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Abstract
In this paper, we study the implementation of the Berry approach as expressed
in his seminal publication (1984 Proc. R. Soc. Lond. A 392 45) within Born–
Oppenheimer molecular systems (1927 Ann. Phys., Lpz. 84 457). This was
done with the purpose of revealing the relation between the various time-
dependent magnitudes in the adiabatic limit and their time-independent
counterparts. The two main results are: (1) in the adiabatic limit, a single Born–
Oppenheimer state becomes an eigenstate of the system during the excursion
of a system along a given contour, and (2) at the end of a closed contour, the
topological phases associated with the states that moved adiabatically along a
closed contour are well presented by the diagonal D-matrix as obtained from the
time-independent treatment. The theoretical study is supported by a detailed
numerical study carried out for two ab initio molecular systems, namely the
(Na, H2) and the (H, H2) systems.

1. Introduction

One of the discoveries in recent years in quantum mechanics is the geometric phase by Berry
[1]. Berry showed that transporting a system in a given eigenstate |ζn(s(t))〉 along a contour,
�, will acquire a time-dependent phase factor exp(iγ̃ (t)). In the case where � becomes a closed
contour and the time, T, it takes for the excursion of the state along � is large enough then
the acquired phase γ̃ (t = T | �) becomes independent of T and one reaches the adiabatic
situation. In general, this phase depends on � but not on any particular point along �.
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Berry summarized his findings by saying [1] that if � lies in a plane that contains a
degeneracy point then the phase factor at t = T becomes

exp(iγ̃ (�)) =
{−1 if �encircles the degeneracy

+1 otherwise.
(1)

This result is reminiscent of a study by Herzberg and Longuet-Higgins [2–5] who, a few
years earlier, revealed the somewhat unexpected result that in the Jahn–Teller model [6] the
eigenfunctions flip their sign upon completing a closed circle around the degeneracy point.
Although their finding is not related to the time-dependent framework as presented by Berry
it, nevertheless, seems that these two phenomena are closely connected.

One of the clearest observable manifestations of the geometrical phase is in the ordering
of the vibronic energy levels in molecular systems [7, 8]. Moreover, it was proved that
the geometrical phase is gauge invariant [9–11] and therefore is also a measurable quantity.
Indeed, the existence of the Berry phase was also established experimentally [12, 13].

Although the geometric phase exists in molecular systems (as will also be shown explicitly
in the present paper), the final part in Berry’s derivation is found to be non-relevant for these
systems. Thus, we first repeat Berry’s derivation with the aim of showing where it becomes
inappropriate for molecular systems but, then in section 2, we present the derivation applicable
for these systems. This derivation, in which we also show that a system, in the adiabatic limit,
moves along the contour while being in its eigenstate (as asserted by Berry), is supported
by numerical examples. It is related to studies performed by Anandan and Stodolsky [14]
and by Aharonov and Anandan [15] although they do not consider in detail what happens
at intermediate times. We also mention similar studies by Baer et al [16–18] in which the
transition from a finite time situation to the adiabatic limit is performed numerically for a
Jahn–Teller model.

We consider the function |ψ(se | s)〉 which is assumed to be a solution of the time-
dependent Schrödinger equation, namely:

ih̄
∂|ψ(se | s)〉

∂t
= He|ψ(se | s)〉 (2)

where se is an electronic coordinate and s is a nuclear coordinate, which depends on time.
Next we consider the electronic function |χk(se | s)〉 which is assumed to be an eigenstate
of the electronic Hamiltonian He = He(se | s) and therefore solves the following eigenvalue
equation:

He|χk(se | s)〉 = wk(s)|χk(se | s)〉 (3)

where wk(s) is the corresponding eigenvalue. Since equation (3) is valid for any attached
(nuclear) phase factor, we may assume it to be of any choice provided |χk(se | s)〉 is single-
valued in the region of interest.

In what follows, we trace the motion of |ψ(se | s(t))〉 (the function that solves
equation (2)) along a closed contour, �. Assuming the system to be at t = 0 in a given
eigenstate |χk(se | s(t = 0))〉 and T to be the time period of the (closed) cycle, we consider
situations for which T is large enough so that at any time t the system is in the eigenstate
|χk(se | s(t))〉 (eventually multiplied by some phase factors). Making these assumptions, the
function |ψ(se | s(t))〉 can be written as follows:

|ψ(se | s(t))〉 = exp

(−i

h̄

∫ t

0
dt ′wk(s(t ′))

)
exp(iγk(t))|χk(se | s(t))〉. (4)

In this expression the first exponential is the dynamical phase factor, a typical term that
accompanies any eigenstate involved in the solution of equation (2), and the second term is
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the phase factor assumed to develop while the system moves along the contour. Our interest
is in the phase γk(t) and in order to obtain it we substitute equation (4) in equation (2) and,
recalling equation (3), we find that:

dγk

dt
= i〈χk(se | s(t))|∇sχk(se | s(t))〉 · ds(t)

dt
(5)

where the dot stands for scalar product. The value of γk , once the system reaches the end
of a closed contour, namely γk(t = T ) is assigned as αk(�) and it is recognized as the
geometrical phase (or the Berry phase) which, according to this approach, is given in the form:

αk(�) = i
∮

�

〈χk(se | s)|∇sχk(se | s)〉 · ds. (6)

It is noted that αk(�) depends on the chosen contour � but not on any particular point
along �.

