Gordan 
coefficients;12 and fi , i = 1,2 stand for the two quantum 
numbers (ndl), where ni and ji are vibrational and rotational 
quantum numbers. As for St, i = 1,2, the final results will 
depend only on S= $- St [the Jacobi coordinates for the two 
interacting diatoms are shown in Fig. l(a)]. 

The translational equation for 4’0v(R,lt,t,J JJn ,,) is 
given in the form 

ii2 a2 fi2 J(J+ l)+J,(J,+ l)-2fl2, -- 
~LC, JR, 7 +wW+~ Y RZ 

fi* 
-- k2(t*t2) 

Q-b 

where 

i 
2Pv 

k(t,t,)= ypF 

hv(Rub,~2JJ~v)=0, (17) 

I 

112 

E-El(fl)-E*(t*)l (18) 

and Ei(ti), i= 1,2 are eigenvalues of the two diatomics. 

2. The products equation &=A) 

In the case of ~Y=X, one encounters an atom and a tri- 
atom and consequently Tk becomes 

fi* a* ti2 BL h2 a2 .2 
Th=-- - J 

2mr 2 r-2pp 3 ‘-2pkR, dR, --Tw2mr2 

+(K-j)* 1: 
2/.Lp2 +-* W.,R, 

(19) 

Here m and p are the reduced masses of one reagent diatom 
[say AB (see Fig. l)] and of the triatom (ABC), respectively; 
r is the vibrational coordinate of AB( r= rl) ; p is the corre- 
sponding “translational” coordinate of the triatom; pk is the 
reduced mass of the atom-triatom system; R, is the corre- 
sponding translational coordinate; j is the rotational angular 
momentum of AB with respect to C; K is the total angular 
momentum of the triatom and 1, is the corresponding orbital 
angular momentum. Again the j, approximation” is em- 
ployed twice. First p is considered to be the BF z axis for the 
triatom system and consequently the representation of 
(K-j)2 is13 

(K-j)2=?i2[K(K+ 1)-2Cti]+j*, (20) 

where fi2, is the projection of K and j along 6. Next Rh is 
considered to be the BF z axis for the atom-&atom system 
and consequently the scaler representation of 1; is 

l;=fi2[J(J+ l)+K(K+ l)-203, (21) 

where 0, is the projection of both K and J along k, . 
As for W,, , it is assumed to be of the form 

W~(rpRxe)=u(rpe)+wx(Rx) (22) 

where u( rpe) is the potential of the isolated triatom and 
w,(R,) is the Xth distortion potential which is assumed to 
increase once R, is small enough and decreases. If 19 is the 
spherical angle defined as 

e=cos-‘(i.lj), (23) 

then w,(R,) is assumed to be 

WAW = U(Rm-,~e~OPoA (24) 

where U again is the full potential, this time expressed in 
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nmnL 

/T--f---- 

K=Q K=12 

FIG. 2. Bend-vibrational-rotational eigenstates as calculated for the H,O 
molecule. Results are for n,=O. 

terms of X coordinates; and re, pe , and 0, are the equilib- 
rium coordinates for the triatom. p and y are two spherical 
coordinates relating p to R,, in particular, y is the angle 
between Rx and p, namely, 

y=cos-‘(R,*fi). (25) 
p and y are fixed angular values which serve as parameters 
and the final results are not expected to be dependent on 
them (the same as for re, pe , and 0,). The Jacobi coordi- 
nates for the interacting atom-triatom system are shown in 
Fig. l(b). 

Since the potential W, is separable, the solution of Eq. 
(4) for cr=X takes the form 

=& ~~(rpelvJv’K‘Rk)SO*(RhlvJv’K~~J~X) 

x di$n,( r> 9 (26) 

where ditnL( y) are the elements of the rotation matrix with . 
respect to the R,, axis and c#q(rpelvJv ‘KfiZ,) are the eigen- 
functions of the equation 

i 
h2 a2 -gs--2+- 2”:; “:(is+$) 
+h*[K(K+ l)-2n$ 

2PP2 
+v(rp8)-~(~Jv'KCl~) 

