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In this study is discussed a general approach to derive variational principles for physical 
magnitudes Q( 4) which are dependent on functions 4 known to be solutions of physical 
equations [see Gerjuoy et al., Rev. Mod. Phys. 55,725 ( 1983) 1. The approach is based on 
Lagrange multipliers which are incorporated into the expression for calculating Q by 
demanding that the functions 4 fulfill their equations. This approach is first applied to derive a 
general variational principle for the T-matrix elements based on the Lippmann-Schwinger 
equation. As special cases we obtained the bilinear forms of the Schwinger and the Newton 
variational principles. Next this approach is employed to derive a new Kohn-type variational 
principle for the s-matrix elements for reactive collisions based on the Schrijdinger equation 
which contains complex potentials. Finally, this approach is further utilized to derive a novel 
variational principle for the flux function. 

I. INTRODUCTION 

The presentation of physical functions in terms of dis- 
crete basis sets is a very common process while solving 
bound-state problems, scattering problems as well as prob- 
lems of similar types in other branches of Physics. As the 
physical system becomes more involved the number of basis 
sets to be included in such an expansion becomes according- 
ly larger and larger. Thus it is well known that the main 
bottleneck of every treatment of a large bound-state problem 
or a large scattering process is the size of the matrix of coeffi- 
cients that has to be treated. This situation calls not only for 
very efficient methods to solve such a system of equations 
but also for developing efficient variational principles (VP) 
that will allow us to reduce the number of equations to be 
solved. 

Variational principle is one of the most powerful and 
reliable methodologies in calculus and has been applied ex- 
tensively not only to bound-state problems in which extre- 
mum condition is satisfied but also to scattering problems in 
which only stationarity is fulfilled.‘-’ In scattering theory, 
electron scattering has been the main target of applications 
ofvariational principles, especially the Kohn-type variation- 
al principle, although the applications have been mostly con- 
fined to electron-atom scattering2 and scarce in the case of 
electron-molecule sacttering.3 This is because only a small 
number of partial waves are needed at low collision energies 
thanks to the smallness of the electron mass. 

It was only recently that methods based on solving cou- 
pled algebraic equations to treat reactive (exchange) pro- 
cesses ran into severe difficulties caused by the lack of com- 
puter core memory. This situation enforced the introduction 
of variationally based improvements in order to reduce the 
size of the encountered system of algebraic equations to be 
solved. 

Following a very extensive study, Staszewska and Truh- 
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1ar,4 who investigated 35 different algebraic methods for 
solving the Lippmann Schwinger (LS) equation concluded 
that the Newton VP’ which is applied for the amplitude 
density function6*7 (and not the wave function) yields the 
most efficient set of algebraic equations. This method which 
was incorporated in one version of the Baer-Kouri-Levin- 
Tobocman equations7,s was then successfully applied to a 
large series of reactions.’ 

Miller” developed a method where the wave function is 
expressed as a coupled channel expansion simultaneously in 
all arrangements using standard Jacobi coordinates of each 
arrangement. Into this method Miller and co-workers” (see 
Ref. 12 for a similar application in nuclear physics) incorpo- 
rated the Kohn VP13 (in such a way that it avoids the Kohn 
anomalies) which was then also successfully applied to a 
series of reactions14 as well as to photodissociation.” 

Recently, Neuhauser and Baer (NB) l6 proposed the 
use of negative imaginary potentials (NIP) for the study of 
reactive (exchange) processes. The idea is to decouple the 
one arrangement channel (AC) of interest from all the oth- 
ers by absorbing the fluxes leaking into the other ACs and in 
this way to be able to eliminate them. NIPS for this purpose 
have to fulfill three (somewhat contradictory) basic require- 
ments: 

(a) They have to be short range ( - 1 A). 
(b) They have to be concentrated enough to absorb all 

the flux they encounter. 
(c) They have to be soft enough not to cause reflection. 
Such potentials can be found; they are of a triangular, 

linear-ramp-type form and their parameters, namely, their 
hieght and width, can be safely estimated before the numeri- 
cal treatment. 

In an actual calculations’6-1* these potentials are added 
to the ordinary potential and the resulting Hamiltonian is 
now treated as usual. The application of the NIP was further 
extended by substituting them also in the asymptotic re- 
gionl6vlS of the AC under consideration. In this way Baer, 
Neuhauser, and Oreg ( BN0)19 converted the scattering 
problem into a bound system problem and expanded the 
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scattering wave function in terms of basis sets. This last step 
makes the BNO approach somewhat similar to the method 
of Miller’“~‘l because, like him, BNO consider the Schro- 
dinger equation expressed in terms of Jacobi coordinates and 
like in his case the BNO wave function is expanded in terms 
of basis sets. The main difference between the two ap- 
proaches is that in Miller’s case all ACs are solved simulta- 
neously whereas BNO solve for one AC at a time. This one 
AC is somewhat broader than the usual ones (to prevent 
leakages of fluxes from other ACs) but still is of much 
smaller size than the entire configuration space to be treated 
in Miller’s approach. However, whereas Miller treats real 
potentials BNO have to treat complex potentials. This seems 
to be a serious disadvantage but from the experience that 
Neuhauser, Baer, and co-workers’“20 as well as Child” 
have had no essential difficulties were encountered in work- 
ing with these potentials. 

ties26 ) for the S-matrix elements and the second time when 
the single AC was chosen to be the reagents AC and the aim 
is to calculate directly the reactiveflux function. The final 
equations obtained for the first case are similar to those de- 
rived by Miller and co-workers” and Kamimura.” 

