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In this article we consider the electronic diabatic presentation of a two-state system with the aim of
earning insight regarding the distribution of conical intersections in a given region. In this process
we revealed explicit relationship between the diabatic potentials and the locations of conical
intersections. The study is accompanied with numerical examples as worked out for a model andab
initio potential energy surfaces of the Na1H2 system. ©2004 American Institute of Physics.
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I. INTRODUCTION

Molecular interactions accompanied by electronic transi-
tions have recently become one of the major fields in mo-
lecular physics.1–9 In general, these processes involve sev-
eral electronic states and often more than two states.
However, for those cases where only two states may suffice
it seems that our theoretical knowledge is essentially com-
plete.

Singular nonadiabatic coupling terms~NACT!9,10 and
the existence of conical intersections~ci!11,12 is probably one
of the more exciting theoretical subjects in molecular phys-
ics. In fact, we have a good knowledge about these two
subjects—in particular when our starting point is within the
adiabatic framework. The Hellmann–Feynman theorem not
only hints towards the possibility that NACTs may become
singular but also presents the conditions for that to happen.10

As for ci’s, they are formed in the close vicinity of points
where the NACTs become singular. Having available the
line-integral technique13 we are able to determine, for a
given region in configuration space, whether a system has
ci’s ~as was demonstrated the first time by Yarkony5~a!!, how
many there are, of what type they are~circular or elliptic!,
etc. The theory related to these issues is well known and
documented in articles and reviews~see for instance, Refs. 7,
14–16!. As for ab initio verification of the theory, see Ref. 6
for multistate systems, and Ref. 5 for two-state systems.

In the present article we would like to discuss this sub-
ject from a different point of view, namely, as seen from the
diabatic framework. It is, of course, well known that the two
frameworks are related by an orthogonal~unitary! transfor-

mation but still we found it interesting enough to approach
these issues, employing simple relations based on the diaba-
tic potentials.

For this purpose we concentrate on the 232 diabatic
potential matrixU(q,w)1,2,14~a!

U~q,w!5S u~q,w! v~q,w!

v~q,w! 2u~q,w!
D , ~1!

and discuss two aspects:~1! How to determine the number
and the kind of conical intersections that dominate this sys-
tem by following the spatial dependence ofu(q,w) and
v(q,w). ~2! How to determine the positions ofall ci’s in a
given region without the need to transform to the adiabatic
framework.

In this respect we mention that this is not the first study
on this issue. Preliminary studies were carried out by
Yarkony8~a! as well as by Ruedenberg.8~b! Yarkony, for in-
stance, assumed specific models foru and v and analyzed
the sign changes of tan 2g5u/v along various circular con-
tours surrounding~or not surrounding! the ci’s formed by his
models.

In the next section the theoretical treatment related to
these subjects is presented, in the third section we discuss
numerical examples for a model system and for anab initio
treatment of the Na1H2 system,6~a! and in the fourth section
the results are discussed and conclusions are given.

II. THEORY

A. Study of ci’s within the diabatic framework

Recalling Eq.~1!, we define two polar coordinates~r,u!,

u5tan21~v/u! and r5Au21v2, ~2!a!Electronic mail: michaelb@fh.huji.ac.il
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and, like in the Appendix, obtain the corresponding angular
and radial nonadiabatic coupling terms14~b!

tu~r,u!52 1
2 and tr~r,u!5 0. ~3!

However, we are interested intw(q,w) andtq(q,w), and in
order to obtain these we employ the chain rule for differen-
tiation

]

]l
5

]r

]l

]

]r
1

]u

]l

]

]u
; wherel5q,w. ~4!

Sincetr(q,w)[0 we get, based on Eqs.~3! and~4!, the
following results:

tw~q,w!52
1

2

]u

]w
and tq~q,w!52

1

2

]u

]q
. ~5!

Recalling Eq.~2!, it can be shown that

]u

]l
5

1

11~v/u!2

]~v/u!

]l
; where l5q,w, ~6!

which yields for the two, polar, nonadiabatic coupling terms
the expressions14~a!

tl~q,w!52
1

2

1

11~v/u!2

]~v/u!

]l
; where l5q,w.

~7!

Thus, Eq.~7! presents the angular and radial nonadiabatic
coupling terms for any given two-state diabatic system@Eq.
~7! applies to any number of coordinates#.

