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Two-state versus three-state quantization: An ab initio study of the three
lower states of the ˆN,H2 �A�‰ system
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In this article we present the first ab initio study of the conical intersections �cis� and their electronic
nonadiabatic coupling terms �NACTs� for the �N,H2� system. Efforts were made to reveal the
location of cis between the two lower, 1 2A� and 2 2A� states—to be designated as �1,2� cis—and the
cis between the two upper, 2 2A� and 3 2A� states—to be designated as the �2,3� cis—of this system.
We found that these cis are located along the collinear �NHH� arrangement. The study is carried out
by analyzing two-state magnitudes such as the �1,2� and �2,3� adiabatic-to-diabatic transformation
angles �known also as the mixing angles� and the corresponding topological phases �known also as
the Berry phases or the Longuet-Higgins phases�. In addition, a detailed three-state study is carried
out. Here the emphasis is on driving the diagonal elements of the topological D matrix and
analyzing situations for which the corresponding nonadiabatic coupling matrix is quantized. The
reliability of two-state results is carefully examined by comparing them with corresponding
outcomes derived for the three-state study. In addition we also calculated the potential-energy
surfaces related to the two lower states and studied to what extent they are affected by the �1,2� ci.
The results obtained in this treatment were found to be in full agreement with the NACT’s
calculations. © 2006 American Institute of Physics. �DOI: 10.1063/1.2151895�
I. INTRODUCTION

The reactive �N,H2� system is considered one of the
more important gas phase reactions.1 Its importance stems
from the fact that it is a link in a chain of reactions appearing
in atmospheric chemistry and combustion. Although this sys-
tem is among the most studied ones, both experimentally and
theoretically,2–7 still the structure of its electronic nonadia-
batic coupling terms �NACTs� is unknown. This applies, to
some extent, also to the distribution of its conical intersec-
tions cis. As will be shown, these cis are located along the
collinear atom-diatom �NHH� arrangement and consequently
we concentrate mainly on this arrangement and its close
�noncollinear� vicinity.

The various collinear potential-energy surfaces �PESs�
of the NHH system have been known for quite some time. A
detailed description of the five lowest ab initio PESs is given
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by Takayanagi et al.7 and if relating to their Fig. 1 our main
interest is in their fourth and fifth adiabatic states which we
label as the 1 2A� and 2 2A� states. These two states are
known to form a ci, to be assigned as the �1,2� ci, and there-
fore the ones of interest for us. In what follows we also refer
to the next state belonging to the same symmetry, namely,
the 3 2A� state which, as will be discussed in this article,
forms a ci with the 2 2A� state and therefore is assigned as a
�2,3� ci.

In this article we emphasize two aspects of the three
interacting A� states: �1� The central subject of this article are
the NACTs since they are associated for given configura-
tions, with the positions of the cis. Special emphasis is given
to the interaction between cis, formed by different states, and
how this interaction is treated within the existing theory. �2�
We also discuss to some extent the relevant PESs and show,
among other things, how the ab initio potentials become
conical in the vicinity of each ci.
In Sec. II the theory relevant to the issues discussed in
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this article is presented, the NACTs and their cis are ana-
lyzed in Sec. III, the study of the PESs, in the vicinity of the
cis, is presented in Sec. IV, and the conclusions are summa-
rized in Sec. V.

II. BACKGROUND INFORMATION

To study the NACTs and the positions of the correspond-
ing cis, we consider a plane which contains the three atoms
�A ,B ,C�. It is important to realize that there exists only one
plane that contains the three atoms �although the plane itself
is, in general, not fixed but flips and tumbles in space�. Still,
for our purposes, it is enough to consider this plane or, in
other words, the body-fixed system of coordinates, where a
point in configuration space is described in terms of three
coordinates. However, in order to simplify our study we
break up the three-dimensional configuration space and
present it as a series of two-dimensional configuration spaces
each of which determines a separate plane.8 In what follows
we distinguish between the various planes as follows: Each
plane is formed by fixing the interatomic distance R between
two �out of the three� atoms, e.g., atoms B and C �so that
R=RBC� and leave atom A to move freely on that plane.
Atom A is used to examine the values of the various NACTs,
� jk�s� , j ,k= �1,N� where N is the number of states included
in our study and s is a nuclear coordinate belonging to the
�planar� region of interest �thus s= �� ,q��. It is important to
mention that in order to obtain the NACTs for the three-
dimensional configuration space the values of RBC have to be
varied, step by step, along a given grid.