II. CONSTRUCTION OF VARIATIONAL PRINCIPLES 
FOR THE LIPPMANN-SCHWINGER EQUATION 

Since we intend to extend this method to realistic three- 
dimensional systems it is important to incorporate the rel- 
evant VP. The present study was motivated by this need. 

Eight years ago Gerjuoy, Rau, and Spruch2’ wrote a 
very illuminating review on the application of VP to scatter- 
ing and bound-state problems and introduced a unified for- 
mulation for the construction of VP. The basic idea of their 
approach is that the equation which describes the process 
under consideration can be incorporated into a VP as con- 
straints through the use of (generalized) Lagrange multipli- 
ers; these can be constants, scalars, vectors, or matrix func- 
tions of one or more variables, pperators, etc. In a typical 
case the Lagrange multiplier L serves as a new function 
which has to be calculated and then used to construct the 
VP. The construction of the VP readily yields the variational 
identities for a given quantity Q. This approach was men- 
tioned for the first time by Borowitz and Gerjuoyz3 but then 
was independently introduced by Haymaker and Blanken- 
beckep4 and by Rau and Spruch (mentioned, without refer- 
ence, in Ref. 22). In Ref. 25 we listed a few of the main 
references on this subject. 

In this section we derive the Schwinger and the Newton 
variational principle with use of the Gerjuoy-Rau-Spruch’s 
Lagrange multiplier method. This is not only instructive for 
understanding the basic idea of their method, but also en- 
ables us to derive a more general VP expression. 

The LS equation for the potential scattering case is writ- 
ten in the form, 

$=4+GoW, (1) 
where $ is the full solution, Go is the Green function of the 
form, 

Go = (E-Ho) --. (2) 
4 is the solution for the unperturbed Hamiltonian Ho and V 
is the perturbation potential. The coordinate representation 
of Go is 

Go (R ‘,R ‘) = -$4re(R ‘)4ir(R ‘1, (3) 

where R < and R ’ are the lesser and the greater of two given 
variables R and R ‘, 4, and & are the regular and the irregu- 
lar solutions of the unperturbed SE andy is the reduced mass 
of the system. Consequently the coordinate representation of 
the LS equation is 

~‘R)=4,(R)--[[Q,(R)IRdR’4~~(R’)Y(R’) 0 

The strange feeling about VP, when going through the 
literature, is that it seems like a “Black Magic” where addi- 
tion and subtraction of “zeros” finally lead to a numerical 
stable procedure for calculating various quantities. The ap- 
plication of Lagrange multipliers as presented in this review 
yields a unified way (which also requires skill and sometimes 
ingenuity) to derive variationally sound equations. Also a 
series of cases which are important as well as instructive 
were worked out. 

x$(R’) -4,(R) Lw dR ‘4ir (R ‘> VCR ‘)$(R I)]* 
(4) 

Here, in our study, we concentrated on two types of 
scattering problems: 

The starting point for building a VP is the expression, 

Q. = Q, - lrn dRL [A -d-GoVt], (5) 

where Q, is a variational estimate for Q, Q, is a trial value of 
Q calculated from the analytic expression Q, = Q( $, ), 
l/it (R) is a trial solution of $ and L (R ) is a Lagrange multi- 
plier yet to be determined. In order for Eq. ( 5) to be station- 
ary the following condition has to be fulfilled: 

(a) We applied this approach to derive a general reprc- 
sentation of a VP for the T-matrix elements based on the LS 
equation from which we obtained, as special cases, the bilin- 
ear forms4 of the Schwinger and the Newton VPs. 

(b) We employed this approach to derive VP for the 
case where a multiarrangement scattering problem is con- 
verted into a single AC bound system problem with the use 
of the NIP. This was done twice; once when the single AC 
was chosen to be a products AC and we derived the Kohn- 
type VP13 (which are, in fact, Kato’s variational identi- 

SQL 
s 

*dRSL($-q5-GoVt,h) 
0 

- 
s 

-dRL(l -G,V)S$=O. 
0 

(6) 

Since the second expression is zero because tC, is a solution to 
the LS equation we are left with equation: 

dRL(l-GoV)S$=O. (7) 

Thus it is now our task to determine L (R ) so that Eq. (7) is 
satisfied. 
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6. The iterative representation for T 

(8) 
Considering Eq. ( 15 ) and replacing $ by the expression 

given in Eq. ( 1) Tcan also be written as 

T= (dlVl4> + (91 VGo VI+>. (19) 
Repeating the process N times yields for T, the N th- 

(9) 
order representation for T (Born series) 

N-l 

where F(R) is the coordinate representation of given opera- 
tor F, and q is a constant. Consequently SQ becomes 

SQ = 
f 

dR qS*(R)r(R)&b(R). 