In what follows we consider cases whereq is held fixed
and onlyw is allowed to vary. For this situation the quanti-
zation condition15 can be expressed in terms oftw(q,w)
only, namely

E
0

2p

tw~q,w!dw5np, ~8!

wheren is an integer~or zero!. Equation~8! is fulfilled for
anyq value. Our aim is to employ Eqs.~7! and~8! to obtain
the information regarding the existence of conical intersec-
tions in a given region. For this purpose we break up the
interval @0,2p# into N subintervals@w j 21 ,w j # so that the
integration along the@0,2p# interval becomes14~a!

E
0

2p

twdw5 (
j 51

j 5N E
w j 21

w j
twdw

5
1

2 (
j 51

j 5N E
w j 21

w j 1

11~v/u!2

]~v/u!

]w
dw. ~9!

Next, we select the grid points$w j% j 50,1,...,N to fulfill the
following criteria:

~1! for j 50 ~ i.e., w0! ~or j 5N! we assumeu~w0!

Þ0,

~2! for 0, j ,N we assumeeither

u~w j !50 or v~w j !50. ~10!

This choice is just a matter of convenience and has no effect
either on the results or on the conclusions. In what follows
the grid points$w j% for which v(w j )50 will be labeled as
‘‘ z points’’ @these are the zeros of the functionv(w j )/u(w j )]

and the grid points$w j% for which u(w j )50 will be desig-
nated as ‘‘p points’’ @these are the poles of the function
v(w j )/u(w j )]. As for j 50 ~and j 5N), the first ~and the
final! point on theclosedcontour~assumed to be identical!,
the value ofv(q,w0) can be arbitrary and therefore is as-
sumed to be zero without affecting the generality of the treat-
ment.

Next, recalling that an integration of each term in Eq.~9!
yields tan21 (v/u), we get

1

2 Ew j 21

w j 1

11~v/u!2

]~v/u!

]w
dw5

1

2
tan21S v~w!

u~w! D U
w j 21

w j

,

~11!

or, adding up the results of two successive intervals where
the midpoint~i.e., j 52k11) is a p point and the two end-
points ~i.e., j 52k and j 52k12, respectively! arez points,
we get

E
w2k

w2k12
twdw5

1

2
2 tan21S v~w!

u~w! D U
w2k

w2k11

56
1

2
p, ~12!

namely, the value of the integral is determined by the value
of (v/u) at w5w2k11 which by definition is ` because
u(w2k11)50) @the value ofv/u at w5w2k is zero because
by definitionv(w2k)50]. The plus~minus! sign in Eq.~12!
stands for the case where (v/u) is positive~negative! in the
range@w2k ,w2k11#. It is important to mention that in a given
series ofp points andz points it may happen that two~or
more! successive points are of the same kind. In such a case
the two successivep points do not contribute to the integral
in Eq. ~9!, as they annihilate each other~the contribution due
to two successivez points is zero by definition!. This fact
indicates that if along the interval@0,2p# we encounter
M p-points Eq.~9! becomes

E
0

2p

tw~q,w!dw56 1
2 mp, ~13!

where m is an integer~or zero! that fulfills the condition:
m<M and yields the number of ‘‘zp’’ pairs. However, the
quantization condition@see Eq.~12!# requires thatm be an
even number~or zero!. It is guaranteed to be zero if between
any pair ofz points along the considered contour we have an
even number ofp points. In the case of a single conical
intersection m has to be at least 2,5,8,14~b!,15~a! which implies
that in order for the~diabatic! potentials in Eq.~1! to yield a
conical intersection bothu(q,w) and v(q,w) have to flip
theirs signs at least twice along any closed contour that sur-
rounds the conical intersection. In other words, the four
points have to be arranged in the following sequence:
$z,p,z,p%.

At this stage we have two comments:~1! The results of
the integrations in Eqs.~11! and~12! do not depend on how
closely the grid points are spaced. In other words, as long as
the assumed conditions are fulfilled the integrals depend only
on the end points.~2! The roles ofu(q,w) andv(q,w) can
be reversed, namely, all points that were defined as poles can
be defined as zeros and vice versa so that the samem value
is expected in Eq.~13!.
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In the applications one has to carry out the following
steps:~1! determine a point in the region of interest which is
the center of the forthcoming circular contours;~2! select a
set of radiiq, in the rangeq5@qmin ,qmax#; ~3! find along each
circle the zeros ofu(q,w) andv(q,w) and arrange them in a
~mixed! series according to theirw values.~4! deleteall even
successivezeros ofv(q,w) and/or even successive zeros of
u(q,w); ~5! count the remaining ‘‘zp’’ pairs to determine the
numberm.

