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This work describes a new approach to treating quantum mechanical scattering problems. It is 
based on expanding the wave function in terms of an infinite set of localized Gaussian functions 
and employing the features of a Toeplitz matrix. 

1. INTRODUCTION 

In contrast to bound state problems, scattering prob- 
lems are characterized by wave functions which extend to 
infinity. This characteristic has necessitated the develop- 
ment of various methods to solve the Schrodinger equation 
(SE); most of them are based on propagating the wave 
function from the close interaction region to the asymp- 
totic region.’ However there are also available methods 
which are based on square integrable (L2> functions, 
namely functions of finite range. The most common ones 
are those that make use of the explicit asymptotic form of 
the wave function so that the rest becomes a function with 
a finite range and therefore can be expanded in terms of L2 
functions.2 Another way of employing L2 functions is to 
use negative imaginary potentials (NIP) which are as- 
sumed to be nonzero along a short range in the asymptotic 
region. A NIP causes the wave function to decay to zero at 
the asymptotic region but does not affect its shape in the 
interaction region. The unaffected part of the wave func- 
tion can be expanded in terms of L2 functions3 

In this work we would like to consider a third method, 
which is at least as interesting as the previous two and 
which has in addition the potential of being used in elab- 
orate calculations (such an extension will be considered in 
a future study). The new ingredient which is incorporated 
in the theory is the application of some features of the 
Toeplitz matrix (TM) .4 

In the following section we concentrate on the theory 
part, we derive the equations to be solved, and we analyze 
features of the resulting matrix of the coefficients; in Sec. 
III we present numerical results which have implications 
to the relevance of this method, and in Sec. IV we summa- 
rize the conclusions. 

II. THEORY 

The theoretical (as well as the numerical) part of the 
work are performed on a (single coordinate) scattering 
potential case. 
A. The SchrOdinger equation 

We consider a one-dimensional scattering problem, as 
shown in Fig. 1. The relevant SE is 

(E--H)V=O, (1) 
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where E is the energy and H is given in the form 

+P a2 
H=-qdR -y+ U(R). (2) 

Here ,u is the mass, R is the translational coordinate de- 
fined along the range O<R,< CO, and U(R) is the potential. 
To solve this problem we apply the perturbative approach. 
We write 

‘u=x+qo, 

where l/O is a solution of the equation 

(3) 

(E--HoWo=O, (4) 

(Ho is the unperturbed Hamiltonian) and substitute Eq. 
(3) in Eq. ( 1) to obtain the inhomogeneous equation for 
x(R), 

(E-IQ= Qbo. (5) 

Here V(R) is the perturbation potential defined as 

Y(R) =H--Ho= U(R) - W(R) (6) 

and W(R) is the unperturbed potential. The correspond- 
ing S matrix element can be shown to be of the form 

S=expWs0) 1-i ($01 VI (x+$0>) , 
I - 1 (7) 

where So is the phase shift due to W(R). 
To solve Eq. (5 ) we present the x-function in terms of 

a linear combination of an infinite set of localized functions 
C&J i.e., 

x = GL. (8) 

Substituting Eq. (8) in Eq. (5), multiplying from the left 
by c,(R), and integrating over R leads to the following 
(infinite) system of algebraic equations: 

Aa=Z, (9) 

where 

4m= C&n IE--HI Lz’,>t (104 

Zn=<Ll ~l$oo)* (lob) 
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FIG. 1. The linear potential U(R). Note the grid point RI, R,, etc. and 
the grid interval CT. 

To continue we assume the c,(R)-functions to be a set of 
localized Gaussians of the form !&I(R)= i-r i+ exp -$ (R--R,)il; n=O,l,..., 00. : 

(il) 
Here CR,) is a set of equidistant grid points defined along 
the range O<R g CO, u is the grid interval and cx is a con- 
stant. This choice of functions and the fact that U(R) [and 
W(R)] is of a finite range leads to the following analysis: 
We define no to be an integer such that once R 
> R,U(R) is, for all practical purposes, identically zero. 
In such a case from Eq. (lob), for n$no, the inhomoge- 
neous term Z,=O and from Eq. ( lOa), and for n, m in,, 
the A matrix element A,, is 

(12) 

Substituting Eq. (11) in Eq. ( 12) leads to the expression 

A,,=A~n-m~=t~, (13) 
where i = 1 n-m 1 and tj is given in the form 

tj=[E-&$ (1-g j’)]exp( -q). (14) 

In other words, for n,m > N (where N%no) all elements 
along a given diagonal are constant and depend only on 
their distance from the main diagonal. Thus A can be 
shown to have the following structure (the shaded area 
stands for nonzero numerical values and the empty areas 
are, for all practical purposes, zeros): 

---_--- 

A= (15) 

