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This work considers the adiabatic-diabatic transformation for electronic 
states and the diabatic representation which follows accordingly. Two cases 
where ambiguity is encountered are discussed: one is the case where the reduced 
electronic manifold is not well separated everywhere in configuration space and 
the other is the case of conical intersections exemplified by the E | 8 Jahn-Teller 
situation. It is shown that in both cases well defined diabatic states can be formed 
in most regions of configuration space. 

1. Introduction 

At the present time, surprisingly few quantum mechanical calculations have been 
performed on the probabilities for electronic transitions (e.g., charge transfer) during 
heavy particle collisions [l]. It is well accepted that in most cases such a treatment, 
carried out in the 'natural '  adiabatic representation, will cause numerical instabilities 
so strong as to prevent any meaningful result being obtained [2]. Further, the idea of 
moving to the diabatic representation, as was suggested fifteen years ago [3], is 
encountering difficulties and this may discourage any further numerical activity [4, 5]. 

The difficulty has to do with the uncertainty involved in the transformation from 
the adiabatic to the diabatic representation in cases where only part of  the entire 
electronic manifold is included in the transformation. It is true that, in order for this 
transformation to be unambiguously defined, it is sufficient to include the entire 
electronic manifold but within the Born-Oppenheimer  (BO) approximation this is not 
a necessary condition, as will be explained. 

It is well known that, within the BO approximation,  many heavy particle collisions 
can be treated correctly by employing a single potential energy surface. The justifica- 
tion for the BO approximation is based on the fact that all other electronic states (or 
surfaces) are sufficiently remote and the corresponding nonadiabatic coupling terms 
are too weak to have any impact on the interaction processes taking place on this 
particular potential energy surface. A similar reasoning will apply to a set of  M 
coupled surfaces (where M < N and N is the size of  the entire electronic manifold), 
as long as they are well separated from the remaining (N - M )  surfaces. Conse- 
quently, once such an M-surface-system can be established, the adiabatic-diabatic 
transformation for these M surfaces, as well as the diabatic states that follow, should 
be well defined. We may also encounter an intermediate situation where the M 
surfaces are well separated from the rest in most regions of  configuration space but 
this separation may not hold in some small regions. It has been argued on different 
occasions that in this case no well defined diabatic states can be formed. In this work 
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(see section 3) we will show how one may form a well defined diabatic representation 
for this particular case. 

Another instance of  ambiguity is the E | ~ Jahn-Teller problem [6] that repre- 
sents the situation of conical intersections. Here the nonadiabatic coupling matrix 
may be singular at the point of intersection and, for this reason, the relevance of the 
adiabatic-diabatic transformation has also been questioned [4, 5]. This subject will be 
treated in section 4. 

2. T h e  ad iabat ic -d iabat ic  t rans format ion  

2.1. The Schr6dinger equation 

Given the Hamiltonian 

H = TN + He, (1) 

where TN is the nuclear kinetic energy and He is the electronic Hamiltonian, the 
solution of the Schr6dinger equation (SE) 

HO = EO (2) 

can be written in the form 

Ip(e, Q) = ).~ ~i(e, Q)xi(Q). (3) 
i = 1  

Here ~i(e, Q) are the eigenfunctions of the electronic Hamiltonian 

H~i(e, Q) = Vi(Q)~i(e, Q). (4) 

z~(Q) are the corresponding nuclear components and V/(Q) are adiabatic potential 
energy surfaces. Writing the nuclear kinetic energy in terms of (mass scaled) 
generalized coordinates q = (q~ . . . . .  qN) and a reduced mass/~, Tw can be shown to 
be of the form 

rN = - h 2 v 2  (5) 
2 / ~ - '  

where V is the grad vector 

�9 o . , 1 ~3 (6) 

Consequently, the resulting matrix element (~jl TNIr can be written (see equation (3) 
as 

({~ITNI~P) - v2zj + 2 _ C - v z ,  + _ r , (7) 
i = 1  i = I  

where the dot stands for a scalar product between two vectors and zJ] ) and "rJ~ ) are the 
following matrix elements: 

C = (~jlV~,) (8a) 

~J?)= ( ~ l V % ) .  (8b) 

Substituting equation (3) in (2) and recalling equations (1), (4) and (7), we obtain the 
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Figure 1. 