The result of this procedurehas to bea ‘‘zp’’ sequence
of the kind:$z,p,z,p,...,z,p,...,z,p,z,p%. Assumingm is the
number of ‘‘zp’’ pairs in this sequence, then the value of the
line integral in Eq.~13! is equal tom~1/2!p and, due to the
quantization rule,m has to be an even number. It is important
to notice two facts:~1! Having m50 does not necessarily
imply that the region surrounded by the circle does not con-
tain any ci’s. It may imply that it contains an even number of
ci’s where half of them are positive ci’s and the other half are
negative ci’s so that that their net contribution is zero.~2!
The numberm may vary from one circle to another but not
necessarily uniformly~for instance, not always increasing as
the radius increases!.

The existence of positive and negative ci’s was verified a
few years ago following a careful study of the~3,4! ci’s ~the
ci’s between the 32A8 and the 42A8 states! in the C2H
molecule.17

B. Singular NACT within the diabatic framework

Employing Eq.~1!, we get the two adiabatic potential
energy surfaces

w1,2~q,w!57Au~q,w!21v~q,w!2. ~14!

Since according to Hellmann–Feynman the singularity
of the NACTs takes place at the degeneracy point, this point,
namely (qsi ,wsi), is determined by the relation

w1~qsi ,wsi!5w2~qsi ,wsi!. ~15!

From Eq.~14! it is noticed that degeneracy happens if and
only if, both, u(q,w) andv(q,w) fulfill the conditions

u~qsi ,wsi!50, v~qsi ,wsi!50. ~16!

However, these two conditions are essentially two contradic-
tory conditions. To see that clearly we express bothu(q,w)
and v(q,w) in terms of adiabatic magnitudes, namely, the
adiabatic PESswj (q,w); j 51,2 and the adiabatic-to-
diabatic transformation~ADT! angle,g(q,w)

u~q,w!5 1
2 ~w1~q,w!2w2~q,w!!cos 2g,

~17!
v~q,w!5 1

2 ~w1~q,w!2w2~q,w!!sin 2g,

whereg(q,w), the ADT angle, is defined as13~a!

g~q,w!5E
0

w

tw~q,w8!dw8. ~18!

Here, tw(q,w), which now is assumed to originate in the
adiabatic framework, is defined as

tw~w,q!5 K h1~w,q!U ]

]w
h2~w,q!L , ~19!

whereh1 andh2 are the electronic eigenfunctions related to
the two adiabatic PESs.

From Eqs.~17! it is noticed that the linesPv , along
which the potentialv(q,w)[0 are those for whichg(q,w)
5(1/21n)p and the linesPu , along which the potential
u(q,w)[0 are those for whichg(q,w)5np @where in both
casesn is an integer~zero!#. The question is where are lo-
cated the points for which bothv(q,w) andu(q,w) are zero,
namely the singularity points of the NACTs. As it stands, due
to the continuity ofv(q,w) and u(q,w) it is unlikely that
they are located at the intersection points betweenPv and
Pu because these lines cannot intersect.

Thus, just like in the adiabatic framework, the ci points
create some mathematical mystery. The discussion on this
issue will be extended in the next section.

III. NUMERICAL RESULTS

In the numerical part we distinguish between two main
subjects:~1! The first subject is related to the8‘‘ zp’’ points.
For this purpose we study first a model system and thenab
initio results as obtained from the recently treated Na1H2

system.6~a! ~2! The second subject is related to the diabatic
equipotential-zero-contours in the diabatic framework. Here
again we address the two systems just mentioned.

A. The ‘‘ zp ’’ points along circular contours
within the diabatic framework

1. A numerical study of a model system

Recalling the diabatic potential matrix in Eq.~1!, we
expressu and v in terms of (x,y) @instead of~q,w!# and
choose them to be of the form

u~x,y!5sin~y!,
~20!v~x,y!5sin~x!.

Having this potential, it is straightforward to notice that all
the points defined as

x56 j p,
~21!

y56kp,

where j and k are integers~zero! are points of ci for the
reason that at these points both,u(x,y) andv(x,y), become
identically zero. Next, employing Eq.~7!, we derive forl
5w the angular NACT,tw(q,w), and express it in the form

tw~x,y!5
1

2

y cosx siny1x sinx cosy

sin2 x1sin2 y
, ~22!

where we recall that

x5q cosw,
~23!

y5q sinw.