I 

x ~h(rpOluju’K~Zk)=O (27) 
and [ox(RkIvjv ‘JR,) are solutions of the equation 

ti* a* fi* J(J+ l)+K(K+ l)-2$ -- 
214, dR, 7 +wx(Rd+~ 2 R, 

fi* 
-z k2(vjv’K‘Rk) ~Oh(R~vjv’K~kJl-lnA)=O. (28) 1 

Here E(U~U ‘Kiln,) are eigenvalues of Eq. (27) (see Fig. 2) 

and k(vjv ‘Kti,) are given in the form 

k(vJv’mRk)= g [E-E(vJv’m~)] . 1 I 
112 

(29) 

B. The derivation of the perturbed function x,, 

The function xi is derived by solving Eq. (1) in v AC 
(the AC of the two interacting diatoms). For this sake, Y AC 
is enlarged significantly by extending the range of the re- 
agents’ vibrational coordinate(s) into the corresponding reac- 
tive AC(s). In our particular case, only one reactive bond is 
encountered, namely, the H2 bond; consequently, as will be 
seen, the calculations are carried out for an extended range of 
the H2 vibrational coordinate r, , i.e., 0.4 6 r 1 < 3.2 A. 

The Hamiltonian H, in Eq. (1) will be written in the 
form 

(30) 

where T, the kinetic energy operator takes the form 

h* a* fi2 a2 ii* a* T,=-- - 
2plrl Zf r1-2j-h,2r2 dr2 - r2-2#uyRy aR, -7Rv 

ii2 +y jl(il+l) -& +---&2 i 1 

h2 
Y 

+7j-j2(j2+1) 

+& EJtJ+ 1)-2%1. (31) 
Y 

ti(R,r,r,) is the QBS potential which follows from 
U( R g- 1 r2 y1 y2 6) by treating the three angles ( yl y2s) as pa- 
rameters and not as variables. 

and V,(R.r,r,) is the required NIP which is made up of 
several terms. They number M + 1 at most, with A4 being the 
number of reactive bonds. In our case, in v AC, two bonds 
(the H, and the OH bonds) are encountered, and of these, 
only the H, bond is reactive (for energies below breakup). 
Consequently, two negative imaginary terms are to be added 
to the real Hamiltonian-a vibrational term ivIr , and the 
translational term ivlR . Thus 

(33) 

The potentials are assumed to be the Baer-Neuhauser 
(BN) linear ramp potential? 

i 

x--X1 

V,,(x) = UIOX F 9 x,exsx,+ Ax*, 
(34) 

0 otherwise. 

Here x1 is a point in the asymptotic region, AxI is the range 
along which V,, # 0, and Vlox is the height of the potential. 
The two parameters Ax, and V,ox are determined according 
to the BN inequalities.’ 

Returning to Eqs. (1) [and (3)], it is noticed that V, (and 
V,) must still be presented explicitly. In both cases V,, 
a=X,v are defined as 

J. Chem. Phys., Vol. 101, No. 3, 1 August 1994 

Downloaded 21 Nov 2006 to 132.64.1.37. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



H. Szichman and M. Baer: Cross sections for H,+OH-H,O+H 2085 

v,=u- w,, a=X,u, (35) 

where W, and W, are given in Eqs. (12) and (19), respec- 
tively. 

We continue to describe the derivation of xx. Since the 
whole treatment is to be carried out in v AC for a given fix 
set of three Jacobi angles (y,o~.,,&,), we shall omit the index 
Y and any references to these angles. 

Adding the two NIPS to the real potential U converts the 
scattering problem into a bound system problem and, conse- 
quently, X~ can be expanded in terms of square integrable L2 
functions.* The ones we chose are localized functions for the 
translational components and adiabatic basis sets related to 
the two vibrational coordinates. Thus 

X~(Rrlrzlj,j2~“lu~~‘K~k~*) 
(36) 

=(Rr*r$‘C aJ(j~j~,n,luJu’K~~R,lqt) 
9r 

where 

g(Rlq)=( *)t’lerp[ -$ (?)‘I. (37) 

Here (T is the translational step size 

a=R,-R9-,. (38) 
As for f(r,r,lj,j,lqt), it is an eigenfunction of the equation 

ti2 d2 h2 d2 
-- T-- 7 + U(r,r2R=R4)+y 

2P~l dr, 2P2 Jr2 

r,r2ljJ2l@)=O. (39) 

Substitution of Eqs. (26) and (36) in Eq. (l), multiplying it 
by g(R~q’)f(rlr2~j,j2~q’t’), and integrating over R, rl, and 
r2, we obtain the following algebraic matrix equation: 

(AJ--iB)aJ=ZJ, 

where 
(40) 