T= C (4lVCGov)“I4) + @IU%v,“llct) (20) 
j=O To continue the treatment of Eq. (7) with SQ given in 

Eq. (9) we need to show that 

I 
dR LG, vS+ = 

s 
dR 6+G, VL. (10) 

This is explicitly done in Appendix A using the coordinate 
representation of the Green function. 

Substituting Eqs. (9) and ( 10) in Eq. (7) yields 

s dR Sr,b[ (P*r - L - VG,L ] = 0. (11) 

Since Eq. ( 11) is required to be fulfilled for any Sic, we get 
that L has to be a solution of the equation 

L = +*r + VG,L. (12) 
Next we define the function il (R ) by the expression 

L(R) = T(R)A(R) (13) 
and consequently the equation for R(R) can be written for- 
mally as 

a=4*+ (r-VGor)il. (14) 

Thus ;1 fulfills an integral equation where the boundary con- 
ditions are given in terms of the complex conjugate solution 
of the unperturbed SE 

In what follows we consider the case that Q is a T-matrix 
element defined as 

T= 
s 

dR 4*(R) V(R)+(R), (15) 

and we will distinguish between two representations. 

A. The noniterative representation for T 

Comparing Eq. (8) with Eq. ( 15) it is seen that in this 
case q = 0 and that T’ = V. Assuming V #O we get from Eq. 
(14) that 

/1=d*+G,VA (16) 

which is identical to the LS equation with r$* as the unper- 
turbed solution. Consequently /2 is recognized as $* and L 
becomes 

L(R) = V(R)$*(R). (17) 

Thus the new estimate of the T-matrix element in Eq. (5) 
(employing bra-ket notation) is 

T = @lVltir> - ($tlVl$t> + (1ctIVW 
+ (&I VG, VIA>. (18) 

This expression is known as the Schwinger variational prin- 
ciple written in a bilinear form.4 

comparing this expression for T with the one for Q given in 
Eq. (8) weget 

N-l 

q = jzo (4 V(Go v>“W>; r = V(Go nN. (21) 

Substitution of Eq. (21) for F in Eq. ( 14) yields the follow- 
ing equation for ;1: 

A = tj* + Go VA (22) 
which is identical to the LS equation for + but’where the 
inhomogeneous term 4 is replaced by #*. Consequently, as 
before, R. is recognized as $*. Replacing& in Eq. ( 13), by +J* 
and recalling Eq. (2 1) for F we find that L is given as 

L = V(G, V)“‘$*. (23) 
Substituting Eq. (23) in Eq. (5 ) and replacing Q by Tgiven 
in Eq. (20) a new estimate for T is obtained, 

T = i WlVWov)‘l~~ + W’Wov)N~,) 
j=O 

- s dR UGoV)N$T[vt -4-GoV,]. (24) 

Employing the explicit form of the Green function it can 
be shown that the second term in Eq. (24) becomes 

*: dR W ’(GoV)N[$t -4-GoW,] 
s 

and consequently Eq. (24) (in bra-ket notation) becomes 

T = 2 (41 V(Go Y)‘l4) + (4 ( VGo >“Wz> 
j=O 

- (141 V(Go VINl$,,) + (Al UGo V)N14) 

+ ($:I V(Go VNGo VI&). (25) 
This expression can also be written in terms of amplitude 
density functions, 

!ct = w*. (26) 
Thus, 

T = 5 @I V(Go v)‘I+) + Cdl (Vc, >“lSt> 
j=O 

- (LII(GoV)N-lGolL) + GlI(GoV)N14) 

+ GlWoV)NGo15r>. (27) 
The case N = 1 is of particular interest because it yields the 
bilinear form of the Newton VP4 

T = (AVl4) + @IVc,l<tt) + (LlGoVW) 

- GIGoIL) + GlGoVGol5t). (28) 
This completes the treatment of the LS equation. 
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VI(R) = -iv,(R) = -“Or ’ - R,<R<s, m , 
0, otherwise 

(29) 
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III. CONSTRUCTION OF A VARIATIONAL PRINCIPLE 
FOR THE SCHFdDINGER EQUATION WITH NEGATIVE 
IMAGINARY POTENTIALS 

In this chapter we consider a simple case of potential 
scattering to which is added a NIP at the quasiasymptotic 
region to absorb the flux going out from the interaction re- 
gion towards the asymptotic region (see Fig. 1) . The discus- 
sion of this case will not only enable us to introduce the NIP 
but also to show how we treat such a case employing the NIP 
and to construct the relevant VP. These ideas will be used to 
discuss reactive scattering in Sec. IV. 

The unique feature of the NIP, once properly chosen, is 
to absorb those parts of the scattered waves which pass 
through it without causing any reflection. The no-reflection 
condition is very important because if the wave function is 
continuously fed by a source term its shape along the R inter- 
val O(R<R, should not be affected by the NIP. Following a 
series of studies, we found that the best potentials for this 
purpose and which at the same time are of a reasonable short 
range are the triangular potentials of the formI [see Fig. 
I(b 

I 
1 
I 

where 
S, =R,+AR. (30) 
Another important feature of these potentials is that the 

parameters v,~ and AR can be estimated a priori before do- 
ing the calculations, which guarantees that the scattering 
treatment is not approximate but accurate. It was estab- 
lished that for a given translational energy Et and a mass m 
two conditions have to be fulfilled, namely,i6 

fiE:‘2/(AR~)(ev,l%(ARJ8;;;)E:R/~. (31) 
The condition on the lhs guarantees full absorption once the 
wave function passes through the NIP and the one on the rhs 
ensures that no reflection takes place before the wave pene- 
trates it (these two conditions were recently significantly 
improved by Child” ) . 