In the present study we consider three states, thus N=3,
and treat the only more significant NACTs, namely, �12�s�
and �23�s� �the third NACT, i.e., �13�s� is small and therefore
is ignored in our study�. We recall that each of the NACTs is
a vector. All the results to be reported in this article are
obtained for configurations where the distance RNH between
the external nitrogen and the intermediate hydrogen is fixed.

In what follows we distinguish, for a given region, be-
tween the Hilbert subspaces formed by two states and three
states. The possibility to encounter Hilbert subspaces of vari-
ous sizes is detailed on numerous occasions.8 Here we just
briefly discuss the two-state and the three-state Hilbert
subspaces.8–10

A. The two-state Hilbert subspace

The distinction between the various sizes of Hilbert sub-
spaces is done by considering the antisymmetric, nonadia-
batic coupling matrix �NACM� �. In case of a two-state sys-
tem, � is a 2�2 matrix defined in terms of one single NACT,
� j j+1�s�. This labeling implies that the NACT of interest is
the one formed by the jth and the �j+1�th states at the �j , j
+1� ci�s�.

In addition to the cis and their NACTs we are interested
in the adiabatic-to-diabatic transformation �ADT� angle
��s ��� �known also as the mixing angle�. The ADT angle is

8
usually calculated by an integral of the type
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� j j+1�s��� = 	
s0

s

ds� · � j j+1�s����, j = 1,2, �1�

where the integration is carried out along a contour � �the
two points s and s0 are on �� and the dot stands for a scalar
product. For a closed contour the line integral yields the
topological phase ���� �also known as the Berry phase�,
namely,8

� j j+1��� = 

�

ds� · � j j+1�s���� . �2�

In this computation we expect � j j+1��� not to depend on any
particular initial point along the contour � but on the contour
itself. This statement holds as long as the two coupled states
form a Hilbert subspace in the region surrounded by �.11�a� In
case this condition is not fulfilled the value of � j j+1��� may
depend on the initial point of the integration as will be dis-
cussed later.

The importance of studies of this kind is in revealing to
what extent a two-state system, in a given region, can be
diabatized.8,11 We affirm here �without proof� that a two-state
diabatization for a given region is feasible if and only if the
line integral in Eq. �2� carried out along any contour � in the
region yields a value which is an integer multiple of �,
namely, ����=n� where n is an integer �or zero�. This fea-
ture is termed by us as quantization.11

In what follows we concentrate on contours that are
circles. We recall that according to our assumptions a point s,
in configuration space, is given in terms of the planar, two
polar coordinates �� ,q� where q is the radial coordinate and
� is the angular coordinate. From Eqs. �1� and �2� it is seen
that it is only the tangential component of � j j+1�s� that forms
the corresponding phases ��s ��� and ����. Therefore, in the
case of circular contours it is sufficient to consider the angu-
lar component of � j j+1�s�, namely, ��j j+1�� �q� /q where
��j j+1�� �q� is obtained from the expression

��j j+1���q� = �� j���q�� �

��
� j+1���q��� . �3�

Here � j�� �q� and � j+1�� �q� are two consecutive eigenfunc-
tions. Since, in this case: ds�qd� and ��s ���
�� j j+1�� �q ,��, Eq. �1� becomes

� j j+1���q,�� = 	
0

�

��j j+1����q,��d��, �4�

and a similar expression is given for � j j+1�q ,�� �defined in
Eq. �2�� where the upper limit of the integral is replaced by
�=2�:

� j j+1�q,�� = 	
0

2�

��j j+1����q,��d��. �4��

This concludes the discussion for the two-state case.