The just-derivedtw(q,w) is expected to be quantized,
namely, to fulfill the following condition:15
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a~q!5E
0

2p

tw~wuq!dw5np, ~24!

wheren is an integer. This can be seen, for instance, while
considering Eqs.~22! and~23! in the limit of q→0. Since, in
this case, the second ratio in Eq.~22! becomes 1, the value of
tw(q,w) becomes 1/2 and Eq.~24! is immediately fulfilled
~for n51). The general case has to be treated numerically.

To obtain the value oftw(q,w) at a given crossing point
( j p,kp) all we have to do is to shift the origin to this
point.16~a! Since the two potentials are periodic in the follow-
ing way:

u~xj1x,yk1y!5sin~yk1y!,
~25!

v~xj1x,yk1y!5sin~xj1x!,

it can be shown, by substitution, that the functiontw(x,y)
with respect to the point (j p,kp), i.e.,tw

( j ,k)(x,y), is related
to the originaltw(x,y) (5tw

(0,0)(x,y)) as follows:

tw
( j ,k)~x,y!5~21!( j 1k)tw

(0,0)~x,y!. ~26!

It is understood that the (x,y) points are defined, for each
case, with respect to its own origin. This result implies that
the angular NACTs, at the various crossing points, are all
identical up to a sign. Thus, for instance,tw(x,y) defined
with respect to the point~1,1! is identical to the original
tw(x,y), buttw(x,y), defined with respect to the point~0,1!,
has an opposite sign as compared to the originaltw(x,y).
The sign of thetw(x,y)’s at the various crossing points is
important in order to understand the results of the line
integrals.6~c!,8,17

Once all the NACTs with respect to the possible ci’s for
the potentials given in Eq.~20! are determined we are in
position to study the relevance of the ‘‘zp’’ sequences along
closed circles. In Fig. 1 are shown nine ci’s, three circles that
surround part or all of them, as well as three~horizontal!
lines, namely x52p,0, p and three orthogonal lines,
namelyy52p,0, p. The crossing points between a particu-
lar circle and these lines yield the series ofz and p points
that is of interest for us. We consider next what happens
along each circle:

~1! The inner circle is drawn for a radiusq,p. It is
noticed that only thex50 line and they50 lines cross it
~twice! and that these crossings form the$z,p,z,p% sequence.
In other words we have here two ‘‘zp’’ pairs, thus,m52 and
therefore the value of the integral in Eq.~13! is p. This fact
implies that this inner circle surrounds one ci~or, eventually,
an odd number of ci’s!.

~2! The intermediate circle is drawn for a radiusq in
the intervalp,q,&p. This circle is crossed by the three
horizontal lines, namelyx52p,0, p and the three
orthogonal lines,y52p, 0, p where each one of them
crosses the circle twice. These crossing points form the
following sequence of z points and p points:
$z,p,z,p,z,p,z,p,z,p,z,p%—thus, six pairs of ‘‘zp’’ points
which yield the valuem56. As a result the line integral in
Eq. ~13! becomes 3p, which implies that the intermediate
circle surrounds either three ci’s with identical signs or a
larger number of ci’s where some of them have an opposite

sign. It can be seen that in our case we encounter four nega-
tive ci’s and one positive ci; therefore, the value of the inte-
gral in Eq.~13! is expected to be63p as is indeed the case.

~3! The outer circle, drawn forq.&p, is crossed by
the same six previous lines, but at different points, and there-
fore forms a different sequence of ‘‘zp’’ points, namely:
$z,z,p,p,p,z,z,z,p,p,p,z%. Since each pair of the same kind
~i.e, ‘‘z,z’’ or ‘‘ p,p’’ ! cancel each other, we delete all these
pairs so that we are left with the following sequence of
points: (p,z,p,z). In other words, the initial large series of
‘‘ zp’’ points shrinks to become two pairs orm52. This im-
plies that the value of the integral in Eq.~13! is now again
only p. Considering the type of ci’s surrounded by this outer
circle we find five positive ci’s and four negative ci’s, which
indicates that the integral in Eq.~13! has to bep, as indeed
it is.