The derivation so far is not complete as the function |∇sχk〉 in equation (6) still has to
be evaluated (as is also emphasized by Berry). Nevertheless, we stop here because the rest
of Berry’s derivation applies to an isolated degeneracy point in three dimensions. It turns out
that degeneracy points, in molecular systems, arrange themselves along infinitely long
seams, a situation that inhibits the existence of isolated degeneracy points. Therefore, the
procedure suggested by Berry in order to evaluate equation (6), namely to convert the line
integral into a surface integral by applying Stokes’ theorem, cannot be realized because
each such surface is crossed by the infinite long seams which contain degeneracy points.
Any other procedure requires the evaluation of |∇sχk〉 (which, in this derivation, is a single-
valued function) in terms of locally single-valued basis functions |χk〉, which can be an
insurmountable difficulty [1].

In the next section is presented a different derivation that emphasizes the molecular aspect
of this important magnitude. As will be shown, this new derivation enables the studies of
other issues, related to open-path (time-dependent) magnitudes such as open-path transition
probabilities and open-path phases (OPP). These are the phases that, in the adiabatic case at
the end of a closed contour, become the Berry phases. In the third and fourth sections are
presented examples, as obtained from ab initio studies, of realistic molecular systems and in
the fifth section some of the results are discussed and conclusions are summarized.

2. The time-dependent phase factor and the Berry phase within molecular systems

2.1. Derivation of the time-dependent equation

The approach to be presented next is similar to the one applied in the previous section but
instead of employing adiabatic, single-valued eigenfunctions, we employ real eigenfunctions
which are not necessarily single-valued.

We consider the following time-dependent Schrödinger equation:

ih̄
∂|ξ(se | s)〉

∂t
= He|ξ(se | s)〉 (7)

where se and s are the electronic and the nuclear coordinates respectively and He is the
electronic Hamiltonian that at time t = 0 becomes time dependent. Next, we assume a
Hilbert subspace of dimension N in a given region � in configuration space. This implies
that any (normalized) function, |ξ(se | s)〉 defined in this region can be presented in terms of
N eigenfunctions of He, calculated at a given (fixed) point s0 at time t = 0 and labelled as:
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{|ζk(se | s0)〉, k = 1, N}. Thus

|ξ(se | s)〉 =
N∑

k=1

ζ̃k(s)|ζk(se | s0)〉 (8)

where {ζ̃k(s), k = 1, N} are coefficients which depend solely on nuclear coordinates and are
normalized in such a way that |ξ(se | s)〉 is guaranteed to be normalized as mentioned earlier.
It is important to emphasize that |ξ(se | s)〉 does not have to be single-valued and therefore the
coefficients {ζ̃k(s), k = 1, N} are also not necessarily single-valued.

To be more efficient in the derivation, we employ matrix notation so that equation (8) is
written as

|ξ(se | s)〉 = |ζ∗(se | s0)〉ζ̃ (s) (8′)
where |ζ∗(se | s0)〉is a row vector that contains the electronic (adiabatic) basis set functions
calculated at s = s0, namely {|ζk(se | s0)〉, k = 1, N}, and ζ̃ (s(t)) is the corresponding column
vector which contains the above-mentioned coefficients.

Substituting equation (8′) in equation (7) and integrating over se yields the matrix equation
to be solved:

ih̄
∂ζ̃ (s(t))

∂t
= V(s(t))ζ̃ (s(t)) (9)

where V(s(t)) is the (diabatic) potential matrix formed by the above introduced basis set
{|ζk(se | s0〉, k = 1, N}, namely:

Vjk(s) = 〈ζj (se | s0)|He|ζk(se | s0)〉. (10)

The time dependence of V(s(t)) is due to the time dependence of He(s(t)).
Next we introduce the (unitary) matrix A(s) that forms the connection between V(s) and

u(s), the diagonal matrix which contains the ab initio adiabatic potentials. Thus

V(s(t)) = A†(s(t))u(s(t))A(s(t)). (11)

The matrix A(s) is recognized as the adiabatic-to-diabatic transformation (ADT) matrix
which in general is the matrix that diagonalizes V(s) but in ab initio treatments is obtained by
solving exponentiated line integrals (see equation (19a) given below [19–21]).

Substituting equation (11) in equation (9) and replacing ζ̃ (s(t)) by η(s(t)) where:

ζ̃(s(t)) = A†(s(t))η(s(t)) (12)

yields, for equation (9), the result:

ih̄
∂η(s(t))

∂t
= u(s(t))η(s(t)) − ih̄A(s(t))Ȧ

†
(s(t))η(s(t))

or

ih̄
∂η(t)

∂t
= u(s(t))η(t) − ih̄A(t)(ṡ ·∇sA†(t))η(t). (13)

It is important to realize that the η(s(t))-functions, in contrast to the ζ̃ (s(t))-functions are
single-valued because it was shown on numerous occasions that the ADT matrix given in
equation (11) transforms multi-valued ζ̃ (s(t))-functions into single-valued functions (this,
obviously, implies that the ADT matrix elements themselves are not necessarily single-valued).

In what follows, equation (13) is solved for a closed contour �, which is described in
terms of a cyclic coordinate σ . If σ is chosen to be proportional to t, and T, as before, is the
corresponding time period, then σ = 2πσ0(t/T )iσ (here iσ is a unit vector in the σ direction)
so that equation (13) becomes

ih̄
∂η(t)

∂t
= u(s(t))η(t) − ih̄σ0

2π

T
A(t)

∂A†(t)

∂σ
η(t) (14)

and σ0 is either a constant or, at most, a slowly varying time-dependent function.
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At this stage, we distinguish between the ordinary situation for which equation (14) has
to be solved numerically (see sections 3 and 4) and the limiting adiabatic case which will be
treated (analytically) next.