(~o) 

F, F~ and F2 are different paths which connect the two end points Po(qo) and P(q). 

following adiabatic (matrix) equation for the X~ functions: 

V2Z + 2~ <I)'VZ + za)Z = 21~ V (V - El). (9) 

Here I is a column vector and V and ! are the potential and the unity matrices, 
respectively. 

2.2. Construction of  the adiabatic-diabatic transformation 

As has been mentioned several times in the literature, equation (9) is not always 
convenient for numerical treatment. It turns out that the nonadiabatic coupling 
matrix elements zl) ) and z~ ) sometimes have very unpleasant deficiencies which cause 
numerical instabilities when solving the full close coupling equations [2]. Therefore it 
has been suggested by one of us that a transformation, the adiabatic-diabatic 
transformation, be performed to eliminate the nonadiabatic coupling altogether [3]. 
In this way a transformation from the adiabatic to the diabatic representation is 
constructed [7]. 

The transformation is carried out with a matrix A (so far arbitrary). Namely, we 
write 

Z = A~, (10) 

substitute equation (10) in (9), and obtain 

2/, 
AV2q + 2(VA + z~ + [(z a) + V 2 + 2z(I).V)A]tI = - - ~ ( V -  EI)A~. 

(11) 

Here the square brackets indicate that the differential operators do not act on r/. 
Next, we choose A in such a way that the ~t~) matrix elements in equation (1 l) will 

be eliminated; thus A has to fulfil the vector equation [3] 

VA + ~mA = 0. (12) 

A unique solution of this equation is guaranteed if the ~0) components fulfil the 
relation [3] 

% 
�9 -m -ml (13) l'l~ qi , ~" q] 1. 

Oqj  t~qi 

If this condition is fulfilled everywhere in configuration space then equation (12) can 
be replaced by an integral equation along a line/-." 

A(q) = A(qo) + ;rdS  " ~(I)~, (14) 

where F i s  a path which connects the point Po(qo) with the point P(q) (see figure 1). 
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Moreover, the value of A at P(q)  is independent of the choice of F[3]. It is important 
to emphasize that if equation (12) is not fulfilled, equation (14) m a y  lead to solutions 
which depend on the path F. However, there are situations (which will be discussed 
presently) where these solutions are only slightly dependent of F, and each of these 
solutions can therefore be considered as an approximate solution for A. 

In reference [3] we also went one step further and showed that a suff icient  
condition for equation (13) to hold is that the electronic manifold is large enough for 
the closure relation 

N 

I~i(e, Q ) ) ( ~ i ( e ,  Q)I = 1 (15) 
i = 1  

to be fulfilled. 
As a result of choosing A to fulfil equation (12) the equation for r/(i.e., equation 

(11)) reduces to 

2/~ 
V2q = --~ ( W  - E l ) q ,  (16) 

where 

W = A 1VA.  (17a) 

Moreover, the matrix A can be shown to be orthogonal [3] (or unitary) and, 
consequently, W becomes 

W = A t VA.  (17b) 

Equation (16), in contrast to the adiabatic equation given in equation (9), is the 
diabatic representation of the Schr6dinger equation. Here the diagonal elements of W 
are considered as being the diabatic states of the system. 

3. The quasidiabatic representation 
It is not realistic to expect that in a numerical treatment a complete adiabatic 

manifold will be used. In fact, in all applications to date only two adiabatic states have 
been included [1]. In such cases, equation (15) is usually not fulfilled and, therefore, 
the solutions of equation (12) (or (14)) may not always be unique. 