(414 

Zi,( j I j2i2 JuJu ‘KR$i,) = f f 1 dk,JA)i s)drl dr2 dR g(Rl4)f(rlr2lj,j214t) 

XV~(rpRhe~~)~x(rpeluJu’K~k)b~h(Rhl~j~’Kn,Jn,)dJ,~n,(r), t41b) 
and 

Bq,q~tf(jlj2)=(g(RIq)f( r~r2(j~j2)~t)I[u,,(r~)+u~~(R)l(g(Rl~’)f(r~r2~j~j2~q’tr)). (4lc) 

Once Eq. (40) is solved, we substitute Eqs. (15), (26), and (36) in Eq. (3) to obtain the following S matrix element: 

SJ( u-tX)=SJ(t1t2Jv~>v-‘u3U’K~K~Zx), (42) 

which is then used to calculate the relevant state-to-state cross sections 

(+(t,tpuJu'K)= 
lr 

cc(2J+1) c 
k2ttlt2)(2j,+l)t2j2+1) J 

c 2 ISJ(tlt2JV~ZV-'UJU'K~~~~)12, 

Y J p,l=zK In,l=GJ.K 1n”le.J” 
(43) 

I 

where k( r t t2) is given in Eq. (18) and the summation over J, 
is in the range Ij,-jzlGJY~jt+j2. Summing 
cr(nljlnd2-+uJu’K) over K yields rr(nljlnj2-+uJu’) 
and summing it over (uju’) will yield a(nJ,r~~~-+K). 
These two cross sections in addition to the total cross section 
(all of them calculated at E,=0.3 eV) will be discussed in 
the next section. 

III. NUMERICAL DETAILS 

In this work were calculated reactive cross sections 
given in Eq. (43) which stand for the following reaction: 

H2(nljl)+OH(n~~)+H20(u~u’KfkK)4H. 0) 

The calculations, in general, were done within the j, 
approximation, but in order to derive x (the perturbed part of 
the total wave function in the reagents’ AC), the QBS was 
employed. The ,y function is essentially nonzero along a 
short translational interval only and consequently the QBS is 
expected to be relevant even for low energies. The QBS is 
formed by considering the three angles ( y, y2q as parameters 
rather than coordinates. 

Consequently, each S-matrix element (or transition prob- 
ability) is obtained following an averaging process which is 
carried out with respect to about 50 sets of each angles. For 
this purpose, the whole configuration space was divided into 
several regions and the random selections were done for each 
region separately. In general, the number of regions was four, 
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TABLE I. Reactive cross sections (in atomic units) for the process H&z, =0, j, =O)+OH(n,=O, 
js=O)+HsO(n~uK)+H as calculated for E,=0.3 eV. 

Kbjv w3 Km (020) (030) NW WI 
0 0.058 0.038 0.032 0.028 
1 0.122 0.083 0.048 0.024 
2 0.138 0.083 0.020 0.016 
3 0.140 0.069 0.035 0.019 
4 0.114 0.071 0.029 0.016 
5 0.079 0.063 0.022 0.010 
6 0.054 0.056 0.017 0.009 

0.006 
0.007 
0.018 
0.005 
0.004 
O.txll 

0.020 0.008 
0.034 0.017 
0.010 0.004 
0.022 0.008 
0.015 0.005 
0.010 0.004 
o.cQ5 0.001 

0.006 
0.007 
0.006 
0.003 
0.002 

. . . 

0.002 
0.005 
0.001 
0.002 
0.003 

0.200 
0.338 
0.348 
0.310 
0.269 
0.200 
0.153 

Total 0.705 0.463 0.203 0.122 0.041 0.116 0.047 0.024 0.013 1.818 
Corrected 1.003 0.658 0.289 0.174 0.058 0.165 0.067 0.034 0.019 2.462 

uw (011) (110) TotaP 

me numbers in this column are usuallv lamer than the sum of the numbers in the corresponding row. The 
. differences are due to round off errors. - - 

of which the largest one was excluded altogether as it was 
found, after a careful study, that no reactions originated from 
there. We found that a large fraction of the reactions came 
from configurations, where the three atoms H-H-O are al- 
most collinear and the fourth (H) atom oscillates on the 
right-hand side of the oxygen atom in the range (O”-45”). 

ficult task as the transition probabilities for a given (K,R,) 
case became very small and could hardly be trusted. On the 
other hand, these numbers could not be ignored as they con- 
tinue to contribute to the integral cross sections. A procedure 
to overcome this difficulty is given in the next section. 