As a final issue in this section we refer to the direct
calculation of the line integral in Eq.~18! wheretw(q,w) is
given in Eqs.~22! and ~23!. The calculations were done for
threeq values characteristic for the three cases just analyzed,
i.e., q50.6p, 1.2p, and 1.8p. In Figs. 2~a! and 2~b! we
present, respectively,tw(q,w) andg(q,w) values as a func-
tion of w for the above-mentioned threeq values. The values
of g(q,w52p) which stand for the results of the line inte-
gral in Eq.~13! or thea(q) in Eq. ~24! arep, 23p andp,
respectively just like the ones we obtained by applying the
‘‘ zp’’ sequence approach.

FIG. 1. Conical intersection distribution as obtained for the model system
given in Eq.~24!. Shown are the position of the conical intersections, the
~horizontal and vertical! straight lines (x5p,0,2p) and (y5p,0,2p)
which are the equi-v50 and equi-u50 lines, respectively, the three cocen-
tric circles with radii:q50.6p, 1.2p, 1.8p, and the intersection points be-
tween them and the mentioned straight lines. These points are the ‘‘zp’’
points. On the inner circle are located four ‘‘zp’’ points and on the interme-
diate and the outer circles are located 12 points.m Positions of cis.;~s!
intersection points foru50 (z points!; d intersection points forv50 (p
points!.
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2. A numerical study of the Na ¿H2 system
as obtained from ab initio treatment

To study anab initio case we propose to form the rel-
evant 232 diabatic potential matrixU(q,w), presented in
Eq. ~1!, by employing the ADT for the adiabatic PESs of the
Na1H2 system.6~a! To be more specific, we suggest consid-
ering thethird and thefourth states of this system~namely,
the 32A8 and 42A8 states! for which we found that they
form, to a good approximation, a group of twoisolatedstates
~in other words, they form a Hilbert subspace! and therefore
can be diabatized~almost! rigorously.

The calculations of theadiabatic PESs and the NACTs
were carried out at the state-average CASSCF level using the
6-311G** basis set.18 We were obliged to use this basis set
due to technical limitations and therefore had to increase the
number of orbitals~to be included into the active space! in
order to reproduce previous results related to the position of
the ~1,2!CI and the PESs of the system.19 Finally, we used
the active space including all three valence electrons distrib-
uted on 16 orbitals. Five to seven different electronic states,
including the four states studied, were computed by the state-
average CASSCF method with equal weights. The actual cal-
culations were carried out employing theMOLPRO program.

In what follows, we are only interested in the situation
where the distance between the two hydrogens is fixed and
assumed to be 2.18 a.u. and the sodium is allowed to move
freely ~in the plane!. In Fig. 3 we present the two relevant

adiabatic PESs and in Fig. 4 the positions of the four ci’s.
Out of these four ci’s, two of them areC2v ci’s located on the
symmetry line orthogonal to the HH axis, at a distance ofr
;1.145 and 1.580 a.u. from the HH axis and ‘‘twin’’CS ci’s
located on both sides of the just-mentioned symmetry line at
a distance ofr 51.533 a.u. from the HH axis and at an angle
of 12.2° off this symmetry line.

To form the diabatic potentials we employ extended ver-
sions of Eqs.~17! and ~18!. In general, the ADT yields the
following set of diabatic potentials:20,21

u1~q,w!5w1~q,w!cos2 g~q,w!1w2~q,w!sin2 g~q,w!,

u2~q,w!5w1~q,w!sin2 g~q,w!1w2~q,w!cos2 g~q,w!,
~27!

v~q,w!5 1
2 ~w1~q,w!-w2~q,w!!sin 2g~q,w!,

where wj (q,w); j 51,2 are the adiabatic PESs. The ADT
angle g(q,w) is calculated along contours,G, which are
made up of a straight line that connects an initial point
(qi ,w0) with an intermediate point of (q,w0) and a circular
arc defined for a fixed radiusq that leads to the point of
interest, i.e. (q,w) ~see Fig. 4!. Thus13~a!,20,21

g~q,wuqi ,w0!5E
qi

q

tq~q8,w5w0!dq81E
w0

w

tw~q,w8!dw8.

~28!

To form the diabatic surfaces these calculations are repeated
for a series of circles of varying radii. We do not present any
of the NACTs in this publication as they are not of direct
relevance. However, we mention for the interested reader
that several of them were just recently presented and exten-
sively discussed in Ref. 6~a!.