Comment

As is noted, our numerical treatment is based on solving the semi-classical time-dependent
Schrödinger equation. Thus, one may wonder whether the expansion in equation (8) is valid
within this framework because it was pointed out by Bates et al [22] that this expansion is
likely to yield erroneous results for transition probabilities and cross sections obtained for
scattering processes. Later, Bates and McCarroll [23] introduced a modification which led to
the incorporation of electronic phase factors, known by the name translational factors (more
about this subject can be found in the recent excellent review by Errea et al [24]). These
translational factors are omitted in equation (8) with the following justification: we recall
that it is because of the boundary conditions in the asymptotic regions [24] that Bates and
McCarroll were forced to incorporate the translational factors. However (as will be seen), in
our study we consider a limited finite region of configuration space which does not extend
into any of the asymptotic regions (no breakup is considered). As will be shown, equation (8)
yields the various expected results: (1) in the adiabatic limit, it produces the results obtained
by the time-independent treatment which are derived in a different way (not relying on the
expansion in equation (8)); (2) the adiabatic theorem presented in section 2.4 is based on
equation (8) and could not be proved if translational factors were included in equation (8).

2.2. The adiabatic case: on the connection between Berry phases and the (diagonal)
D-matrix elements

In what follows we discuss the solution of equation (14) in the adiabatic limit, namely when
T → ∞.

From equation (14) it is noted that the adiabatic limit is achieved by deleting the second
term. Consequently the solution of equation (14) becomes

lim
T →∞

η(t) = exp

(
− i

h̄

∫ t

0
u(t) dt

)
η(t = 0) (15)

where the exponential function stands for a diagonal matrix which contains in its kth position
the corresponding dynamic phase factor: exp

(−(i/h̄)
∫ t

0 uk(t) dt
)

and the initial values of the
η(t)-functions are set at s(t = 0). From now on, it is assumed that at time t = 0 the system is
at s = s0 or better s(t = 0) = s0—see equation (8′).

Next, recalling equation (12), we get for ζ̃(t) the following solution:

lim
T →∞

ζ̃(t) = A†(t) exp

(
− i

h̄

∫ t

0
u(t) dt

)
A(t = 0)ζ̃(t = 0) (16)

which leads to the corresponding expression for |ξ(se | t)〉 (see equation (8′)):

lim
T →∞

|ξ(se | t)〉 = |ζ∗(se | s0)〉A†(t) exp

(
− i

h̄

∫ t

0
u(t) dt

)
A(t = 0)ζ̃(t = 0). (17)

We now distinguish between two situations, namely when t = 0 and t = T :

(a) For t = 0 we have the result:

|ξ(se | t = 0)〉 = |ζ∗(se | s0)〉ζ̃(t = 0) (8′′)

which is identical to the one given in equation (8′) by recalling s0 = s(t = 0).
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(b) For t = T we have the result:

lim
T →∞

|ξ(se | t = T )〉 = |ζ∗(se | s0)〉A†(t = T ) exp

(
− i

h̄

∫ T

0
u(t) dt

)
A(t = 0)ζ̃(t = 0)

(18)

where A(t = T ) ≡ A(s(t = T )) is the value of the A-matrix at the end point of the closed
contour �. It is important to realize that A(s) can be presented as an exponentiated line
integral [19–21]:

A(s|s0|�) = ℘ exp

(
−

∫ s

s0

ds · τ (s | �)

)
A(s0) (19a)

where ℘ is an ordering operator and τ (s) is a matrix that contains the Born–Oppenheimer
(BO) non-adiabatic coupling terms (NACTs) (see equation (34) given below). Closing the
contour (namely returning s0) the matrix A(s | s0 | �) becomes A(s0 | s0 | �) which is not
necessarily the initial matrix, A(s0 | �). Due to its significance the matrix A(s0 | s0 | �)

deserves more attention. A(s0 | s0 | �) is closely connected to the topological D-matrix
[21, 25–27] which is of the form:

D(�) = A(s0 | s0 | �)A†(s0) = ℘ exp

(
−

∮
�

ds · τ (s | �)

)
. (19b)

It is well noted that the D-matrix does not depend on any particular point on the contour � but
on � itself. The most important feature that characterizes the D-matrix is that for a group of
states that forms a Hilbert space, it becomes a diagonal matrix. Since it is a unitary matrix the
norm of its diagonal elements is 1. In the case of real eigenfunctions, the D-matrix elements
are ±1 where the number of (−1)s is even.

Having introduced the line integrals of the A and the D-matrices, we are now in a position
to continue the derivation that was temporarily terminated following equation (18). Just like
D is related to A(s0 | s0 | �), so it is also related to A(t = T ). Consequently employing
equation (19b) we replace A†(t = T ) in equation (18) so that

lim
T →∞

|ξ(se | t = T )〉 = |ζ∗(se | s0)〉A†(t = 0)D(�) exp

(
− i

h̄

∫ T

0
u(t) dt

)
A(t = 0)ζ̃(t = 0)

(20)

where it is assumed that the electronic eigenfunctions are real and therefore D† ≡ D.
To simplify the derivation we consider the case where A(t = 0) is a unit matrix.

Consequently the above equation becomes

lim
T →∞

|ξ(se | t = T )〉 = |ζ∗(se | s0)〉D(�) exp

(
− i

h̄

∫ T

0
u(t) dt

)
ζ̃(t = 0). (21)

Comparing equation (21) with equation (18) it is noted that the main difference is the
appearance of the D-matrix which stands for Berry’s phase factors in the case of a multi-
state system (see also equation (4) and compare for a single state).