\ N-L / 

The matrix A is made up of four submatrices A(‘), AC2), 
AC3), and AC4). A(‘) is a square matrix of order NX N, with 

elements A,, defined in Eq. (lOa). The matrix AC3) is a 
rectangular matrix, with the elements A,, defined by Eqs. 
(12)-( 14), A(‘) is a rectangular matrix which couples A(‘) 
and AC3), and AC4) is a rectangular zero matrix. The matrix 
AC3) with the features just described is known as a Toeplitz 
matrix, whose analytic properties are well defmed.4 

To solve Eq. (9) (recalling that A is an infinite ma- 
trix) , we start by considering the lower part of A from row 
n>N+l. For each value of n, the following equation is 
encountered: 

L L 
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CA 
j=-L 

nnfjan+j= x t,+ja,+j=Q n>N, (16) 
j=-L 

where L is the number of nonzero off-diagonal elements. 
Since the A,,+j elements are not dependent on n and since 
the matrix A is symmetric, Eq. ( 16) becomes 

L 

Wn+ C tj(a,-j+a,+j)=O; n>N. 
j=l 

(17) 

This is a homogeneous equation for (2L-t 1) unknowns 
aj; j=n- L,..., n + L. Equation ( 17) is formed at the grid 
point R,. A similar equation can be formed at the grid 
point R, for the unknowns a,; K=m- L,...,m+ L (but 
with the same coefficients). Since the two system of equa- 
tions, that with n, i.e., Eq. ( 17), and that with m (n and m 
are arbitrary numbers greater than N) must have the same 
solution (up to a constant), a sufficient (and perhaps also 
a necessary) condition to obtain a valid solution for every 
n is that 

Moreover in order for the solution not to be asymptotically 
increasing nor asymptotically decreasing, the absolute 
value of p must be equal to 1. Thus, 

IBI =L (19) 
which implies that 

fi=exp(i@, 
where 8 is real. 

(20) 

Substituting Eq. (18) in Eq. (17) yields the equation 
for P, 

L 

&+ jsl tjW’+P’) =O* (21) 

From here on we shall term this polynomial as the Toeplitz 
polynomial (TP) . Once Eq. (21) is solved [keeping in 
mind that the solution of these equations is independent of 
both A(‘) and AC2’], the equations for the first N unknowns 
(a l,...,aN) are given in the form 

A(‘)a(‘)+A(2)a(2)=Z(‘) , (22) 

where a(*) and Z(l) are vectors of dimensions N, i.e., 

a(i)= (a, ,..., aN); Z(l)= (2, ,..., zN), (23) 
and aC2) is a vector of dimension L with the elements 
%+jt 
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a(2)=(aN+l,...,aN+L). 
Substituting the relation 

(24) 

a N+j=fl’aN (18’) 

in Eq. (22), yields the system of equations to be solved for 
aw , 

Ii- An,,&=&, 
m 

cw 

where 

I A,,; l<nGN, l<m <N Alnnm= I L nN+jpj; l<n<N, m=N’ (26) 
j=O 

This completes the algebraic derivation. 
The approach presented so far is reminiscent of the 

ordinary L2 approaches,2 in particular to the one discussed 
by Heller and Yamam ‘2(d) (HY). Still the differences are 
more than significant. (a) In conrast to HY we suggest to 
employ the perturbative approach and (b) we use localized 
basis functions which enable us to ignore (in numerical 
applications) the asymptotic behavior of wave function 
and treat the scattering problem as an ordinary bound sys- 
tem problem. 

B. Analysis 

1. The nearest-neighbor case 

In order to obtain some insight with respect to Eqs. 
(19)-(21) we consider the case of L= 1. This may not be 
a fully physically justified case because L has to be large so 
that tL is small enough to guarantee a well converged value 
of fl (such a case will be treated in the following section). 
The L= 1 case is known as the nearest-neighbor case3 and 
solving for p yields an interesting result. The equation to be 
considered is [see Eqs. (20) and (21)] 

t,+2t, cos 8=0 (27) 

and in order for it to yield a physical solution the following 
condition must be fulfilled: 

1 td2t, 1 < 1. (28) 

Of the various possibilities contained in Eq. (28) the more 
interesting one is the case that torO. This condition im- 
plies that the width of the Gaussian (u/a) and the trans- 
lational momentum k are related in the following way: 

u 1 -=- 
a v?k’ 

. 
I291 

In this case the solution of Eq. (27) yields that 6= =l=?r/2 
or 

The numerical study is divided into two parts. In the 
first we study the roots of the TP and in the second we 
show, employing a specific potential, that this theory yields 
the correct phase shifts. 
A. The roots of the Toeplitz polynomial 

p= ii. (30) 
Constructing the asymptotic form of the wave function for 
this case yields an infinite series of Gaussians which resem- 
bles approximately the propagation of a free wave with a 
wavelength of H k-l; in other words the exp(ikR) asymp- 
totic behavior is closely maintained. 
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From Eq. (26) it can be seen that in order to solve the 
algebraic problem with a finite matrix of coefficients the 
value of fi (or 0) has to be derived first. This is done in the 
present section. 