To solve Eq. (1) (for a given r,Q, the R,,-translational 
axis was divided by 30-35 equidistant grid points. To each 
point was attached one Gaussian which stands for a transla- 
tional basis function and a set of adiabatic doubly vibrational 
basis functions [see Eq. (39)]. The number of these functions 
varies from one grid point to the other and is determined by 
two given energy values [see also the discussion in Ref. 
6(e)]. The first energy value determines the number of adia- 
batic states in the strong interaction region and the other in 
the outside region where usually only a small number of 
states is needed and therefore is much lower (even lower 
than the total energy). 

The last subject is related to the size of the A: matrix 
defined as [see Eq. (40)] 

Ai=AJ--iB. (44 

We found out that in order to ensure convergence, the num- 
ber of states that are required to expand the x formation is 
about 600. Consequently, we had to construct a matrix of 
600X600 and a system of 600 complex equations had to be 
solved for each value of J (and, of course, for each value K, 
!ZL2, and a,) and each set of angles (yIy2s). This is in addi- 
tion to the construction of the inhomogeneous columns (the 
g matrix) and the calculation of the various overlaps. 

The R, axis was also divided into two large intervals- 
the one along which the NIP is defined (this interval is lo- 
cated in the asymptotic part of R,) and the other where the 
NIP is identically zero. In the present treatment, the whole 
range of R y is (1 .O-4.5 A) and the one along which the NIP 
is different from zero is (R,,R,+AR,)=(3.8-4.5 A). The 
height VIoR of the NIP is 0.6 eV. 

IV. RESULTS AND DISCUSSION 

The following distinction is made between the two vi- 
brational coordinates rl and r2 : the range for r t (the reactive 
bond) is assumed to be (0.4-3.2 A), whereas the range for r2 
(the nonreactive bond) is taken as (0.5-1.8 A). The rl inter- 
val along which the vibrational NIP is different from zero is 
(rllrr1,+Ar1)=(2.2,3.2 A). The height Vror of this NIP is 
0.8 eV. 

The aim in the present publication is to obtain total cross 
sections within the approximations presented here. It turned 
out that in order to achieve this goal, we had to let our 
workstation run several months. Consequently, we can report 
on results for one single energy namely E,=0.3 eV and for 
one single initial state H2(ul=0, jl=O)+OH(u2=0, j,=O). 
In what follows, all notations of the form a(ijkZ...) will 
designate state-to-state cross sections with the final state 
(ijkl...). 

A. Bend-vibrational-rotational final state distribution 

It is important to mention that a large number of com- 
puter runs were performed in order to determine the optimal 
set of parameters to carry out the final calculations [a similar 
study is described in Ref. 6(e) for the triatom system]. 

To obtain state-to-state cross sections, the following in- 
dependent calculations were done: the range of J was (0,40); 
the range of R, (with the restriction I!CI,/SJ,K) was (0,4); 
the range of fiK (with the restriction of Ifi2,\SK) was 
(-5,5). To obtain a full integral cross section, the calcula- 
tions had to be repeated for a large number of K states 
K max-15. The convergence with respect to K became a dif- 

Three dimensional cross sections cr( uju ‘K) are given in 
Table I for K values between zero and six. In addition 
to these are presented a(K) and (T( uju ‘), which were ob- 
tained following a summation over (uju ‘) and K, respec- 
tively. Normalized cross sections, namely, o( uJu ’ K)/ 
a(u ju ‘K= 0) are shown in Fig. 3 for four K values, i.e., 
K = 0, 2, 4, and 6. The main conclusion to be drawn is that 
our treatment indicates that the higher the bend or the vibra- 
tional state, the less populated it becomes. However, it is also 
noticed that this outcome is caused mainly by the low K 
values, and as K increases, the relative population of the 
higher bend states increases as well. There are indications 
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FIG. 4. The overall final rotational state distribution u(K). 

on gradually decreases to zero. Such a (low energy) func- 
tional dependence was also encountered in triatom systems 
that were recently studied. 