In order to solve the scattering problem we make the 
following definitions:‘s*‘9 

(a) The full Hamiltonian H is given in the form, 
H= T+ U(R). (32) 

(b) The unperturbed Hamiltonian Ho is given in the form, 

Ho = T+ W(R). (33) 
(c) The functions $. and 11, are the solutions of the unper- 
turbed SE, 

(E--o)tGo =O (34) 
and the full SE, 

(E--)$=0. (35) 
(d) Next is introduced the perturbed part of the wave func- 
tion, namely, 

x=q-$0 (36) 
which can be shown to fulfill the equation,‘8’19 

(E--)X= Wo, , (37) 
where V( R ) is the perturbation potential defined as 

V(R) = U(R) - W(R). (38) 
In the actual calculation ofX(R), employing Eq. (37), 

the NIP is added to H so that now H becomes 
H= T+ U-iv,(R). (32’) 

It is important to emphasize that on the rhs of Eq. (37) 
the NIP [i.e., - iv,(R)] is not added to V(R). 

Equation (37) is solved for the range O<R <S, [see Fig. 
(lb)lforwhich~(R) isassumedtobefO;howeverityields 
the correct form forX(R)for the interval O<R<R, only. 

The expression to be considered in order to extract the 
VP for some magnitude Q is 

Q, = Qt - JsR L [(E- H),y, - W,,]dR, (39) 

where S, was introduced through Eqs. (29) and (30), L is 
Lagrange multiplier and Q, = Q(x, ). The corresponding 

FIG. 1. A linear potential with a schematic wave function. (a) Without 
negative imaginary potential, (b) with negative imaginary potential (shad- 
owed area). The portion of the wave function which is affected by the nega- 
tive imaginary potential is in the interval R,<R. 
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stationary condition leads to the expression, 
sit 

m- 
I 

L Ew--H)&yldR 
0 

I 
Sk! - 6L [(E-H)~-V~o]dR=O. 

0 
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The expression ofS, in Eq. (5 1) is our functional to start 
the calculation ofXr. Since Hcontains the NIP, the resulting 
xt is expected to be nonzero only along the interval [ O,S, ] 
and therefore can be expanded in terms of a bound basis set, 

(4.0) 
xc = 2 ad,(R), (52) 

n=l The last term on the rhs is zero becausex is expected to 
fulfil Eq. (37) and so we are left with an equation for L, 

s 

SR 
SQ- L [(E-H)SjgdR =o. (41) 

0 

where f, (R) is an orthogonal basis set in the (O,S, ) inter- 
Vd. 

Our next task is to exchange the positions between Sx and L 
in the second term. To this end we have to consider the 
expression, 

Substituting Eq. (52) and its complex conjugate in Eq. 
(5 1) the stationary equations for a, and a; (which are con- 
sidered to be independent of a, ) are obtained by demanding 

C3S - = 0, 
aa, 

n =. l,...,N 

and J)(R) (g&w+R 
=I:^6X(R) (&L(R))dR +B, 

where B is given in the form, 

L(R) +-x(R)) -y. II SR 
qy(R) * (43) 

0 

as 
(42) 

-= 0, 
aa; 

n = l,..., N. 

From Eq. (53b) we get the algebraic equation for a 

Aa=b, (54) 
where 

SR 
A nm = s 

dRf,WW--H)fmW), 
0 SR 

b, = I dRfn(R) V(R)$o (RI. (55) 
0 

In Appendix B it is proved that B=O. Consequently, Eq. 
(41) becomes 

SR 
hi?- s 

[&(E-H)L ]dR =o. (44) 
0 

Next we consider the case that Q is the S-matrix element 

s= ~~olVl1c) = (~olVl($o +,x1) (45) 
and, therefore, 

SS= (&,lVl&) =~sR~~UWWWW’. (46) 

Substituting Eq. (46) in Eq. (44) yields 
SR 

I 
6~[(E--H)L- Vr,@]dR=O (47) 

0 

which leads to the equation for L(R), 

(E-H)L = v&f. (48) 
It is noticed that L(R) satisfies a similar equation that x( R) 
is satisfying except that the homogeneous term, Vr,ho is re- 
placed by V$$. Since the lhs in Eq. (48) along the range 
O<R<R, is real and Vis real we get 

L(R) =x*(R). (49) 

Replacing in Eq. (39)) L (R ) by x* (R ) and Q by S given in 
Eq. (45)) we find that the modified value for S is 

s= (~oIvI(Ico +x11) - (xtIE--lxt) + (xtIv1~0’0) 
(50) 

or 

s= (qolvl$o~ + Wol~IXr) 
- (,&lE--HI/&) + (XrIVI$o>. (51) 

Equation (5 1) is reminiscent of the expression employed by 
Kamimura’z and by Zhang, Chu, and Miller” to treat scat- 
tering processes and of the one used by Karplus and 
Kolker” to treat the refractive index of hydrogen, 

In the same way we get from Eq. (53a) the algebraic equa- 
tions for a+, the Hermitian conjugate vector to a, 

a+A=b+. (56) 
Substituting Eq. (52) in Eq. (5 1) yields for S 

s= 
s 

sR dR $o(R) V(R)$Z(R) 
0 

+ 2 Re 2 azb,, - i azA,,a, 
n=l nm 

which completes our derivation. 