Short summary. We showed that in the adiabatic limit the solution of the time-dependent
Schrödinger equation produces, at the end of a closed contour, the diagonal elements of the
topological D-matrix as introduced within the time-independent formulation [21, 25–27].
These diagonal matrix elements are identified with Berry’s phase factors as produced by a
Hilbert space of N states (or produced, approximately, by a Hilbert sub-space of N states [28]).
In section 2.4 it is proved that, in the adiabatic limit, the present derivation yields a system
that moves along a contour while being in an eigenstate of the time-dependent Hamiltonian.
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2.3. The adiabatic case: the principal open-path phase

Having prepared the analytical background, the question to be asked is whether we are in
position to derive the OPP, namely the time-dependent phase associated with the eigenstate
of the system at time t while the system is moving adiabatically. It seems that using the
(adiabatic) solution given in equation (17), substituting it in equation (7) and employing the
fact that this solution is also producing the relevant eigenvalue of the Hamiltonian (as is shown
in the next section) will yield the required equation for calculating the OPP. It turns out that
this procedure fails because A(t) is, in general, not a diagonal matrix (it is diagonal only at
t = 0 and t = T ) and therefore this goal cannot be achieved within such a framework.

In what follows we derive the OPP, not of the whole eigenfunction but for the
components associated with the individual vector elements,

{
ζ̃

(k)

j (t), j = 1, . . . , N
}
. Thus,

once equation (14) is solved we again employ equation (12) to derive the vector elements,{
ζ̃

(k)

j (t), j = 1, . . . , N
}

at any time t. However we concentrate on one particular component,

the ζ̃
(k)

k (t)-element, namely the (only) element which at t = 0 is equal to 1 (and therefore is
the only term to differ from zero) and at t = T is expected to be, again, the only non-zero
element. Employing equation (21) it can be shown to be of the form:

lim
T →∞

ζ̃
(k)

k (t = T ) = Dkk(�) exp

(
− i

h̄

∫ T

0
uk(t) dt

)
(22)

where

Dkk(�) = exp(iα(k)(�)) (23)

and we mention again that in the case of real eigenfunctions, α(k)(�) has to be multiple of π .
This ζ̃

(k)

k (t)-term becomes, for any intermediate time t (see equation (16)):

lim
T →∞

ζ̃
(k)

k (t) = A†
kk(t) exp

(
− i

h̄

∫ t

0
uk(t) dt

)
. (24)

In the numerical study to be presented in section 4 we concentrate on this particular (kth)
term which in the adiabatic limit, when t = T , yields the Berry phase. In what follows this
phase is termed as the principal open-path phase. We intend to show that for real molecular
eigenfunctions, not only is the Berry phase a multiple of π but that the principal OPP is also,
at any instant, a multiple of π .

2.4. The adiabatic limit: the adiabatic theorem for molecular systems

The subject to be discussed in this section is related to the behaviour of a molecular system
while moving along a given (closed) contour in the adiabatic limit.

For this purpose we have the following statement:

Theorem. Consider a system that at t = 0 is in its kth eigenstate and is driven along a
contour by an external periodic field. The system stays in the same (kth) eigenstate throughout
its motion if and only if the motion takes place in the adiabatic limit.

Proof. To prove the above statement we consider equation (17) which contains the solution
of equation (14) for the case of the time period T → ∞. We assume that the matrix A(t = 0)

is a unit matrix and that ζ̃ (t = 0) is a column vector with the elements:
{
ζ̃

(k)

j (t = 0) = δkj ,

j = 1, N
}
. Next we define the column vector E(k)(t) which contains one single non-zero

element at its kth position

E(k)
j (t) = δkj exp

(
− i

h̄

∫ t

0
uk(t) dt

)
, j = 1, N. (25)
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With these definitions, equation (17) takes the form:

lim
T →∞

|ξ(k)(se | t)〉 = |ζ∗(se | t = 0)〉A†(t)E(k)(t) (26)

and our aim is to show that |ξ(k)(se | t)〉 is an eigenfunction of He(s(t)) and that the
corresponding eigenvalue is uk(s(t)). Thus the aim is to prove that for any time t (>0)
the following relation is maintained:

〈ξ(k)(se | s(t))|He|ξ(k)(se | s(t))〉 = uk(s(t)). (27)

To show that we substitute equation (26) in equation (27):

lim
T →∞

〈ξ(k)(se | s)|He|ξ(k)(se | s)〉
= E(k)†(t)[A(t)〈ζ(se | t = 0)|He(s(t))|ζ∗(se | t = 0)〉A†(t)]E(k)(t). (28)

The expression within the bra-ket notation (in the second row) produces the diabatic potential
matrix V(s) (given in equation (10)) and following that, the product inside the square
parentheses produces the diagonal adiabatic potential matrix u(s) (see equation (11)). The
remaining two products, from left and right (recalling that E(k)(t) is a column vector—see
equation (25)), yield finally the requested kth eigenvalue uk(s(t)). Thus, the validity of
equation (27) is proved. �

3. Numerical treatment of the non-adiabatic case

To treat the general case we return to equation (9) and solve it numerically for different
T-values and show that once T becomes large enough the computations converge to results
obtained analytically, namely for ζ̃(t) in equation (16).

The calculations are carried out for circular contours—circles with given centres and fixed
radii. As a result we apply polar coordinates (q, ϕ), where q is the radial coordinate (usually
fixed) and ϕ is the angular coordinate which is applied as the independent variable. However,
the independent variable in the present study is time t and, therefore, we assume that ϕ and t
are related as: ϕ = (2π/T )t . Equation (9) is solved for the following boundary conditions,
namely ζ̃(t = 0) is given in the form:

{
ζ̃

(k)

j (t = 0) = δkj , j = 1, N
}
.