The TP given in Eq. (3 1) is an infinite polynomial 
with descending coefficients. In all calculations we assume 

2. The general case 

In this section we will derive analytically the approxi- 
mate root of the TP. [This analytic expression will help us 
to choose the physical meaningful solution in case the ex- 
act numerical treatment yields more than one (real) root.] 
To do that we write the TP given in Eq. (2 1) in the form 

p(e)=7o l-1-2 E 
1 

cos(8j)e-(“2’4)j2 
j=l 1 

-a2 jzl j2 c~s(~jj)e-(~*‘~)~~, (31) 

where tj and p were replaced according to Eqs. (14) and 
(20), respectively, and r. is defined as 

202 
ro=l-k2--& (32) 

The two terms in Eq. (3 1) can be converted approximately 
into integrals and consequently P( 0) becomes 

p(e) =70 dx cos (0x) e-(a2’4)x2 

a2 m -- 
s 2 0 

dxx2 cos ( 6%) e- (cr2/4)G. (33) 

The values of the two integrals exist analytically5 and 
consequently P(B) takes the form 

p(e) =a: e- fi (B/o)‘[ro-1+2($)2]. (34) 

From Eq. (34) [and Eq. (32)] we find that the roots of 
the TP, i.e., eT are approximately 

eT=uk. S (35) 

It is interesting to note that the roots are independent of a. 
In the above discussed nearest-neighbor case, we found 

that a reasonable choice of the width of the Gaussians 
[= (a/a>] is given by Eq. (29). In case this relation is 
maintained t9r becomes 

which is also an interesting result. 

Ill. NUMERICAL TREATMENTS 
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it to be of degree L, where L is equal to the j-value for 
which [see Eq. ( 14)] 1 tj ] < 10U5 (it can be shown that the 
roots converge as a function of L). We find that in most 
cases only one real root of P( 19) exists [in cases where more 
than one were obtained we took the real root closest to the 
analytic value given in Eq. (35 )]. In Fig. 2 are presented 
values of 8, as calculated for three different cases. 

(a) The case that r,,=O [see Eq. (32)]. In this case 
P( 0) reduces to [see Fq. (3 l)] 

L a2 
P(e)= C j2cos(0j)exp -4j2 , 

j=I ( 1 
(37) 

and as can be seen the root of P( 0) will depend on a only. 
In Fig. 2(a) are presented the various values of eT as 
calculated for different a values. In the figure we also give 
the theoretical result of Eq. (36) and it is noted that the 
numerical calculated values follow the analytical outcome 
very closely. 

Next we considered two cases for which rc#O. 
(b) In Fig. 2(b) are presented & values as a function 

of a for two different energies, E=0.25, 1.5 eV (m = 1 
mass unit). As was predicted by our analytical treatment 
&- depends only weakly on a. The two straight lines that 
follow the calculated points are the theoretical lines given 
by Eq. (35). Deviations from the theoretical values are 
seen when a becomes large. 

(c) In Fig. 2(c) is presented f3r as a function of (T for 
fixed values of a and E. Two lines are shown, each calcu- 
lated for a different energy (i.e., E=0.25, 1.5 eV). Again, 
the straight lines that follow the points are the analytical 
ones from Eq. (35). 

6. Calculation of phase shifts for scattering 
potentials 

Next we consider a numerical example. The SE is 
solved first by an ordinary propagation method and then 
by using the perturbative approach which we presented in 
the previous’section. The magnitude to be calculated is the 
elastic phase shift 8. Consequently if Se is the unperturbed 
phase shift and 8, is the phase shift produced by the per- 
turbation, then 

S=So+6p, 
where Sp is given in the form [see Eq. (7)], 

(38) 

S,=-iln 1-f (411 VI (x+&d)]. I (39) 

The potential to be assumed is of the form 

U(R) =Ae-PR, (40) 
where A=5 eV and p= 1.5 A-’ and the mass will be 1 
mass unit. Phase shifts are calculated for two different en- 
ergies (E=0.25, 1.5 eV) and the results are summarized in 
Table I. 

FIG. 2. The Toeplitz angle &. . (a) or as a function of a for the case that 
~~=0. (b) CL+ as a function of a (the general case). (c) 0~ as a function 
of 0 (or n, number of Gaussians/A) . The squares (0) are for E= 1.5 eV; 
the circles (0) are for E=0.25 eV; the star (*) is for the case that T~=O; 
the straight lines describe the analytical results. 