B. The three-state Hilbert subspace

In case of a three-state Hilbert subspace we have to con-
8,11
sider the relevant 3�3 NACM, ��s�, defined as

IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



024312-3 Three lower states of �N,H2� J. Chem. Phys. 124, 024312 �2006�
��s� = � 0 �12 �13

− �12 0 �23

− �13 − �23 0
� . �5�

In contrast to the previous case where the main emphasis is
on the ADT angles here we have to consider a 3�3 ADT
matrix defined as8,12–15

A���q,�� = P exp�	
0

�

d������q,��� , �6�

where, as before, we assume that s��� ,q� and the angular
component of ��s�, namely, ���� �q ,�� /q is defined in terms
of Eq. �3�. In Eq. �6� the symbol P is introduced to indicate
that the exponentiated integral has to be carried out in a
given order.

Next we introduce the topological D matrix which, em-
ploying the present notation, is defined as8,11�a�

D�q,�� = P exp�	
0

2�

d������q,��� . �7�

It is proved on various occasions that in case three consecu-
tive states, in a region surrounded by �, form a Hilbert sub-
space the D matrix has to be diagonal with �±1�’s and along
its diagonal.8,11�a� In what follows the number of �−1�’s is
labeled as K and is defined as the topological number. The
importance of K stems from the fact that it yields the number
of eigenfunctions that flip sign while the electronic manifold
traces the closed contour �. This makes the number K con-
tour dependent, i.e., K=K�q ,�� with one limitation, namely,
K has to be an even number �or possibly zero�.8,16�a� The
matrix D is not only characterized by K but also by the
position of the �−1�’s along the diagonal. It was shown that
the position of a �−1� corresponds to a particular eigenfunc-
tion that flips its sign when the electronic manifold traces the
closed contour �.16�b�

As already mentioned earlier the importance of studies
of this kind is in revealing the possibility to diabatize a
tristate �or, in general, a multistate� system, in a given region.
We affirm here �without proof� that such a diabatization is
feasible if and only if any calculation of D��� employing Eq.
�7�, carried out along a contour � �in that region�, yields a
diagonal matrix.11 Just like in the two-state case, here too, we
refer to the quantization of the NACM when the matrix D
becomes diagonal.8,11

III. NUMERICAL STUDY OF THE NONADIABATIC
COUPLING TERMS

The calculation of the nonadiabatic coupling terms
�along specifically chosen circles� was carried out at the
state-average CASSCF level employing the following basis
functions: For the nitrogen we applied s, p, d, and f functions
and for the hydrogens we employed s, p, and d functions all
from the aug-cc-pVTZ set. We used the active space includ-
ing all seven valence electrons distributed on ten �10� orbit-
als. Four different electronic states, including the three states

specifically studied, were computed by the state-average
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CASSCF method with equal weights. To perform the above
integrations �Eqs. �6� and �7��, the relevant NACTs were ob-
tained employing the MOLPRO program.17 The details on how
to apply it for our purpose have been discussed in previous
publications �in particular, see the Appendix of Ref. 18� and
are not therefore repeated here.

The numerical study is divided into two main parts. In
the first part we discuss various aspects related to the
NACTs. Within this framework we concentrate on results
related to the two-state system �and therefore the emphasis is
on the ADT and the topological phases� and results related to
the three-state systems where the emphasis is on the diagonal
elements of the ADT matrix and the topological matrix. In
the second part of this article we briefly discuss the behavior
of the PESs in the vicinity of the cis.

The outcomes related to the NACTs and the resulting
ADT magnitudes �angles and matrices� are given in Figs.
1–3. These figures are arranged in columns—each column
contains results for one configuration which is limited to a
given geometrical arrangement specified by the fixed inter-
atomic distance RNH �the distance between the external nitro-
gen and the intermediate hydrogen�, the fixed distance RHX

�the distance between the intermediate hydrogen and the cen-
ter of the circle�, and the radius q �the radius of the circle�.

FIG. 1. Two-state results related to cis for the collinear NHH arrangement
as calculated for fixed RNH=2.2 a.u. along different circles positioned at the
ci points �designated by X�. The distance RHX is the distance of the corre-
sponding ci from the intermediate hydrogen. Subfigures �a� and �b� are for
RHX=2.0 a.u. and q=0.1 a.u., subfigures �c� and �d� are for RHX=2.0 a.u.
and q=0.2 a.u., and subfigures �e� and �f� are for RHX=2.5 a.u. and q
=0.1 a.u. in subfigures �a� and �c� are presented the angular �1,2� NACTs,
��12�� �q�, In subfigure �e� is presented the angular �2,3� NACT, ��23�� �q�.
In subfigures �b� and �d� is presented the ADT angle �12���, and in subfigure
�f� is presented the ADT angle �23���, both as a function of �. The corre-
sponding � values are listed in subfigures �b�, �d�, and �f�. A schematic
picture of the configuration is given above the subfigures.
This geometrical picture is displayed in Figs. 1–3. We re-
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mind the reader that all contour integrations are performed
along circles, as explained earlier.