For our purposes we present the kth element at time t as

ζ̃
(k)

k (t) = ρ
(k)
k (t) exp

(
iγ (k)

k (t)
)

exp

(
− i

h̄

∫ t

0
uk(t) dt

)
(29)

where ρ
(k)
k (t) is a positive number in the range {0, 1} and describes the kth amplitude in the

expansion of ξ(k)(t) in terms of the original electronic basis set, namely {|ζk(se | t = 0)〉,
k = 1, . . . , N} and γ

(k)
k (t) is the (kth) associated OPP. It is important to emphasize that

equation (29) is relevant for both the non-adiabatic case and for the adiabatic case.
Next, comparing equation (29) with equation (24) (in the case of the adiabatic limit) it is

seen that:

lim
T →∞

ρ
(k)
k (t) exp

(
iγ (k)

k (t)
) = A†

kk(t) (30)

which implies:

lim
T →∞

ρ
(k)
k (t) = ∣∣A†

kk(t)
∣∣ (31a)

and

lim
T →∞

γ
(k)
k (t) = arg

(
A†

kk(t)
)
. (31b)
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Since in the case of real electronic eigenfunctions the A-matrix elements are always real,
we get from equation (31b) that the OPP has to be a multiple of π . This implies that the
phase-function γ

(k)
k (t) is a step function (or Heaviside-function) which, along the time axis,

may vary discontinuously. In other words

lim
T →∞

γ
(k)
k (t) = n(t)π (31c)

where n(t) is an integer. The discontinuous jumps in n(t) take place at times t when the
corresponding diagonal matrix element, Akk(t) flips its sign.

This process also guarantees that at t = T the value of γ
(k)
k (t = T ), which becomes

Berry’s geometrical phase, α(k)(�), is a multiple of π , i.e. n(t = T ) is also an integer.
Following a previous study [16], we found that the most reliable way of extracting γ

(k)
k (t)

is to employ the following expression [29]:

γ
(k)
k (t) = Re

(
i
∫ t

0
dt ′

〈
ζ

(k)
k (se | t ′)

∣∣ζ̇ (k)
k (se | t ′)

〉
〈
ζ

(k)
k (se | t ′)

∣∣ζ (k)
k (se | t ′)

〉
)

. (32a)

In the adiabatic limit γ
(k)
k (t) is expected to be a step function (see equation (31c) and the

absolute value of ζ
(k)
k (t) becomes

ρ
(k)
k (t) = ∣∣ζ(k)

k (t)
∣∣. (32b)

4. Numerical results

4.1. Introductory remarks

In order to understand the meaning of the numerical results to be presented next, we first
discuss a general molecular system for which this approach is applicable and then analyse
numerical results for specific cases.

We assume a system of electrons and nuclei which is composed of two ‘floppy’ parts,
but otherwise the two parts are rigid. Next, at time t = 0 an external electromagnetic field
is turned on and drives one part of the molecule (or both) to revolve around some (common)
point of rotation. Assuming the molecular system to be in a given BO eigenstate, this
induced rotational motion may cause transitions to other (electronic) states with (oscillating)
time-dependent probabilities. To calculate these transition probabilities we employ the
time-dependent semi-classical treatment as presented in the previous sections (in particular
section 2.1). These equations are applied for two systems, namely the H+H2 and the Na+H2

systems for which we have recently produced the necessary ab initio information (namely
the adiabatic potential energy matrix u and the corresponding NACT matrix, τ ). As is
noted, equation (9) is governed by the diabatic potential matrix V (q, ϕ) and it is important
to emphasize that this potential matrix is formed via the ADT as presented in equation (11)
where the A-matrix is derived from equation (19a).

The main emphasis in the numerical treatment is to study the dependence of the amplitude
function ρ

(k)
k (t) and the OPP function γ

(k)
k (t) on t as obtained for different periods T. We recall

that both ρ
(k)
k (t) and γ

(k)
k (t) relate to the principal term in the expansion of the electronic

wavefunction |ξ(se | s)〉 in terms of the adiabatic set : {|ζk(se | s0 = s(t = 0))〉, k = 1, N}
(for more details see section 2.3). The aim in this study is to repeat the calculation of these
two magnitudes for increasing values of T and, eventually, to justify the theoretical asymptotic
adiabatic limits as obtained for T → ∞.
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4.2. The Na+H2 system

Recently we completed an extensive ab initio study of the different conical intersections (ci)
between the four lowest states of the (Na, H2) system, namely the 12A′, the 22A′, the 32A′

and the 42A′ states [30, 31]. In the present paper, we concentrate on the third and the fourth
eigenstates (namely the 32A′ and 42A′ states) for which we revealed four cis and therefore
are expected to yield several interesting results (on the relevance and the importance of cis
to molecular systems see [32–35]). In this ab initio study, we also established that these
two states are only weakly coupled to the other states of the system and therefore form,
approximately, an isolated Hilbert subspace (which for all practical purposes behaves like an
ordinary two-state Hilbert space) [21, 28, 36, 37].

We consider here a situation where the two hydrogens are located at a fixed distance
RHH = 2.18 au throughout. It is important to emphasize that the study takes place in a plane
formed by the three atoms (H, H, Na). The various contours to be discussed next are contours
located in the plane formed by these three atoms (the plane is assumed to be fixed in space).
The two floppy parts mentioned earlier are the Na atom and the two rigid bonded hydrogens.

The magnitudes required for the present numerical study, i.e. the electronic eigenvalues,
i.e. (u3, u4) and the electronic NACT τ 34, are produced by employing an ab initio package,
MOLPRO. As we already have τ 34, we calculate the corresponding ADT angle γ = γ34 (see
equation (33) given below) along the contours the two floppy parts of the molecule (in this
case Na and H2) trace out due to the external field. The calculations are repeated for different
contours.