To apply the perturbative approach we first solve the 
homogeneous SE given in Eq. (4) with the unperturbed 
potential W(R), 

and then the inhomogeneous SE given in Eq. (5). For 
W(R) two different cases are considered. (a) B= 3 eV 
(instead of 5 eV) and q( =p) = 1.5 A-‘; and (b) B=3 eV 
and q=2.0 A-‘. 

W(R) = BedqR, (40’) The unperturbed phase shifts calculated for these two 

0.8 1.2 a 1.6 : 

3 g 55 
I- 

E=0.25 eV 
-~--Q--O--O-O-~-Q--O--0-O-O-O” 

Q = o.oawA 

461 ’ I I I I I I 
0.8 1.2 1.6 2.0 

a 
26 17 13 10 8 

150 

B 
100 

g 

50 

0.04 0.08 0.12 
4 
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TABLE I. The exact, unperturbed, and calculated phase shifts as a func- 
tion of energy. 

Phase shifts (degrees) 

E (evv) 

0.25 
1.50 

Unperturbed Calculateda 

Exact Ib IF I II 

-29.2 +5.0 -30.2 -29.0*0.3 -29.1*0.1 
-22.6 -37.8 -62.2 22.6hO.2 22.3 *to.4 

‘Calculated from Eqs. (38) and (39). 
bI stands for the case where the unperturbed potential is given in Eq. 

(40’) with B=3 eV; q= 1.5 A-‘. 
‘II stands for the case where the unperturbed potential is given in Eq. 
(40’) with B=3 eV; q=2.0 A-‘. 

cases are also given in Table I. The full phase shifts as a 
function of a and CT are presented in Fig. 3. In each box we 
show the results obtained for the two unperturbed poten- 
tials employed in the calculations and for the two above 
mentioned energies. In Fig. 3 (a) we present the various 
phase shifts as a function of a for the case rc=O. In gen- 
eral, only a weak dependence on a is obtained, except 
when a becomes relatively large. In this case, since rc=O, 
(T also becomes large which implies that the number of 
Gaussians included in the basis set expansion is not suffi- 
cient. In Fig. 3(b) we show the phase shifts, again, as a 
function of a but for a fixed value of u. The behavior of the 
curves in this case is similar to their behavior in the pre- 
vious case, namely, a weak dependence on a is obtained 
and it is only when a is large that the results start to 
deviate significantly from the correct value. We also notice 
that the sensitivity towards a depends on the choice of the 
unperturbed potential. It seems that making the range of 
the unperturbed potential too short has an immediate af- 
fect on the convergence of the results. In this respect it is 
important to mention that we were unable to get the cor- 
rect results when we assumed the unperturbed potential to 
be a step function of the kind 

(41) 

The phase shifts as a function of (T for a fixed value of 
a are shown in Fig. 3 (c) . As expected the smaller was the 
value of (T (and consequently the larger number of Gaus- 
sians) the better converged were the results. Here, again, it 
is evident that choosing an appropriate perturbation is im- 
portant. In case of the shorter range potential and with 
E=1.5 eV one needs at least 25 Gaussians/A to reach 
convergence, whereas for the longer range potential only 
around 10 Gaussians are required (although this is a dif- 
ferent subject altogether). 

IV. CONCLUSIONS 

This work considers a new approach to treating scat- 
tering processes, based on expanding the wave functions in 
terms of an infinite set of localized Gaussians. Using these 
Gaussians, an infinite set of algebraic equations is obtained. 
This infinite set of equations is presented in terms of a 
matrix known as the Toeplitz matrix and its algebraic so- 
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-25 - 0 

-401 ’ I I I I I I 
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NV 

FIG. 3. The phase shift S. (a) 6 as a function of (r for the case that r,=O. 
(b) 6 as a function of Q (the general case). (c) 6 as a function of (T (or 
n, the number of Gaussians/A). Full symbols are for E= 1.5 eV and the 
empty ones are for E=0.25 eV. The circles ( 0) are for the long range 
unperturbed potential case [W(R) =3 exp( - 1.5R)]; the squares (0) are 
for the short range potential case [W(R) =0.3 exp( -2.OR)]. The star 
(*) stands for the case that fe=O. The straight lines are the “exact” 
results obtained from the propagation calculation. 
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lution is shown. The numerical treatment of a scattering 
potential case is presented, together with a verification of 
the correctness of the obtained phase shifts. From the nu- 
merical point of view, it is not yet clear whether, this ap- 
proach will be more efficient than existing methods in 
treating complicated scattering problems (e.g., reactive or 
charge transfer processes). We intend to examine this issue 
in the near future. 
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