A. The two-state Hilbert subspace

In Figs. 1 and 2 are presented results as calculated for
RNH=2.2 �a distance close to the equilibrium distance of NH�
and RNH=2.8 a.u., respectively. The results in each column
refer to a given configuration �RNH, RHX , q�. Each column
contains two subfigures: the upper subfigure yields the �an-
gular� NACT ��j j+1�� �q� and the lower one yields the cor-
responding ADT angle �ij+1�� �q�, both presented as a func-
tion of �. In addition, in each lower subfigure, are given the
values of �ij+1�q� �in radians�.

In Fig. 1 are presented results for RNH=2.2 a.u. In the
first and second columns are presented angular NACTs and
the corresponding ADT and topological phases as calculated
along circles with two distinct radii, namely, q=0.1, 0.2 a.u.
Both circles are centered at the point of the �1,2� ci, found to
be at a distance RHX=2.0 a.u. from the intermediate hydro-
gen. The � dependence of the NACTs is typical for an ellip-
tic Jahn-Teller model19 �elliptical versus circular�. In the
present case �like in all other cases discussed here� the major
axis of the ellipse is found to be perpendicular to the NH axis
�namely, along �=� /2 , 3� /2 line�. In the third column re-
sults are presented for ��23�� �q� and the corresponding ADT
and topological phases as calculated along a circle with a
radius q=0.1 a.u. centered at the point of the �2,3� ci �found
to be at a distance RHX=2.5 a.u. from the intermediate hy-
drogen�.

The more significant results are the topological phases
�see Eq. �4���. As mentioned earlier the expected values for

FIG. 2. Two-state results related to cis for the collinear NHH arrangement
as calculated, for fixed RNH=2.8 a.u. The rest is like in Fig. 1 with obvious
changes listed in the figure.
these phases �in case the two-state systems form a Hilbert
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space in the considered region� arc integer multiples of �.8,11

Indeed, the results show that in all three cases the corre-
sponding � j j+1�q� , j=1,2 are close to � �i.e., 3.149, 3.063,
3.142� thus supporting the finding that the �1,2� ci is located
at a distance of �2.0 a.u. from the intermediate hydrogen
and that the �2,3� ci is located at a distance of �2.5 a.u. from
that hydrogen. Thus the distance between the two cis is
�0.5 a.u.

A similar situation is encountered for the second con-
figuration, i.e., RNH=2.8 a.u. �see Fig. 2�. As can be seen the
effect of the two cis is also revealed for this situation �see
results, related to the �1,2� ci, presented in the first two col-
umns and results, related to the �2,3� ci, presented in the third
column�. It is noticed that the quality of the results for the
two configurations is similar. The main differences between
the calculations for RNH=2.2 a.u. and those for RNH

=2.8 a.u. are �i� that the point of the �1,2� ci is now located at
a distance of �2.1 a.u. from the intermediate hydrogen, �ii�
that the �2,3� ci is located at a distance of �3.05 a.u. from
that hydrogen, and �iii� that the distance between the two cis
has increased from 0.5 to 0.85 a.u.

B. The three-state Hilbert subspace

Whereas the theory related to the two-state Hilbert space
is well established and accepted by the scientific community,
its extension to a three-state or a multistate Hilbert subspace
is usually ignored with few rare exceptions.14,20,21 We dem-
onstrated the existence of three-state quantization for three
molecular systems, �H2,H�,9,10 �C2H�,15 and �O,H2�.22 In
general, it is not easy to find systems where three consecu-
tive states, belonging to the same manifold, form cis located
close enough to each other so that the two-state quantization
fails and the three-state quantization is clearly manifested.
Moreover, even if such a situation is found it may happen for
three excited states and not necessarily for the three lowest
states. Out of the above three mentioned systems, we estab-
lished that only the �H2,H� system exhibits a three-state
quantization for the three lower states that includes also the
ground state �in a more recent publication this three-state
quantization is extended to a five-state quantization for much
larger regions in configuration space10�. The present system
provides another opportunity to study three-state quantiza-
tion related to the three lower states.