In figure 1 the circular contours, � and the locations of the relevant four cis are presented.
For each such circle (determined by the location of its centre and its fixed radius q), the only
variable is t, defined in the range 0 � t � T . To calculate the POPP γ

(1)
1 (t | T ) and the

relevant amplitude ρ
(1)
1 (t | T ) we first solve equation (9) to obtain ζ

(1)
j (t | T ), j = 1, 2 and

then employ equations (32a) and (32b) to extract the results which are presented in figure 1.
It is important to mention again that the index 1 refers to the third, lower, state (index 2 refers
to the fourth, upper, state). The results to be shown are only for state 3.

Figure 1 is divided into three columns and each column is further divided into three
sub-figures. Each column refers to a given contour the system follows due to the external
field. The upper sub-figure contains the geometry, namely the four (3,4) cis (labelled as �) and
the corresponding circular contour just mentioned. In these figures two lines are also shown:
(a) the perpendicular line which is the symmetry (orthogonal) line that connects the sodium
atom with the centre-of-mass of the two hydrogens and passes through two cis; (b) the
horizontal line which is a line parallel to the HH axis and passes through the two other cis.
More details on the various cis in the Na+H2 system and where they are located can be found
in [30] and [31].

In the three sub-figures below the geometry figures the amplitudes ρ
(1)
1 (t | T ) are presented

as calculated, once by solving equation (9) for a finite T = Tfi, namely a period too short
to yield the adiabatic limit, and once for T = Tad, namely a period long enough to yield the
adiabatic limit. In addition the absolute values of A11(ϕ | q) = cos(γ (ϕ | q)) are presented
(see equation (35) given below) where γ (ϕ) is the corresponding (ab initio) ADT angle as
calculated from the expression [19, 21, 36]:

γ (ϕ | q) = −
∫ ϕ

0
dϕ′ · τ ϕ(ϕ′ | q). (33)

Here τϕ(ϕ | q) is defined as

τ ϕjk =
〈
ζj

∣∣∣∣∂ζk

∂ϕ

〉
, k, j = {1, 2, . . . , N} (34)
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Figure 1. Results for the ab initio Na+H2 system as calculated along three circles surrounding
different numbers of (3, 4) conical intersections (labelled as �). In sub-figures (a), (c) and (e) are
presented the amplitudes ρ

(1)
1 (t | T ) related to state 3 (the principal component in this case) as

calculated for T = Tfi and T = Tad, and the absolute value of the corresponding ADT matrix
element A11(ϕ(t) | �) = |cos(γ (ϕ(t)|�))| where γ (ϕ(t) | �) is the ADT ab initio angle (see
equation (33)). In sub-figures (b), (d) and (f) the POPPs, γ

(1)
1 (t | T ) are presented, as calculated

once for T = Tfi and once for T = Tad (see equations (25)–(27)). The periods Tad = 2 × 104,

3.2 × 104, 8 × 104 au and Tfi = 3 × 103, 2.9 × 103, 1.5 × 104 au, respectively. It is noted that
the curves for ρ

(1)
1 (t | T ) as calculated for T = Tad and the corresponding |cos(γ (t))|-function, as

obtained from the ab initio treatment, overlap each other (they are hardly distinguishable).

and the just mentioned A11(t) matrix element is the (1,1) element of the following 2 × 2
ADT-matrix:

A(ϕ | �) =
(

cos γ (ϕ | �) sin γ (ϕ | �)

−sin γ (ϕ | �) cos γ (ϕ | �)

)
. (35)

In other words the curves presenting the (ab initio) A11(ϕ | �) serve, according to the present
theory, as the (theoretical) adiabatic limit for the amplitudes (see equation (31a)).

In the third row of sub-figures the POPPs, γ
(1)
1 (t | T ) are presented as calculated, once

for T = Tfi (the non-adiabatic case) and once for T = Tad (the adiabatic case) as extracted
from equation (32a). In addition the corresponding (ab initio) ADT angles, γ (ϕ | �) are
presented.

The results presented in the first column relate to a contour that surrounds one ci located
on the symmetry line (perpendicular to the (fixed) HH axis); the results presented in the second
column relate to a contour which surrounds two such cis located on the same line; the results
presented in the third column relate to a contour that surrounds two cis—one located on the
above mentioned symmetry line and the other located on the left-hand side of this line.
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In what follows we analyse the results presented in figure 1.

(1) In all three cases the non-adiabatic amplitude function, ρ
(1)
1 (t | T ), as calculated for

T = Tfi, is quite oscillatory whereas the adiabatic one is relatively smooth (compare
the curves in figures 1(a), (c) and (e)). We also present the ab initio function
|A11(ϕ | �)| ≡ |cos(γ (ϕ(t) | �))|—the function that according to the theory is the
theoretical, asymptotic, adiabatic limit for ρ

(1)
1 (t | T ). Indeed one can see that, in all three

cases, the calculated adiabatic amplitudes fit very well with the theoretical predictions.
(2) It is seen that in all three cases, the principal OPP, γ

(1)
1 (t | T ) calculated for T = Tfi

(the non-adiabatic case) forms a continuous function, oscillating to some extent (see
sub-figures 1(b), (d) and (f)). However the adiabatic POPP, γ

(1)
1 (t | T ) as calculated

along the same contours (and presented in the same figures) form Heaviside-type step
functions. For comparison, we also present the corresponding ADT angles γ (ϕ(t) | �),
the angles one may expect to bear some relation with the POPP phases. It is seen that no
straightforward relation is detected. However, the theory tells us to look for the cosine of
these functions, i.e., cos(γ (ϕ(t) | �)) and, indeed, a connection is formed in the adiabatic
case: it is noted that the discontinuous steps for the adiabatic POPPs γ

(1)
1 (t | T ) happen

exactly at t-values for which the γ (ϕ(t) | �)-angle becomes an odd multiple of (π/2).
The most that can be said about this finding is that the connection between the two phases
is somewhat fragile.