In the actual calculations the initial point (qi ,w0) is cho-
sen to be the crossing point between the above-mentioned
symmetry line and the line that combines the ‘‘twin’’ ci’s.
The same point is chosen to be the center of the required
circular arcs. In what follows, this point will be defined as
the origin O(x50,y50) of our system of coordinates. The
straight linew5w0 is chosen to be the line which forms an
angle ofw0545° with the symmetry line~see Fig. 4!. An-
other comment is related to the diabatic surfaces. To study
the peculiarities of the diabatic framework we do not need
the two diagonal potentialsuj (q,w); j 51,2, but only the
differenceu5(1/2)(u1(q,w)2u2(q,w)) between these two
PESs@see Eq.~1!#. The detailed equation foru(q,w) @and
also forv(q,w)] is given in Eq.~17!.

In what follows we consider the two diabatic potentials
u(q,w) and v(q,w) only and ignore~or ‘‘forget’’ ! their re-
lation with adiabatic framework. We show that the various
features of the~3,4! ci’s can be obtained, just by considering
‘‘ zp’’ sequences related tou(q,w) andv(q,w) along closed
circles ~as we did in the previous section for the model sys-
tem!.

In Fig. 5~a! we present the locations of the four ci’s, four
circles with their centers at the originO~0,0! and with radii
q50.04, 0.12, 0.30, 0.40 a.u., and the positions of the points
u50 andv50 along these circles. In Fig. 6 we present the

FIG. 2. ~a! The angular nonadiabatic coupling termtw(q,w) and ~b! the
ADT angleg(q,w) as a function ofw as calculated along circles with radii
q50.6p, 1.2p, 1.8p. Results as obtained for the model system given in Eq.
~24!.
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FIG. 3. ~Color! The ab initio third and fourth adiabatic potential energy surfaces of the Na1H2 system.~a! A three-dimensional figure of the third surface
w3(q,w). ~b! A three-dimensional figure of the difference:Dw(q,w)5w4(q,w)2w3(q,w). ~c! Equipotential lines of the differenceDw(q,w).
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diabatic potentialsu(q,w) and v(q,w) as a function ofw
along the above mentioned circles. As is noticed these curves
cross their abscissas@namely, thef (x,y)50 axis wheref
5u,v] a different number of times for the different circles. It
is noticed that for the circle with the smallest radius, namely,
q50.04 a.u., only theu(q,w) curve crosses~twice! the ab-
scissa@the v(q,w) curve does not cross its abscissa even
once# @see Fig. 6~a!#. As a result the following (p,p) series is
formed, thus indicating that no ci is surrounded by this
circle, as indeed is the case@see Fig. 5~a!#. For q
50.12 a.u. we obtain a more complex pattern, namely, theu
function crosses the abscissa four times and thev function

crosses it twice@see Fig. 6~b!#. As a result the two functions
produce the following (z,p,p,p,z,p) sequence. Recalling
the ‘‘rule’’ that each pair of consecutive ‘‘poles’’~or ‘‘zeros’’!
annihilates each other, we delete the pair (p,p) of consecu-
tive p points so that we are left with the (z,p,z,p) sequence,
thus indicating that this circle surrounds one ci~or an odd
number of ci’s!. Returning to Fig. 5~a!, we notice that, in-
deed, this particular circle surrounds one ci. A similar situa-
tion is obtained for the circle with the radiusq50.3 a.u.,
namely, the same (z,p,p,p,z,p) sequence is produced@see
Fig. 6~c!# which, like before, shrinks to become the
(z,p,z,p) series. As is noticed from Fig. 5~a!, this circle too
surrounds one ci only. However, forq50.5 a.u. we encoun-
ter a new situation. The two functions cross their abscissa
four times @see Fig. 6~d!# and produce the following se-
quence: (z,z,p,p,z,p,p,z). Here again, each pair of points
of the same kind, i.e. (z,z) or (p,p), annihilates each other
and therefore we are left essentially without ‘‘zp’’ pairs
yielding the valuem50. This result indicates that either the
circle does not surround any ci or it surrounds an even num-
ber of ci’s—half of them with a positive sign and half of
them with a negative sign. As is noticed from Fig. 5~a!, the
circle surrounds four ci’s, two of which are positive~the ones
located on the symmetry line, as will be shown next! and two
which are negative—the sideways ‘‘twins’’—as was estab-
lished in a previous publication.6~a!