The results of the numerical treatment, which include the
ab initio NACM, the ADT matrix, and the topological D
matrix �as obtained from Eqs. �6� and �7�, respectively�, are
presented in Fig. 3. To derive these results we trace circular
contours with their centers located at points in between the
�1,2� and the �2,3� cis �see Fig. 3 where the locations of these
centers are marked by an ��. In fact, we do not show all the
elements of the various matrices: In case of the NACM we
show only the two tridiagonal elements ��j j+1�� �q� , j=1,2
�the third element ��13�� �q� is found to be negligible and
therefore of no interest� and in case of the ADT matrix we
show only the diagonal elements, namely, A j j�� �q� , j=1,2,3.
These elements, �=2�, become the diagonal elements of the
D matrix. The values of these elements are listed in the third

subfigure of each column.
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In addition we also list �in the second subfigure of each
column� the values of �12�q ��� and �23�q ���—the topologi-
cal phases—as calculate employing Eq. �5�.

It is noticed that the results presented in the first column
are derived for RNH=2.2 a.u. and those presented in the next
four columns are for RNH=2.8 a.u. In general, the results
speak for themselves; still, we intend to elaborate on those
derived for RNH=2.8 a.u. which show interesting features.

The results presented in the second column are derived
for a circle that avoids the �1,2� ci �designated by a full
triangle� and surrounds only the �2,3� ci �designated by a full
diamond�. Consequently the two-state subspace formed by
2 2A� and 3 2A� states is only slightly affected by �1,2� ci as
is well established by the value of �23=3.1398 which corre-
sponds to n=−0.999 998 �instead of −1�. We also calculated
the 3�3 ADT matrix and the diagonal elements of the D
matrix which show that while tracing this contour the sign of
the first eigenfunction is not affected because D11� +1, but
the signs of the second and third eigenfunctions are flipped
because D22=D33�−1 �see the discussion following Eq.
�7��.

The results presented in columns 3 and 4 are derived for
contours that surround two cis �the first, for q=0.5 a.u. just
barely surrounds the two cis whereas the second, for q
=0.7 a.u., surrounds them while being rather remote from
both of them�. It is important to note that the D-matrix ele-

FIG. 3. Two-state and three-state results related to cis for the collinear NHH
RNH=2.8 a.u. �see results in the next four columns�. The calculations are don
fixed radii q �given in the figure�. In subfigures �a�, �d�, �g�, �j�, and �m� a
subfigures �b�, �e�, �h�, �k�, and �n� are presented the two relevant ADT angl
In subfigures �c�, �f�, �i�, �l�, and �o� are presented the diagonal elements of th
ments that were calculated for quite different contours still
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fulfill our expectations, namely, they yield a diagonal or-
thogonal matrix where the moduli of the matrix elements are
unity to five significant figures�. Moreover, the positions of
the �−1� clearly indicate that the circle surrounds one single
�1,2� ci and one single �2,3� ci �in this way the sign of the
intermediate eigenfunctions is flipped twice and, therefore,
remains unchanged�.

These results primarily indicate a high degree of conver-
gence of the calculations �up to five significant digits�, but
qualitatively there are no surprises. The somewhat unex-
pected results are those obtained for the two-state system
�see Figs. 3�h� and 3�k��. Here we find that �12=3.1199
which corresponds to n=−0.9998 �a numerical result for n
=−1� and �23=0.0000 which corresponds to n�0.0. These
two results imply that in the region surrounded by this circle
we encounter one �1,2� ci and no �or an even number of�
�2,3� ci�s�. In other words, the belief that it is possible to
deduce reliable information regarding the distribution of cis
in a given region by considering just two-state systems ap-
pears to be questionable. In this respect we mention that
similar findings are revealed by Han and Yarkony23 while
studying the �H–H–H� system.