(3) Finally, we briefly refer to the geometrical (Berry) phases: in the geometry figure in the
first column, the schematic contour � surrounds one ci and consequently the geometrical
phase is expected to be equal to (2n + 1)π where n is an integer. Since the adiabatic
time-dependent POPP curve shows three jumps—each by one π—the final result for the
geometrical phase is 3π (see figure 1(b)). In the geometry figures related to the second
and third columns, the schematic contours � surround two cis— two different ones in each
case—and therefore the geometrical phases are expected to be equal to an even number
of π , namely 2nπ . For the second contour we got the value n = 2, namely 4π (see
figure 1(d)) and for the third contour n = 1, namely 2π (see figure 1(f)). These results are
different from the topological phases (the end values of γ (ϕ(t = T ) | �)—which are seen
to be π , 2π and zero (follow respective curves in figures 1(b), (d) and (f), respectively).

4.3. The H+H2 system

In the previous section we studied a two-state system. This study is now extended to a
three-state system, namely the (H2,H) system. The (H2,H) system is considered to be the
most fundamental chemical system and therefore serves as a case study for many subjects,
including among others the electronic non-adiabatic effects [37–50].

The H+H2 system is characterized by the fact that its three lowest states, namely the
12A′, the 22A′ and the 32A′ states, are strongly coupled to each other. In general, the type of
coupling terms that dominate the interaction between the three states depends on the nuclear
configuration [37, 38]. Here we limit ourselves to a situation where two hydrogen atoms are
at a (fixed) distance RHH = 0.74 Å. In this situation, the two lower states of the H3-system are
coupled by an equilateral ci, labelled as a D3h ci and the second and the third states are coupled
by two C2v cis formed for the corresponding isosceles triangles. These two cis, sometimes
termed as twin-cis, are located on the two sides of the line that combines the centre-of-mass
of the two bonded hydrogens and the third (loose) hydrogen (see the schematic geometry
presented for each column of figures 2). The details regarding the ab initio calculations are
presented elsewhere [38].
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Figure 2. Results for the ab initio H+H2 system as calculated along three circles surrounding the
(1, 2) conical intersection and the (2, 3) conical intersections (labelled as � and � respectively).
All calculations are done once for Tfi = 103 au and once for Tad = 2 × 104 au. The values of
|A11(ϕ(t) | �)| (presented in sub-figures (a), (c) and (e)) are obtained from the time-independent
ab initio treatment. In sub-figures (a) (c) and (e) the amplitudes ρ

(1)
1 (t | T ) are presented as

calculated for the components of the eigenfunction related to the first state and in sub-figures (b),
(d) and (f) the corresponding POPPs γ

(1)
1 (t | T ) are presented.

We discuss results as calculated along three circular contours: two of them, centred at the
D3h point, with the radii q = 0.2 and 0.4 Å and a third centred at a sideward point between the
D3h-point and one of the C2v-points. It is noted that the first circle for q = 0.2 Å (presented
on the left column) surrounds only the D3h-ci, the second circle for q = 0.4 Å (presented on
the right column) surrounds the D3h-ci and two C2v cis and the third circle for q = 0.3 Å
(presented on the middle column) surrounds the D3h-ci and one of the two C2v cis. In figure 2
(as well as in figures 3 and 4) the positions of the various cis and the corresponding circular
contours are schematically presented.

In figures 2–4 results for the three (different) relevant initial states are presented. This
means that in figure 2 the amplitudes, ρ

(1)
1 (t | T ), and the POPPs, γ

(1)
1 (t | T ) are presented,

where the initial state is the lowest state (state 1); in figure 3 the amplitudes and the POPPs,
ρ

(2)
2 (t | T ), and γ

(2)
2 (t | T ), respectively, are presented for the case where the initial state is

the intermediate state (state 2) and in figure 4 the amplitudes and the POPPs ρ
(3)
3 (t | T ), and

γ
(3)
3 (t | T ) are shown for the case where the initial state is the higher state (state 3). In each

sub-figure that contains the amplitudes are given three curves similar to the ones described
for the (Na+H2) system. The only difference is that the corresponding A-matrix elements,
i.e. Ajj(t | �); j = 1, 2, 3 have, in this case, to be derived by solving the corresponding
3 × 3 A-matrix employing a 3 × 3 τ -matrix (see equation (19a)). Details regarding such
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Figure 3. The same as figure 2 but for the second state of the H+H2 system, namely the principal
functions ρ

(2)
2 (t | T ) and γ

(2)
2 (t | T ).

calculations can be found in [37, 38]. In each sub-figure that contains the POPPs two curves
similar to the ones described for the (Na+H2) system are given (we do not show the ADT angle
as such an angle does not exist for three-state systems).