In order to obtain the total cross sections a,, , we need to 
be able to extrapolate a(K) to K values larger than six. This 
is done in the following way: 

Presenting U(K) for K2 2 on a semilogarithm scale (see 
Fig. 5) yields a straight line that goes nicely through the 
calculated values. From the figure, we can obtain for instance 
the value of a(K= 9) which is found to be 0.080 a.u. In 
order to examine this estimate, we did the following: in Fig. 
6 are presented the ratios 

FIG. 3. Normalized bend-vibrational distributions as calculated for various 
rotational states [namely, a( vjv’K)]. Each distribution is normalized sepa- 
rately. 

that this tendency continues to higher K states, but we en- 
countered uncertainties in obtaining results for high K states. 
The problem in the higher K values is, to a certain extent, 
presented in Table II, where we give the more detailed cross 
sections, namely, (T(U~U 'KilZK). The results we show are for 
K =4, and as is noticed, these numbers are relatively small 
and they become much smaller for K values larger than six. 
The reason is not only because a(K) decreases as a function 
of K, but also because the number of n,‘s increases as well, 
and so the relative contribution of each single a(uJv 'Kiln,) 
to a( uju ‘K) (or to less detailed cross sections) becomes 
smaller and smaller. We arbitrarily decided to stop at K = 6. 

R(K)= 
u(K) 

(+(K,i-lnK=O) 

for 0 C KG 6 and as can be seen all calculated values except 
for K = 0 are distributed nicely along the straight line. This 
line is extrapolated to the value of K = 9 for which is ob- 
tained the value of R( K = 9) = 5.80. In order to obtain 
c(K), we calculated o-(K= 9, a,= 0) which was found to 
be 0.0134 a.u. Knowing both o-(K=9, flK=O) and R(K) 
yields for (+( K= 9) the value of 0.078 a.u., which is reason- 

B. Rotational and total cross sections 

Rotational state distribution is presented in Fig. 4. As is 
noticed, the curve is smooth, peaks at K = 2, and from there 

TABLE II. Reactive cross sections (in atomic units) for the process Hz(n, =0, j, =O)+OH(n,=O, 
j2=0)+H20(vJv’K=40K) +H as calculated for I&=0.3 eV. 

llK\(uju’) wm (010) (020) (030) (040) (001) (loa (011) (110) Total 

0 
1 

-1 
2 

-2 
3 

-3 
4 

-4 

0.023 0.024 
0.019 0.018 
0.016 0.010 
0.018 0.009 
0.010 0.002 
0.012 0.003 
0.006 0.002 
0.007 0.002 
0.003 0.001 

0.014 0.006 0.002 
0.002 0.001 
0.001 0.001 
0.001 . . . 

. . . . . . 
0.001 . . . 

. . . . . . 
0.005 . . . 

. . . . . . 

0.006 
0.004 
0.002 
0.002 

. . . 
0.001 

. . . 

. . . 

. . . 

0.002 
0.001 
0.001 
0.001 

. . . 

. . . 

. . . 

. . . 

. . . 

0.001 
0.001 

. . . 

. . . 

. . . 

. . . 

. . . 

. . . 

. . . 

0.001 
0.001 
0.001 

. . . 

. . . 

. . . 

. . . 

. . . 

0.078 
0.053 
0.034 
0.034 
0.014 
0.020 
0.010 
0.017 
0.004 

Total 0.114 0.07 1 0.029 0.016 O.OiM 0.015 0.005 o.OQ2 0.003 0.269 
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FIG. 5. o(K) as a function of K (on a semi-logarithmic paper) for K32. 

ably close to the extrapolated value of Fig. 5. Assuming that 
a(K) for Ka2 can be presented in the form 

CT(K)=A~-~(~-*), Ka2, (46) 

it was found that cy=O.297. Once LY is known, we are in the 
position to estimate cttotr 

utot= $, c~(K)+c(K=6)i emaj. (47) 
K=O j=I 

The first term is equal to 1.814 a.u. (see Table I), whereas the 
second term is found to yield the value of 0.644 a.u. Thus 
altogether is obtained 

crtot(Etr=0.3 &=2.458 a.u. (48) 

It is important to mention that about 75% of the total cross 
section was calculated directly and only 25% of it is esti- 
mated by extrapolation. 

6 
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FIG. 6. The ratio R(K)=u(K~n,)/a(K,R,=O) as afuction of K. 
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FIG. 7. The overall final bend-vibrational state distribution CT(U~U ‘). 