Figure 5~b! is similar to Fig. 5~a! but this time the center
of the ~three! presented circles, with the radiiq50.1 0.25,
0.40 a.u., is shifted, from the originO~0,0!, downwards by
0.135 a.u. The corresponding diabatic curves are presented in
Figs. 7~a!, 7~b!, and 7~c!. The patterns we get are similar to
the ones we encountered in the previous case@in particular
the one in Fig. 7~a!# with one exception: For the circle
with the radius q50.25 a.u. @Fig. 7~b!#, we have the
(z,p,z,p,z,p,z,p) sequence which yields form the value
m54. This result indicates that the value of the line integral
in Eq. ~13! is 2p. In other words, this particular circle sur-

FIG. 4. The contour along which the Na1H2 system ADT angleg(q,w), is
calculated. The integration is carried out starting at the originO(0,0) along
the straight linew5p/4 for the interval@0,q# and then for a circular arc
along the interval@p/4,w#. Shown, also, are the positions of the four~3,4!
conical intersections~labeled asm!.

FIG. 5. The fourab initio ~3,4! conical intersections of the Na1H2 system.~a! Four cocentric circles with their centers atO(0,0) surrounding different
number of conical intersections.~b! Three cocentric circles with their centers atO(0,20.135) surrounding different number of conical intersections. The
empty ~s! and the full circles~d! are the positions of the intersection points between the circles and the equi-u50 and the equi-v50 lines, respectively.
These points form along each circle the sequence of ‘‘zp’’ points discussed in the article.
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rounds twoC2v ci’s that are of the samekind ~either positive
or negative!. That these two ci’s are of the same kind was
suspected by us before6~a! but we could not verify it in such
a direct way. The pattern of the ‘‘zp’’ sequence for q
50.4 a.u.@Fig. 7~c!# is different from the corresponding one
in Fig. 6~d! @although the circle surrounds the same four
ci’s—compare Figs. 5~a! and 5~b!#, namely, we encounter the
(p,p,z,z,p,p) sequence but after dropping all identical pairs
@i.e., (p,p) or (z,z) pairs# we end up with the same result as
before, namely,m50.

B. The v „q ,w…Ä0 and the u „q ,w…Ä0 potential
contours in the diabatic framework

It is not clear whether the existence of contours along
which eitherv(q,w)50 and/oru(q,w)50 is of any funda-
mental importance. We became curious about this subject
because while studying them we found that the ci points are
located on them. In fact, the somewhat unexpected feature
we revealed is that these two types of contours@namely, the

v(q,w)50 and the u(q,w)50 contours# do cross each
other, although as will be discussed next these two kinds of
contours cannot cross each other~unless something ‘‘unex-
pected’’ happens!. In Fig. 8 we present the two types of
contours as obtained for the previous~3,4! states of the Na
1H2 system and, as can be seen, they indeed cross each
other and the intersection happens to be the established ci
points. Moreover, only the ci points—four in our case—form
the intersection points of these curves. The same results were
obtained in Fig. 1 for the model discussed in Sec. III A 1.

The fact that these contours intersect at ci points should
not be a surprise because we know that ci points are charac-
terized by the fact that bothv(q,w) andu(q,w) have to be
identically zero@because ci’s are the degeneracy points for
which w1(q,w)5w2(q,w) ~Ref. 10! and this enforces
v(q,w) and u(q,w) to be zero simultaneously—see Eqs.
~17!#. But it is still an unexpected phenomenon because, as
we show next, thev(q,w)50 andu(q,w)50 curves are not
expected to intersect each other.

Any set of diabatic potentials is essentially formed by

FIG. 6. The diabatic potentialsf (q,w)5u(q,w) ~dashed lines! and
f (q,w)5v(q,w) ~full lines! as calculated along the various circles in Fig. 5
~a!: ~a! results along a circle withq50.04 a.u.;~b! results along a circle with
q50.12 a.u.;~c! results along a circle withq50.3 a.u.;~d! results along a
circle with q50.5 a.u.