(57) 

IV. VARIATIONAL PRINCIPLES FOR REACTIVE 
COLLISIONS BASED ON THE NEGATIVE IMAGINARY 
POTENTIAL METHOD 

To study reactive exchange process implies treating a 
multi-AC problem. All available methods9r14*28-37 enforce 
solving the SE for all coupled ACs. Consequently the diffi- 
culties in studying reactions are expected to increase nonlin- 
early with the number of atoms added to the system. 

Here we would like to consider a different approach 
which is based on solving one AC at a time. This AC may be 
the reagents onelG20 (as was frequently treated in the last 
few years) or an exchange AC18 (as has been only recently 
introduced). The decoupling of this one AC from all others 
is done by adding to the Hamiltonian a weak short range 
NIP of the kind described in the previous chapter. In the case 
of potential scattering we showed how to construct such a 
potential that absorbes the flux going from the interaction 
region out to the asymptotic region. Here these potentials 
are used to absorb the flux going from the one AC under 
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. 

.1 

7  

PIG. 2. A collinear potential energy surface in mass scaIed coordinates with 
negative imaginary potentials along “borders” of arrangement channels. 
(a) The products arrangement channel, (b) the reagents arrangement 
channel. NIP stands for negative imaginary potential and NIADP stands 
for negative imaginary arrangement decoupling potential. 

consideration to all the others. A-situation of this kind is 
shown in Fig. 2 (a) where we present the collinear potential 
energy surface (in mass scaled coordinates). The absorbing 
NIP which decouples the products AC from the reagents 
one is the potential located along theproducts translational 
coordinate R, for a given short range of the products vibra- 
tional coordinate r,. This potential was termed as the nega- 
tive imaginary arrangement decoupling potential 
(NIADP). Having this potential and adding the NIP at the 
asymptotic region of this AC, the scattering problem is again 
converted into a bound system problem.‘8*‘9 

A similar situation is encountered in Fig. 2(b) where, 
with the help of the NIADP, we eliminated theproducts AC. 
To obtain the reactive probability the flux along the line 
rA = r,, is calculated. 

In section IV. 1 we concentrate on the products AC for 
which the VP with respect to the reactive Smatrix element is 
derived. In this sense our final outcome is reminiscent of the 
one derived for the more ordinary case.“-‘* In section IV.2 
we concentrate on the reagents AC for which a VP is con- 
structed with respect to the reactive flux function. 

A. Construction of a variational principle for the 
products arrangement channel: The treatment of the S- 
matrix element 

To soIve a single products decoupled AC case we make 
use of the perturbative representation of the SE where the 
inhomogeneous term follows from the reagents AC and 
serves as the link between the reagents and the products. 
Thus the equation to be solved is 

W - H)xnAo = f”~$n,~, (58) 

where n, o is an initial state in the reagents AC and VA is a 
perturbation potential (related to the il AC) obtained from 
the relation, 

v, = u- w,. (59) 
Here Uis the full potential of the three atom system and WA 
is the unperturbed potential related to the reagents. 

i Jn what follows we consider the collinear case for the _ 
sake of explaining our approach without having to deal with 
heavy algebra and a lot of indices. The index A will be used to 
designate the reagents AC and Y the products one. 

The interaction potential Vis assumed to fulfill the con- 
dition, 

lim VA (R,,...) = 0. (60) 
R1-W 

As for Wit is assumed to be a separable potential of the 
kind 

WiWA,r,t) =ul(m) +w,I(R,I), (61) 
where v, (r, ) is the (asymptotic) diatomic potential and 
w, (R, ) is a distortion potential which increases as R, de- 
creases. 

As in the previous section [see Eqs. (35) and (39) ] our 
starting equation for deriving the VP is 

S(U) “vJ?AO = snptno (xm,, 1 -I,“* lSRv 
dR, dr, 4 [ W - H)xmA,, - VI fctn,, 1. (62) 

Here Snplo is the matrix element related to the rzLo +n, 
transition and S, and S, are r,, and R, values, respectively, 
introduced in Eq. (29). 