This problem was discussed in a series of publications [4, 5] and, in a few of them, 
approaches were also given to show how to remove this difficulty. In what follows, 
we first discuss an interesting idea by Pacher et  al. [5] and then present our approach. 

Pacher et  al. [5] consider the (vector) matrix ~(l) defined as 

= AtVA + At~A. (18) 

Here and in what follows r stands for z ~ 
The matrix ~ is identically zero when the r matrix is formed from a complete 

electronic basis set. However, ~ may differ from zero for a reduced set of electronic 
functions. Consequently, Pachcr et al. [5] suggested that quasidiabatic states can be 
defined by requiring the integral (over all nuclear) coordinates 

J = f d3q II~ll 2 (19) 

to be minimal. Here IJ ~ II stands for the Euclidean norm of matrices, namely 

II ~ II ~ - -  Tr ( ~ * ~ ) .  (20) 
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P(q3 

Figure 2. The shaded area stands for the region where the Born-Oppenheimer approximation 
breaks down. F l is a safe path along which equation (13) is fulfilled, F2 is an unsafe path 
because it crosses the shaded area where equation (I 3) is not fulfilled for all variables. 

This requirement led to a new equation to be fulfilled by A, 

V" VA + VA t . VA + AV"  A txA  = 0. (21) 

This equation, as the authors stated, is too complicated for practical use. More- 
over, since no analysis is given, it is not clear what kind of  solutions to expect from 
such an equation. Some insight can be gained by assuming A to be unitary. Then, 
following a few algebraic rearrangements, this equation reduced to: 

(V + AVA)-(VA + ~A) = 0. (22) 

From this equation it is evident that every (approximate) solution of  equation (12) 
is also a solution of  equation (22). It is true that the converse may not hold, namely 
that there are solutions of  equation (22) which are not solutions of  equation (12), but 
it is not at all clear that they exist and, if they do, whether they are relevant to our 
problem or not. Here we would like to suggest a different approach to this problem. 

It is true that equation (15) is a sufficient condition for equation (12) to have a 
unique solution, but it does not seem to be a necessary condition for those cases where 
the BO approximation is valid. Consequently, our approach for deriving the quasi- 
diabatic representation is to calculate A by solving the integral equation in equation 
(14). Such a solution can be found and will be approximately unique as long as the 
path Fremains within regions where equation (13) is fulfilled. It has to be emphasized 
that these are the regions for which the BO approximation, for the number of  states 
included in the reduced space, holds. However, if the path Fcrosses a region where 
equation (13) is not fulfilled then the final solution also may not be unique. Thus, one 
may distinguish between a safe path and an unsafe path. A description of this 
situation is given in figure 2, where the shadowed area is the region for which the BO 
approximation breaks down. We also show two paths which combine the two end 
points Po(qo) and P(q): one path, G ,  does not pass through the shadowed area and 
therefore is considered as safe because along it equation (13) is fulfilled by the 
matrices, and the other path F2, is unsafe because along it equation (13) is not always 
fulfilled and therefore corresponding solution may be wrong. Safe paths (as is seen 
from figure 2) can always be found unless P(q) is located in the troublesome area itself. 
In such a case, the value of  A may be obtained either by some kind of  interpolation 
or by modifying some of  the % matrices so that equation (13) is at least approximately 
fulfilled (a case like that is considered in the appendix). 

4. The linear E | ~ Jahn-Teller problem 

The preceding arguments can be made precise by reference to the linear E | 8 
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Jahn-Teller problem. Extensive treatment of this problem has been given earlier 
[6, 8-10]; more recent developments are found in Bersuker and Polinger [11]. Our 
concern here is the reformulation of  known results in terms of  the transformation 
matrix A (equation (10)), in a manner that illustrates the general arguments of our 
method. 