FIG. 7. The diabatic potentialsf (q,w)5u(q,w) ~dashed lines! and
f (q,w)5v(q,w) ~full lines! as calculated along the various circles in Fig. 5
~b!: ~a! results along a circle withq50.1 a.u.;~b! results along a circle with
q50.25 a.u.;~c! results along a circle withq50.4 a.u.
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applying the ADT with respect to the adiabatic potentials.
The relevant equations, for our purpose, are given in Eqs.
~17! and~18!. From the analytic expression it is noticed that
a contourv(q,w)50 is formed byg(q,w) values of the type
g(q,w)5np, wheren is an integer~or zero! and a contour
u(q,w)50 is formed byg(q,w) values of the typeg(q,w)
5(1/21n8)p where, again,n8 is an integer~or zero!. Thus,
in order for the two contours to intersectg has to be equal to
both np and (1/21n8)p, which of course, due to continuity,
is impossible. However, the intersection is formed when two
corresponding adiabatic potentialswj (q,w); j 51,2 become
equal~or degenerate! at that point. This is, indeed, what hap-
pens although it is not obvious that degeneracy points have
to be located, simultaneously, on the two ‘‘orthogonal’’ con-
tours formed byg(q,w)5(1/21n8)p and g(q,w)5np.
The fact that such an ‘‘unrealistic’’ situation exists makes it
special and could cause us to wonder. However, we recall
that continuity considerations always break down at ci points
and indeed even curves which are not expected to intersect at
any point may intersect at such points.

As a final issue in this section we notice that the
v(q,w)50 andu(q,w)50 curves can be used to detect po-
sition of ci’s in a given region. Starting with an arbitrary
diabatic matrix defined in terms of the diagonal elementsu1

andu2 and the off-diagonal elementv, we form the function
u5(u12u2)/2. Next, we calculat all the zero curves along
which v(q,w)50 andu(q,w)50. As already mentioned ear-
lier, the intersection points of these curves in a given region
~these, and not any other points!, are the positions ofall ci’s
in this system.

IV. CONCLUSIONS

The two-state diabatic system is assumed to be one of
the more understood concepts in theoretical chemistry. In
fact, it is almost inconceivable that anything new can be said
about this issue. Nevertheless, we realized that this subject
was not fully exhausted and in fact we found two aspects
which seemed to be interesting enough to be studied. The
features that most characterize any multistate system are the
ci’s and usually many efforts are usually invested in order to
expose their position and their spatial distribution. Here, we
developed two approaches that yield different kinds of infor-
mation regarding the existence of ci’s in a given region. The
first procedure is very easy to implement but yields only the
value of the corresponding line integral~without, of course,
calculating the NACTs! and consequently delivers partial in-
formation regarding the ci distribution in a given region~but
neither their positions nor their number!. The second proce-
dure, which is more elaborate and requires some numerical
efforts, yields the exact positions of all the ci’s in a region of
interest.
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APPENDIX: THE TREATMENT OF NONADIABATIC
COUPLING TERMS EMPLOYING ANGULAR
COORDINATES

The study of the angular NACTs is based on the follow-
ing potential matrix:

W5kS y x

x 2yD , ~A1!

where x and y are Cartesian coordinates andk is a given
constant.1,2 To obtain the relevant nonadiabatic coupling we
first derive the adiabatic eigenfunctions (j1 ,j2), which can
be identified as the eigenvectors of the above diabatic poten-
tial matrix. Thus13~a!

z15S 1

Ap
cos

w

2
,

1

Ap
sin

w

2 D ,

~A2!

z25S 1

Ap
sin

w

2
,2

1

Ap
cos

w

2 D .

Here,w is the corresponding polar coordinate

w5tan21~x/y!. ~A3!

It may help if we remind the reader that the components of
the two vectors (z1 ,z2), when multiplied by the electronic
~diabatic! basis set (uj1&,uj2&)—functions which are not de-
pendent on the nuclear coordinates—form the corresponding
electronic adiabatic basis set (uh1&,uh2&)

FIG. 8. The equi-u50 ~dashed lines! and the equi-v50 ~full lines! as
calculated for the third and the fourth adiabatic states of the Na1H2 system.
The points@empty circles~s! and full circles~d!# are the ‘‘zp’’ points along
the various circular contours. It is noticed that all the intersections between
the equi-u50 lines and the equi-v50 lines are at the points of the cis~m!.
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uh1&5
1

Ap
cos

w

2
uj1&1

1

Ap
sin

w

2
uj2&,

~A4!

uh2&5
1

Ap
sin

w

2
uj1&2

1

Ap
cos

w

2
uj2&.

Having the adiabatic eigenfunctions, we are in position of
forming the nonadiabatic coupling term,t12, employing the
formula22

t125^h1u¹h2&. ~A5!

Substituting Eqs.~A4! in Eq. ~A5! yields the relevant angular
and radial components oft ([t12), namely14~b!

tw~q,w!52 1
2 and tq~q,w!50. ~A6!
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