The first variation of SnJl10 leads to the expression, 
S 

l* ss 

%. 
fi&& - L(E - H)Sx,,,dry dR, 

0 0 
S ‘I % - 

SI 
SL [(E--H)x,,, - VdA,,] =O. (63) 

0 0 
The last term in Eq. (63 ) is assumed to be zero because xnlo 
is expected to fulfill Eq. (58) so that the equation for L is ST, SR” ~Swo - ss L(E - H)G,ynAOdry dR, = 0. (64) 

0 0 
To exchange positions between L and axmAo we have to 

consider the expressions, 

s 

SX 
I, = x = r,,R,,. (65) 

0 
dx L, -$ @y,,,, 1, 

The details of the exchange were worked out in the previous 
section, and in Appendix B. 
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Consequently Eq. (64) becomes 
s 
“’ 

-%q 
ssn~Ao - 

Is 
Sx&E- H)LdR, dr, =O. (66) 

0 0 
Next we consider SS‘n,n,, given in the form, 

S 8t,flA0 = (&I Kl‘u~lo) 

= w~,.lwtk¶,, +xn,,>>. (67) 

Here V,. is the perturbed potential and $n is an unperturbed 
wave function both defined in the Y AC. Forming the vari- 
ation of S,,fl, o and substituting it into Eq. (66) we obtain 

s f, % 

II 0 0 
dR, dr,, S,ynl, [(E - H)L - Vvflv] = 0. 

(681 
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and those of bnt are 

Cm,, = MJv,.ILgm). (76b) 
If now Eqs. (73) are substituted in Eq. (72) it can be shown 
that Sn,.n,, is given in the form, 

S fwA0 = (tlt2, I vv I A,,,) + C b Znmn,~rnmnAo nm 

+ C Gtnyhm~tO 

- i, arnmn,Anmn,m,arn’m,n,,. (77) 

It is well noticed that for an arbitrary Sxn,,, L(R,r) has 
to satisfy the equation, 

(E - HLv = K4Cv. (69) 

Since $c, stands for an outgoing wave function the index n, 
was added to L to emphasize its dependence on the final state 
n 1’ * 

Considering Eq. (69) it is noticed that the homogeneous 
part is identical to the one fulfilled by xnlo [see Eq. (58) 1. 
As for the inhomogeneous part the potential, in case of,xnA, 
is multiplied by the unperturbed incoming wave function 
$ “lo and here in Eq. (69) it is multiplied by an unperturbed 
outgoing solution r&. Consequently, the function L that sat- 
isfies Eq. (68) (for any Sx.,, ) will be designated as 

L = Ln, = XZ”. (70) 

Returning now to Eq. (62) we may write 

It is important to emphasize again that in calculating the A- 
matrix elements the upper limits of the integrals are S, and 
sr. 

B. Construction of a variational principle for the 
reagents arrangement channel: The treatment of 
reactive flux 

For the single reagents decoupled AC Eq. (58) with the 
perturbation given in Eq. (59) is employed. The only differ- 
ence in the application of Eq. (58) for this case is that the 
kinetic energy operator is written here in terms of the rea- 
gents coordinates. 

To calculate the reactive transition probabilities we use 
the flux expression [see Fig. 2(b) 1. 

m P “A0 =2Im aflAIl 
*so 7 I 1 dRA . 

1 rA = ‘AI 

Equation (78) can also be written as 

(78) 

S(U) 
n+.ao = S’“& (Xrn& ) - ~ysRv 

dR, dr, XT,, [ W - H)xtnAo - V, AA, ] (71) 

or employing bra-ket notation we may write the modified 
expression for S A$,, as 

SW) “,,rAO = M,I~“I&J + wnlKJIXrnl,> + ortn,If51~~,o> 
- (xtn,. IE - H lxtnre >- (72) 

Next we expand xnro and xzW in terms of the same basis sets, 

Xrnro = 2 %mnA JJRvkmW, (73a) 

,yZv = 2 4+h,,~,,,fn~ ULkms (r,, 1. (73b) 
n’m’ 

Pa, = 2 Im 
de0 

dRdrS(r-rr,)$,F , 1 (79) 

where S( r - rI) is the Dirac’s S function. Here and in what 
follows the index/Z is deleted as the forthcoming treatment is 
carried out in the il AC only. 

Since Y, is written as 

y, ‘Xn, + A,y (80) 
where en0 is the unperturbed initial solution and xn, is the 
perturbed one and since the flux in Eq. (78) is calculated at r 
values for which $, (R,r) is already zero, Pn, can be written 
also as 

Forming the corresponding algebraic equations [see Eqs. 
(53) ] we end up with the following expressions: 

AatnA,, = bnAot VW 

a,l;yA = bnt Wb) 

where the A elements are 

A nmdm’ = UhSE--lff,~~m~~~ (75) 

the b,,,, elements are 

b “rnflAO = Lt¶gmIhl~“,,) VW 

PQ = 2 Im drS(r- rr)xn, % 1 . (81) 
Our aim is to construct a VP for the quantum flux. This case 
is unique because to our knowledge this is the first time in 
scattering theory that a VP is constructed for a physical 
quantity which is not linear with respect to the unknown 
wave function. This we do again, employing the Langrange 
multiplier method. Let us consider the expression, 

P’:‘=lldRdrx~.~~S(r-r,) 

- ss dR drL [W- H),yln,, - Vqho], (82) 

where L is an unknown function. The function Q It,“’ is relat- 
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where Q, is the initial estimate for Q [see Eqs. (81) and 
(83) ] given in the form, 
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ed to P g) in the following way: 
PC”) = -i(Qc - Qe*). “0 (83) 

Consequently our starting point for constructing the VP is Q, = C ~~m~n,arnmn, nm 
pcv) = -i dR dr S(r -rI) 

ax% ax*, 
no xm, - - 

dr &F I 

m’ 

In case Eqs. (87) can be solved exactly, Eq. (92) is the 
tinal result for Q,. Sometimes the dimensions of A are so 
large that Eqs. (87) can only be solved approximately. The 
rest of the discussion in this section applies for this case. 