In a molecular E | e system, two degenerate states ((1, (2) of the electronic 
doublet E are coupled to a set of vibrational states arising from a doubly degenerate 
mode (~) represented by the two-dimensional polar coordinates (q, ~b). We shall now 
write down an equivalent Hamiltonian H that describes correctly the trajectory of the 
coupled electron-vibrational system in the Hilbert subspace spanned by (1, (2 and for 
small amplitude vibrational motion ('small' qualifies the size of the atomic displace- 
ments in comparison with the interatomic distances in the molecule; whereas the 
displacements can be large when compared to the zero-point motion amplitudes of the 
uncoupled system). For  this purpose we introduce, following Longuet-Higgins et al. 
[9], an electronic phase angle 0 for the electronic motion in the E((~, (2) subspace, and 
write the coupled Hamiltonian as 

n = ~E~ -- ~ + ~ -,,b 0q2 q Oq q2 O~b2 + q2 _ 2kq cos (20 - q~) . 

(23) 

Here E~, E,~b are electronic and vibrational energies, respectively, such that their 
ratio 

E v i b / E o ~  - ~; (24) 
is small. The last term in the Hamiltonian is responsible for the electronic-vibrational 
coupling whose strength (represented by k) may be considerable (e.g., k ~ 5 gives a 
Jahns stabilization energy (1/2)k2Evib that is characteristic of strongly coupled 
vibronic systems). With no coupling (k = 0) there are doubly degenerate solutions of 
(23) of the form 

1 
~,+) - exp(+_inO); n = 1, 2, (25a) 

with eigenvalues (1/2)Eel n2. We can suppose that the solutions with n = 1, i.e., 

1 
~(+) = x / ~  exp(_i0)  (25b) 

are the representatives of the (uncoupled) E doublet, while solutions with n :~ 1 
represent other electronic states at energy separations which are large on the scale of 
vibrational energies. 

With the coupling reinstated (k # 0), we can find the adiabatic solutions of the 
electronic Hamiltonian, namely (H -- Tu), in the form shown in equation (4). One can 
find approximate solutions correct to the order ~kq that diagonalize the coupling term 
within the lowest doublet n = I in equation (25b). The electronic degeneracy is removed 
and one obtains 

1 
~1 = ~ COS(0 -- 14)  

V~ = 1/2 Ee,[1 + y(q2 _ 2kq)] (26) 
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q2 

L v ( q l , q 2 )  

Vl 

Figure 3. Adiabatic potential energy surfaces V~ and V2 for the two degenerate electronic 
states in the E | n Jahn-Teller problem as a function of the two vibrational coordinates (q, q~). 

and 

1 
~2 = ~ s i n ( 0 - � 8 9  

I/2 = !/2 Ee,[l + 7(q 2 + 2kq)]. (27) 

The ordering of the states depends on the sign of k. There are nonadiabatic corrections 
to the solutions in equations (26) and (27) that are of order vkq and therefore small. The 
two adiabatic potential surfaces V~, V2 are shown in figure 3. They intersect at q = 0, 
at which point the separation breaks down. 

Once the electronic problem is solved, we may write the equations of the vibrational 
cofactors L(Q) in the form (see equation (3)) 

d 
IT,, + Elx ,  + ~ ~ z~ = gz,  

[TN + ~]Z2--  7 ~ Z ,  = Ez2, (28) 

where 

02 1 d 1 d 2 ) 
N 

8q 2 

yEol E,~b 
-- 2q~ -- 2q~- 

(29) 

Next we consider those regions for which q is large and assume for simplicity that 
k ~> 1 so that, in the lower state, the radial motion is confined to a deep trough 
located at q = tk[. Consequently, equation (28) becomes decoupled and the corre- 
sponding angular adiabatic solutions are 

z~(q,~b) = exP(�89 m = +_1, +_2, . . .  

z2(q, ~b) = 0, (30) 

where the potential for the translational motion with respect to q is 

m 2 
e,,,(q) = ~(q) + -~E~b---y. (31) 

~ q 
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The following treatment will be restricted to m = 1. 
The % matrix introduced in equation (8a) is now simply given by 