It has been speculated that two-state studies yield rel-
evant outcomes, at least, for the two lower states. In fact,
even this is not always true as we now discuss. The outcomes

ngement as calculated for RNH=2.2 a.u. �see results in the first column� and
ng circles positioned at a distance RHX from the intermediate hydrogen with
esented the two relevant angular NACTs, i.e., ��12�� �q� and ��23�� �q�. In
e., �12��� and �23��� and the topological phases �12 and �23 as listed there.
3 ADT matrices and listed the diagonal elements of the relevant D matrices.
arra
e alo
re pr
es, i.
analyzed so far were derived while starting the integrations
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at �=0.0 �see, e.g., the geometry in Fig. 1�. However, start-
ing the integration at �=−� �and ending it at �= +�� as is
done to derive the results presented in the fifth column we
find the opposite, namely, �12=0.0000 and �23=3.139 �see
Fig. 3�n��. Thus, according to this calculation, we do not
obtain any �1,2� ci but, instead, obtain one �2,3� ci and this in
the same region �compare with results in Fig. 3�k��.

To summarize our findings described in the last two
paragraphs we say the following: In case a two-state system
in a given region does not a form Hilbert subspace the cal-
culation of the topological �Berry� phase depends on the ini-
tial point of the integration �see Eq. �4���. In other words
varying the initial point may yield arbitrary values for the
phases �12 and �23 ranging from −� to +�.

It is interesting to see what happens when we vary the
initial point of integration in case of the three-state system.
For this purpose we consider the diagonal elements of the
3�3 D matrix as listed in Figs. 3�l� and 3�o�. The important
result is that the values of these elements and, in particular,
their signs are independent of the initial point of integration.
This fact implies that, in contrast to the two-state system, the
three-state system, in the region surrounded by the closed
contour, forms a Hilbert subspace. More on this issue is pre-
sented in Sec. V. We also want to mention that an extensive
discussion on the effect of initial point of integrations on the
topological D matrices can be found in Ref. 22.

IV. POTENTIAL-ENERGY SURFACES IN THE VICINITY
OF CONICAL INTERSECTIONS

In this section we briefly present features of the three
PESs which are affected by the cis just discussed.

In Fig. 4 are presented adiabatic potential curves calcu-
lated as a function of RHH for fixed value of RNH, namely,
RNH=2.8 a.u. Three curves are shown and the points at
which two successive curves become tangential �and there-
fore degenerate� are distinct. The main feature to be observed
is that in the vicinity of these points the curves show an

FIG. 4. The potential curves of the three lowest A� states for the collinear
NHH system. The curves are presented as a function of RHH for fixed value
of RNH�=2.8 a.u.�.
explicit linear behavior as, indeed, expected due to the fact
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that the intersection becomes, in three dimensions, conical.
However it could be that the discrepancy is formed by em-
ploying different numerical methods: Takayanagi et al. used
the MRCI method whereas we applied the state average
CASSCF method.

The results presented here can be compared with those
discussed by Takayanagi et al.7 To carry out the comparison
we consider his Fig. 4�c� and follow the values of the poten-
tial along the fixed line RNH=1.46 Å which corresponds to
RNH�2.8 a.u. The main feature to be noticed is that the en-
ergy value for which the intersection takes place is �1.5 eV
whereas we find it �following the careful study of the loca-
tion ci point� to be �1.25 eV. This discrepancy is too large
to be ignored and demonstrates that the position of potential
intersections are exposed more reliably by studying the cor-
responding NACTs than by just studying the potentials and
searching for the location of the degeneracy points.

More information on the behavior of the PESs in the
vicinity of a ci is given in Fig. 5 where the two lower PESs
in the vicinity of the �1,2� ci along several circles �with dif-
ferent radii� centered at the ci point itself are presented. It is
important to mention that in contrast to the results presented
in Fig. 4 which are derived for the collinear arrangement the
results in Fig. 5 are relevant for other, noncollinear, configu-
rations. Additionally, the values of the two lower adiabatic
potentials in Fig. 4 can bc obtained from the potentials
shown in Fig. 5 via the connection

V�RHH�RNH� = �V�q,� = 0�RNH,RHX� , RHH 	 RHX

V�q,� = ��RNH,RHX� , RHH 
 RHX,
�

�8�

where q= �RHH−RHX� and RHX is the distance of the ci point

FIG. 5. The potential curves of the two lowest A� states of the collinear
NHH system calculated along circles positioned at the �1,2� ci. The radii of
the circles are listed in the figure.
from the intermediate hydrogen �see Fig. 1�. Comparing re-
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sults from Figs. 4 and 5 confirms this relation.