Extracting ct from Eq. (88b) and substituting the re- 
sult in Eq. (9 1) yields 

- ss dR drL [ (E-HH),ytn, - Vqbo] 
+ ss dRdrL*[(E-H)x&- Wo]) . (84) 

Like in Sec. IV A we continue by expanding both 
,&, (R,r) and L(R,r) in terms of the same orthonormal ba- 
sis sets, 

xt,UW = C arnmn,$, (Rk,,, 0% 
nm 

(85a) 

Lo UW = C c,,,$, Wk, (r). 
nm 

(85b) 

Next we substitute Eqs. (85) in Eq. (84) and derive the 
following expressions: 

ato ap, 
-=-CO, n,m = I,... 
aa tnmn, da*,,, 

(86a) 
apno pn, -z -=0, 

aCnmno aem,, 
n,m = I ,... . (86b) 

From Eqs. (86b) we obtain the algebraic equations for cal- 
culating the coefficients atn,,,,, and a:,,,, : 

Aat,,,, =bm,,, (87a) 

a&A=b& (87b) 

respectively. Here the A matrix is the same as the one defined 
in Eq. (75) and b, is the same as the one defined in Eq. 
(76a) (b,+ is the complex conjugate of b, ) . The equations 
to be solved for c,,,,~ and c$,,, are obtained from Eqs. 
(86b): 

AC, =drh, W-1 

c; A = d;+,, (88b) 

where then Eq. (94) becomes 

d mmn, =J$aL, (89) 

Once Eqs. (87) and (88) are solved the final expression for 
the flux is [see Eq. (84) ] 

PQ = 2 Im 
&no 

C atn,,4L,gm - 
nm dr 
In’ r= ‘1 

- g c~~,~,&,~m~nmarnmno 
, I 

This type of correction to a given initial value belongs to 
a wide range of cases where an estimate to a magnitude I’ is 
obtained from a set of constants (a, ,...,a, ) which are known 
to be an approximate solution of a system of algebraic equa- 
tions, 

Aa = b. 
It can be shown that the improved estimate for F is 

given in the form - ;, cLnobnw~ ) . (90) 

Equation;iO) can also be written in a matrix notation: 

P% =2Im[Q, -cc,+(Aa,, -b,)], (91) 
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r=r,-- [(A-‘),A--)]a,, 

(92) 

P=2Im[Q, -dLo((A-‘),Aa,, - (A-‘),b,)] 
(93) 

or [see Eq. 94(a)] 

P=2Im[Q, -d&((A-‘),A-~I)at,,o], (94) 

where (A- ’ ) f is an estimate (only) for the inverse of A. In 
case (A- ‘) r is exactly the inverse of A the value of P be- 
comes 

P=2Im(Q,). (95) 
Considering again the definition of Q, and the elements of 
d& it is well noticed that the following relation exists [for 
(A-‘), = (A-‘) exact]: 

JQt aQ: d:,,,i--- = 2i arm (Q) - 
aarnmno aatnmno aalnmQ 

(96) 

which can also be written as [see Eq. (83) ] 

(97) 

Equation (97) implies that the elements of dlG are formed 
by differentiating the initial guess of the probability flux with 
respect to arnmn,. Thus if symbolically the row vector dtz is 
written a.s 

(98) 

((A-‘),A - lb,, 1 (99) 

which completes our derivation. 

(10) 

(101) 
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where (dF,/aa, ) is a row vector with the elements, 

t 
(3 ( -= do, a4 ,..., - 

f aat1 aa, ) = v-r,. (102) 

This outcome can be extended in a straightforward way to 
the case that F is a vector. 

V. DISCUSSION AND CONCLUSIONS 

In this publication we concentrated on a very interesting 
approach to derive VP’s for almost every physical magni- 
tude Q(4), where 4 is known to be solution of a physical 
equation. This approach is based on the idea to use the equa- 
tion for 4 (for instance the SE) as a constraint for the calcu- 
lation of Q( 4). The constraint is incorporated into the equa- 
tion for Q via the undetermined Lagrange multiplier.22~25 
The idea, although being simple yields most interesting and 
important results. The best way to understand how the in- 
corporation of the Lagrange multiplier is done is to apply it 
to realistic cases. An instructive example is the calculation of 
an inverse for a matrix which was discussed in the review by 
Gerjuoy et al.** for the sake of introducing this approach. 