The two main issues to be discussed are as follows: (1) it is seen that the amplitude
functions ρ

(j)

j (t | �), j = 1, 2, 3, as calculated for the adiabatic case, namely T = Tad =
2 × 104 au, are in good agreement with the corresponding ab initio functions, |Ajj(t | �)|.
However, significant deviations are observed upon comparing these ab initio functions with
the amplitude functions as calculated for the finite case (not adiabatic), namely T = Tfi =
103 au (in particular see figures 3 and 4). (2) The POPPs as calculated for the adiabatic case
become Heaviside-functions along the whole t-axis with values of the kind n(t)π where n(t)

are integers.
Whereas the figures for the amplitudes speak for themselves, we encounter some

interesting features of the POPPs that should be discussed in more detail. It is noted that
the shapes of the Heaviside-functions vary, not only from one contour to the other, but also
from one initial state to the other. We find the dependence on the initial state more interesting
because it was not expected. So let us briefly discuss each column separately:

(a) Comparing the three adiabatic POPPs related to the first columns, in figures 2–4, we note
that the two OPPs, γ

(j)

j (t | T ) for j = 1, 2, seemed to be calculated for the case of a

single (odd) ci but the third POPP, γ
(3)
3 (t | T ) is significantly different because it seems

to follow from a situation where the contour does not surround any ci (n(t) ≡ 0 along
the whole t-axis). Indeed the contours for j = 1, 2 surround the (1, 2) ci related to their
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Figure 4. The same as figure 2 but for the third state of the H+H2 system, namely the principal
functions ρ

(3)
3 (t | T ) and γ

(3)
3 (t | T ).

initial state (whether it is state 1 or state 2). However, this contour does not surround any
ci related to state 3 and therefore this POPP does not indicate the existence of any ci.

(b) The POPPs in the third column are somewhat similar to those in column 1. As before, the
contour surrounds one single (1, 2) ci and therefore the Berry phase should be (2n+1)π
except that n 	= 0 and is equal to 1 probably due to the strong interaction which is known
to exist between the (1, 2) and the (2, 3) NACTs [37–39]. The third POPP, in contrast to
the corresponding POPP in the first column, is produced along a contour that surrounds
two (2, 3) ci (known to be of different signs [37–39]) and therefore the resultant Berry
phase is zero.

(c) A new situation is encountered for the POPP presented in the second column. Here the
contour surrounds one (1, 2) and one (2, 3) cis. Therefore the Berry phases related to the
states 1 and 3 are equal to π but the intermediate function gets its phases turned twice
(once up and once down) so that the resultant Berry phase is zero.

Details about similar findings as revealed within the time-independent framework can be found
in [38].

5. Discussion and conclusions

This paper, which relates to molecular BO systems, is devoted to an issue that is frequently
mentioned in the literature but in fact has only rarely been studied, namely the relations between
time-dependent magnitudes in the adiabatic limit and the time-independent magnitudes. From
the days when Berry made his discovery, there has so far been only one study [16], in which
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these ideas were put to the test for BO systems and even this case cannot be considered as
a real molecular system because it was related to the Jahn–Teller model. Surprisingly, this
single study revealed difficulties in implementing Berry’s ideas in this field because of apparent
contradictions between the time-dependent adiabatic findings and the time-independent results.
In particular, the authors could not establish a relation between the ADT angle, a magnitude
well-defined within the time-independent approach and the adiabatic OPP expected to emerge
from Berry’s approach (although not discussed by Berry). The main result revealed in this
study was that a certain OPP (related to the principal component in the expansion of an
adiabatic wavefunction) behaves like a Heaviside function—characterized by one step—and
that step takes place at t = T/2, which is the position where the ADT angle (in the Jahn–Teller
model) becomes π/2. In this particular study, no attention was paid to the time-dependent
amplitudes and their relation to the time-independent counterparts in the time-independent
approach, namely the ADT matrix elements.

In the present paper, the just mentioned model treatment is not only extended with the
aim of studying (two) real ab initio molecular systems, but also several findings which were
found numerically are, in the present paper, established analytically. In particular we showed
that the BO states, in the adiabatic limit, produce the time-independent magnitudes related to
the ADT matrix and also to the time-independent topological D-matrix.

One of the more important analytical results is establishing the fact that, in the adiabatic
limit, a relevant BO state becomes an eigenstate of the system (see section 2.4). This may
be seen as an obvious result, but nevertheless it was never proved rigorously. This result
has important implications on two aspects related to the study of molecular systems: (1) the
existence of BO states is not fully verified experimentally and consequently doubts, within the
chemistry community, still persist as to whether molecular systems are adequately described
by the BO states (see, for instance [22–24]). In our opinion, the fact that the BO states are the
ones the system follows in the adiabatic limit yields additional support for the BO approach.
(2) Just like the purpose served by the Berry phase for an individual state (in a two-state
Hilbert space), the D-matrix serves for a group of BO states that forms a Hilbert subspace
(see equation (20)). The fact that in the adiabatic limit one encounters, explicitly, the diagonal
elements of the D-matrix implies that these elements are gauge invariant which increases the
likelihood of these matrix elements to be detected experimentally.

An important part of the present study is devoted to the numerical treatment of ab initio
systems with the aim of establishing the relations between time-dependent and the time-
independent magnitudes, in particular, in the adiabatic limit. This may be considered as
straightforward but we found it not to be so because of ambiguities related to OPPs. In the
above-mentioned Jahn–Teller model [16], two states are coupled by one ci. In the present
paper, we study one system—the (Na,H2)—with two states coupled by four cis and another
system—the (H,H2)—with three states where the first and the second states are coupled by
one ci (the D3h ci) and the second and the third are coupled by two C2v cis. These complexities
exposed the time-dependent treatment to new situations not revealed before. In particular,
we found some interesting (unexpected) relations between the adiabatic time-dependent and
the time-independent magnitudes. The more striking examples are the POPP curves and the
resulting Berry phases as revealed in the third columns of figures 2 and 3. For the Berry phases
we got the value of 3π whereas we expected it to be π . It could very well be that these two
phenomena may result from an as yet unexposed cause that eventually can be identified in the
future (see discussion on this issue in [51]).

Whereas some ambiguities were encountered with regard to the OPPs (or POPPs) we had
more success with time-dependent amplitudes and their relation with the time-independent
counterparts, namely the ab initio ADT matrix elements. In this case a very nice fit is obtained.
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