C. The bend-vibrational cross sections 

In Table I are given two types of a( uju ‘)‘s. The first is 
just the sum over the seven K values and the second is the 
one normalized in such a way to give the correct (estimated) 
total cross section. The values of a(uJu ‘) for the various 
(uju ’ ) states are presented in Fig. 7. Here again we see what 
was already discussed before, namely, the relative large 
populations of the lower bend states, in particular, (000). 

D. Comparison with other numerical results 

Reaction (I) was studied by several groups, but the pos- 
sibilities to compare results are very limited. The two main 
reasons are (1) that we have integral state-to-state and total 
cross sections for one energy value only and one single ini- 
tial state (the other groups have done, in this respect, more 
extensive calculations) and (2) so far we are the only group 
to carry out a detailed quantum mechanical study of the ro- 
tational distribution. Thus we have to limit ourselves to the 
comparison given in Table III, where in addition to our re- 
sults are shown QCT,3(a) 
(QCRP),3’d’ 

quantum-classical reaction path 
and approximate QM3(g) cross sections. In Table 

III are presented final (uju ‘) distributions as calculated for 
E,=0.3 eV. The following can be said: 

(1) There is a significant difference between the QCT and all 
QM results; the QCT treatment is found to yield a much 
more homogeneous distribution than the QM ones. 

(2) Our distribution seems to be similar to Billing’s 
QCRP3(d) distribution. 

(3) Our results seem to differ rather significantly from those 
of Clar~,~(~) in particular, regarding the vibrational exci- 
tation. It could be that freezing the OH bond (and some 
of the angles) as is done in Clary’s treatments is respon- 
sible for the unusual large vibrational excitation. 

(4) The fact that relatively large vibrational excitations are 
encountered in the QCT treatment could be due to the 
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TABLE Ill. Reactive cross sections (in atomic units) for the process 
H&,=0. j,=O)+OH(n,=O, js=O)-rH,O(uJu’)+H. A comparison be- 
tween various results as calculated for E,=0.3 eV. 

vjv’ 

@@-Y 
(010) 
WO) 
(030) 
Kw 
(001) 
(100) 

Qc?’ QCWd QMbSe Present 

0.47 +0.09 1.00 0.46 1.00 
0.44+0.07 0.68 1.20 0.66 
0.49 20.08 0.25 0.51 0.29 
0.36+0.06 0.06 0.06 0.17 
0.17+0.05 0.01 0.01 0.06 
0.57-co.09 0.00 
0.29%0.07 0.04 

0.68 0.17 
0.07 

(011) 0.36-cO.07 0.00 
0.04 

0.03 
(110) 0.24t0.05 0.04 0.02 

Total 3.7020.20 2.36 2.95 2.46 

These calculations were done for E,-0.24 eV. 
%.lculations carried out with a frozen OH bond and a,= 0. 
cQuasiclassical trajectory calculation [Ref. 3(a)]. 
dQuantumclassical reaction path model calculation [Ref. 3(d)]. 
‘Approximate quantum mechanical calculation [Ref. 3(g)]. 

fact that normal modes14 which play a dominant role in 
the QM treatment are not felt in the QCT treatment. 

Our results regarding vibrational excitation are also at 
odds with reduced dimensionality calculations.3(i) According 
to this treatment, the vibrational excitation, by far, dominates 
any other transition. This outcome could be a result of the 
frozen configuration dynamical treatment which is the basis 
for this approximation. Unfortunately, no quantitative com- 
parison with these results can be done as no cross sections 
were furnished. 

In Table III are also listed the total cross sections. Our 
result is smaller than the others, but still reasonably close to 
some of them. It is about two-thirds of the QCT and the 
QCRP cross sections, but seems to be closest to the QM 
results of Clary, i.e., about 0.83 of it. However, in another 
publication, Clary treated the H,+OD+HOD+H reaction 
and there he obtained the value of -6 a.u., namely a value 
twice as large (it is accepted that replacing OH by OD has 
only a minor effect on the total cross section) and so it is not 
clear which cross section should be used for the comparison. 

E. Comparison with experiment 

Going through the literature, we found that the only rele- 
vant ex 
et ~1.~~~ p” 

rimental study to our numerical results is by Koppe 
Still two difficulties have to be mentioned: (a) the 

experiments were done for two energies, i.e., E,=0.17 and 
0.22 eV, and both are lower than our energy value of 0.3 eV, 
(b) due to the special mass combination, the collision energy 
is not well defined and the uncertainty (or spread) is nearly 
equal to the mean collisional energy value. 