In our present study we applied the Lagrange multiplier 
to construct VP for five different cases related to scattering: 
(a), (b) Employing the LS equation we constructed the two 
most well-known VP’s for the T-matrix elements namely the 
Schwinger VP (based on calculating the wave function) and 
the Newton VP (based on calculating the amplitude density 
function). In fact, more was accomplished; we derived a VP 
for ageneral case from which the Schwinger and the Newton 
VP’s followed as special cases. 
(c) While introducing the application of negative imaginary 
potentials (NIP) for potential scattering (by doing that a 
scattering problem is converted into a bound system prob- 
lem) we derived the relevant VP. It was shown that the final 
expressions are somewhat reminiscent of those obtained by 
others.‘i*‘* 
(d) We extended the potential scattering case to reactive 
scattering. Here we made use of the NIPS to extract one 
single reactive AC and calculate for it the variationally cor- 
rected relevant S matrix element. The calculation of these 
matrix elements is done by solving a perturbative-type inho- 
mogeneous SE where the source term (the inhomogeneous 
term) has its origin in the reagents AC. Again the final equa- 
tions are reminescence of those obtained by others”~‘* but 
still different as will be explained shortly. 
(e) We made use of the NIP to extract the reagents AC. The 
calculation of the reactive probabilities, in this case, is done 
by employing flux expressions without obtaining the rel- 
evant S matrix elements. In fact this case, among other 
things enabled us to show how to construct a VP for an 
uncommon physical magnitude such as quantum flux. It is 
important to emphasize that variationally corrected flux re- 
sults will differ from the corresponding results obtained 
from variationally calculated S matrix elements (however 
they are expected to be more accurate). 

This last fact leads to a more general subject. It is com- 
mon to calculate cross sections (integral, differential, etc.) 
employing variationally corrected S matrix elements. In fact 

one could obtain, directly, variationally calculated cross sec- 
tions without going through the corresponding S matrix ele- 
ments and in this way to obtain more accurate results. This 
subject will be discussed elsewhere. 

As our final subject we would like again refer to the 
similarities and differences between the Miller’* and the 
Baer-Neuhauser-Oreg’9 (BNO) approaches to calculate 
reactive cross sections. 

According to both methods one solves for the S-matrix 
elements employing the SE. According to both methods the 
calculations are done by expanding the scattering wave func- 
tion in terms of bound-state functions employing Jacobi co- 
ordinates for the relevant AC and both methods end up by 
solving algebraic equations. But the main difference between 
the two approaches is that in Miller’s method’O*” one has to 
solve for all the ACs in one single calculation whereas ac- 
cording to BNO one may treat each AC separately and carry 
out the calculation for this one AC only. BNO arrived at this 
possibility by the application of NIP’s which are added to the 
regular potential and enabled the extraction of the one AC of 
interest. The addition of the NIP makes the homogeneous 
part of BNO matrix of coefficients A complex but it’s form is 
relatively simple; the A matrix is easily written as 

A = B - iC, (103) 
where B is a real symmetric matrix [identical to the (Direct 
X Direct) part in Miller’s case] and C is also a real symmet- 
ric matrix of the form, 

C,,+ = @,IvI (4 kb>, (104) 
where v1 (r) was introduced in Eq. (29). 
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APPENDIX A 
The proof for 

s *d~Wo52 = mW-zGOL- 
0 s 0 

We start considering the explicit representation of the lhs 
(deleting the various constants belonging to Go ) of the 
above equation: 

- I,2 = 
s 

dR 51Go52 
0 

m 

R 
= 

s 
dR 61 (RI&r (RI 

s 
dRrq4,(R'X22(R') 

0 0 + s - dR 5, WV, (RI mdR’#ir(R’)&(Rt)* 
0 s R 

(Al) 

Changing the order of integration in the first term yields 
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. . . fmdR5;U04dR) I m dR ’ 51 (R ‘)$ir (R ‘I 
0 R 

(A21 
and changing it in the second term yields 

. . . ImdR~,(R)CY(r)PdR’~~(Rf)~rr(R1). 
0 0 

(A3) 
Combining Eqs. (A2) and (A3) yields 

In = 
I 

mdRCz(R)4ir(R) 
I 

R dR ’ 4, CR ‘I(, CR ‘1 
0 0 

+ 
s 0 

md’~z(R)~,(R)S’PdR~ir(R)bl(R) 
R 

(.44) 
or 

I,, = s - dR LGoS, =L 
0 

(A% 

which completes our proof. 

APPENDIX 8: ANALYSIS OF CONTRIBUTIONS AT.THE 
BOUNDARIES TO THE VARIATIONAL EQUATIONS 

In this appendix we analyze the expression defined as 

B =b(S,) -b(o) 

= L(R) -& (6jy(R)) --6x(R) g 1 SR 
. 01) 

0 

We start by considering b( R = 0). At R = 0 the total 
wave function, t)(R), and the unperturbed wave function 
q. (R) as well as their corresponding derivatives are equal to 
zero. Since x( R) is given in the form [see ELq. (36) ] 

x(R) F WI - $o(R) 032) 
the same holds for x( R ) and its derivatives, namely, 

x(R)=0 for R=O (B3a) 
and 

d”X -=0 for R=O. 
dR” 

Wb) 

This implies that all possible variations of A’( R ) (as well as 
their derivatives) are equal to zero at R = 0 and hence 
b(R =0) =O. 

Next we consider b( R = S, ) . Here, since the NIP ab- 
sorbs x (R ) entirely this means that x( R ) is identically zero 
along the whole range S, <R < UJ . Therefore, not only x( R ) 
but also its first derivative (dx/dR ) is zero for R >,S’, . The 
same holds for &(R) so that b(R) for R = S, is equal to 
zero. 
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