V. DISCUSSION AND CONCLUSIONS

The main findings are as follows.

�1� We revealed the existence of two cis along the collinear
�NHH� arrangement: one ci that couples the ground
state and the first excited state and therefore is desig-
nated as the �1,2� ci and a second ci that couples the
first and the second excited states and consequently is
designated as the �2,3� ci. In this respect we just briefly
mention that during our studies we also revealed a third
ci that couples the second and third excited states to be
assigned as a �3,4� ci. This ci is found to be located
�like the two others� along the collinear arrangement
but unlike the previous ones is formed within the HNH
configuration. The existence of the three cis is verified
following the derivation of the corresponding topologi-
cal �Berry� phases � j j+1�q ,�� �see Eq. �4��, calcu-
lated with the corresponding angular NACTs
��j j+1�� �q ,�� , j=1,2,3 and showing that the value of
each one of them is �� �see � values, listed in Figs. 1
and 2�.

�2� A significant part of this article is devoted to the situa-
tion where a circle surrounds not one ci but two �in our
case the �1,2� ci and the �2,3� ci�. This issue is particu-
larly important if the troublesome NACTs have to be
eliminated from the nuclear Schrödinger equation in
order to carry out dynamical calculations �within the
diabatic framework�. It is established that in such a case
any two-state diabatization is expected to fail and only
the three-state diabatization based on the 3�3 NACM
can be trusted. Saying all that we, nevertheless, also
analyzed the relevant two-state systems and calculated
the topological phases in order to expose the following
unexpected features. In contrast to previous cases �pre-
sented in Figs. 1 and 2� here, we find that the various �
values are either �� or �0 �see values listed in Figs.
3�h�, 3�k�, and 3�n��. In all these cases the circle sur-
rounds the two cis and the topological phases seem to
be characteristic for two-state systems, namely, they are
integer multiples of � or zero. In fact, they are not! In
order to see that we compare the � values for the situ-
ations presented along the two last columns of Fig. 3 in
which � values calculated for identical configurations
are listed but the integration �see Eq. �4��� is done for
different initial � values, �i: In the fourth column the
calculation of the phases � are done for �i=0 and in the
fifth for �i=−�. This variation is seen to cause �12 to
change from 3.1018 ���� to zero and �23 to change
from zero to 3.0541 ����. Varying �i is not expected
to affect the value of � if the two-state system really
forms a Hilbert subspace. However, the fact that they
change with �i implies that none of the just considered
two-state systems forms a Hilbert subspace in the re-
gion surrounded by �. It is important to emphasize that
changes of the kind �↔0 in � are significant enough
to affect the two-state diabatization processes and yield

inadequate �diabatic� potentials. On the other hand,
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varying the initial point of integration, �i, in Eq. �7� to
calculate the diagonal elements of the D matrix does
not affect these elements �cf. results in Figs. 3�l� and
3�o�� which implies that the three-state diabatization is
stable, well converged, and therefore, meaningful. In
order to get a better understanding of this phenomenon
we suggest reading Ref. 11�a� where it was discussed
for the first time.

�3� We also calculated, to a limited extent, the relevant
adiabatic PESs with the aim of supporting the findings
based on the NACTs. In order to be consistent in the
numerical treatment, the calculations for the NACTs
and the PESs are based on the same assumptions and
carried out employing the same approach �see first
paragraph in Sec. III�. It is important to emphasize that
the PES calculations not only support the NACT results
concerning the seams position, but also produce the
expected conical-linear behavior of the PESs in the vi-
cinity of the cis.

To our knowledge this is the first study of the Jahn-Teller
cis and the corresponding NACTs of the �N,H2�. It is hoped
that this study not only contributes to a better understanding
of this particular system but will also lead to more reliable
dynamic calculations and accurate results.
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