The experimental cross sections for the two above men- 
tioned energies (i.e., E,=0.17 and 0.22 eV) are 0.29+0.11 
and 2. IO? 1.05 a.u., respectively. Recalling that these are av- 
erage values for a relatively large energy range 0.22+0.20 
eV [and the fact that a(E) increases with energy], these 
measured values can still be considered as a reasonable fit to 
our calculated value of 2.4 a.u. 
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V. CONCLUSIONS 

In this work, we treated, quantum mechanically, a tetra- 
atomic reactive system in its full dimensionality and calcu- 
lated detailed state-to-state exchange cross sections for the 
processes given in I. To achieve this, the relevant S matrix 
elements given in Eq. (3) had to be calculated. In what fol- 
lows, we summarize the theoretical background emphasizing 
the approximations introduced. 

We distinguish among three different treatments: 

(1) The derivation of & which is the unperturbed (asymp- 
totic) wave function of the reagents-the two diatomics. 
The function J&, describes an elastic scattering process. 

(2) The derivation of J,,& which is the unperturbed (asymp- 
totic) wave function of the products-the atom and the 
tnatom. Like $ucl the function $eh describes an elastic 
scattering process. 

(3) The derivation of ,Y,, which is the perturbed part of the 
total wave function calculated in the enlarged reagents’ 
(or products’) AC. 

The two functions $u,, and $c, are treated in their full 
dimensionality (which also means keeping all relevant quan- 
tum numbers), namely, the functions are described employ- 
ing all six internal coordinates. However, to reduce the com- 
putational efforts, we did not use the Arthurs-Dalgarno 
representation, l5 but the one within the j, approximation. 
The ,yh function is also expressed in terms of all six coordi- 
nates, but is treated within the breathing sphere approxima- 
tion. Here the three angles (yi y.s) are considered as param- 
eters of the potential rather than variables, and consequently 
for each separate calculation, the potential becomes isotro- 
pic. It is important to emphasize that the breathing sphere 
approximation, as employed here, is different from similar 
approximations used in the past (for instance, within the in- 
finite order sudden approximation). The difference is in the 
fact that here this approximation is applied to the intemal- 
short-range part of the wave function only and not to the 
entire wave function. S-matrix elements were obtained for 
different randomly selected sets of (nxs) angles. Final 
cross sections are calculated by averaging over these angles. 
In general, breathing sphere type models may not always be 
fully reliable, but it is hard to believe that at this stage tetra- 
atom systems can be handled quantum mechanically without 
doing any freezing at all. Thus, within the two other existing 
approaches, the approximations done are much more severe. 
Clary 3(g),3(h) freezes the OH bond and in this way misses, for 
instance, resonance effects in case of H20 and one or two 
additional angles (the freezing is done for the whole pro- 
cess). Moreover, following his publications, it seems that a 
summation is not always carried out with respect to R, and 
fi2,. Also, the elements of the rotation matrix dLkoy(A) 
which play a dominant role in any theory and numerical 
treatments of state-to-state exchange processes seemed not 
to be included. The theoretical approach of Wang and Bow- 
man3(i) is even more approximate. It is essentially based on 
deriving the reactive P matrix elements for one single frozen 
configuration (the dynamical calculations follow an adiabatic 
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treatment carried out with respect to two angles which in our 
notation are yi and y2) and is then extended to three dimen- 
sions employing a J shifting procedure. 

The numerical treatment was carried out for one energy, 
i.e., E,=0.3 eV only, but still very interesting results were 
obtained. In particular, our treatment is the first to yield the 
detailed final vibrational-bend-rotational distribution for a 
given energy and, in particular, the final rotational distribu- 
tion. It is important to emphasize that our cross sections fol- 
low for summations over all relevant quantum numbers, 
namely, J, a,, and Q, , and when necessary (for total cross 
section) also over (uju ‘K). In this respect, as in various 
other aspects, the present treatment is to date the most com- 
plete quantum mechanical treatment of a tetra-atom reactive 
process. 

Note Added to Proof. We would like to thank the referee 
for calling our attention to Ref. 16. In this publication are 
considered for the first time rotational distributions for the 
OH+H,-+H,O+H system. For the energy value E,=0.3 eV, 
Schatz and Elgersma obtained a rotational distribution along 
the range (O-15) which is similar to ours, but is in general 
narrower and much hotter (it peaks at K = 6, whereas our 
peaks at K=2). 
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