(%)12 = ~l q ~2 = ~-~ cos(0 - �89 8 sin(0 - �89 (32) 

or 

1 
(~)12 --- - (~)21 = 2--k' (33) 

since the coordinate q takes the value k in the deep trough. As for the ~q matrix 
elements, they are all identically zero. We note that relation (13) is satisfied for these 

matrices. 
Retracing the preceding development for the quasidiabatic scheme (section 3), we 

take for the lowest electronic doublet that in equations (26) and (27) with the 4) 
coordinate fixed at ~b = 0, namely 

1 
~1 = 7 ~  COS 0 

1 
(2  - sin 0 (34) 

instead of  that in equation (25b). Within this doublet we have diagonal terms that are 
again given by the energies V~, V2 in equations (26) and (27). The coupled equations 
for the quasidiabatic vibrational cofactors r/l , r12 introduced in equations (10) and (11) 
are the well known equations (e.g., equation (3.4) in reference [6]), namely, 

{TN + �89 [1 + ?(q2 __ kq C O S q ~ ] } ~ I  - -  { Eel?kq sinq~q2 = Erh 

{TN + 1Eel [1 + 7(q 2 + kq cosq~]}r/2 - �89 sin~b~/l = Eq2. (35) 

The angular (adiabatic) solutions (corresponding to the m = 1 solutions of the 
BO case) are 

q2 = (1 - e~)/~/4n, (36) 

and their complex conjugate. Evidently, the total wavefunction ~(0, q~ q) given by 
equation (3) is identical in the BO and the quasidiabatic schemes. 

Ultimately, the objective of this section is to derive the transformation matrix A 
defined in equation (10) and given by either equation (12) or equation (14), and to 
check for its uniqueness. Now differential equation (12) is completely given through 
the matrix elements (32) and (33); however, its integrated form, equation (14), 
depends on the path Fchosen for ds: for an anticlockwise rotation from 0 to q~ along 
q = k (path/"1 in figure 4) one obtains 

A = (c~  sin(qfl2) / (37) 

- sin (~b/2) cos (~b/2) / 

whereas, for a clockwise rotation to the same point (k, ~b - 2r 0 in the (q, q~)plane 
[path/12 in figure 4), one obtains the negative of  the previous matrix. The change of  
sign arises from the half angle in (37) and is related to the Berry phase change [12]. 
(Incidentially, we note that A given in equation (37) combined with the expressions 
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q2 

P 

Po 

Figure 4. Paths in the (ql, q2) plane around a singularity at the origin. Paths F~ and F2 connect 
two points in an anticlockwise and clockwise sense, respectively, yielding different 
transformation matrices. Path F3, though different from F~, rotates in the same sense and 
gives identical results. 

for Z given in equation (30) and g given in equation (36)] satisfy equation (10); the 
same is true for the potential energy surfaces given in equations (26) and (27) and 
equation (36) as well as for the electronic wavefunctions given in equations (26), (27) 
and (25b). 

What happens when one slightly disturbs the path F~, e.g., to reach (k, ~b) along 
F33 in figure 4? One still obtains equation (37), since the component dq of the path 
vector ds is multiplied by the matrix elements %.~ which are identical to zero by 
equation (33). This will hold true for all path deformations, that do not cross the 
origin q = 0. At that point the approximations that we have made break down. 

5. Conclusion 

In this work we have briefly reviewed an approach for obtaining well defined 
diabatic states employing the adiabatic-diabatic transformation matrix A. However, 
in contrast to previous publications [2, 3], here we have emphasized the case of 
reduced representation for which the closure relation given in equation (15) is not 
fulfilled. We have shown that the adiabatic--diabatic transformation is well defined in 
those regions for which the BO approximation, included in the electronic manifold, 
is valid. Consequently, the resulting diabatic states are well defined and unique in 
those corresponding regions. We have even gone one step further and have shown 
how to obtain diabatic states in those regions where the BO approximation is not 
fulfilled. 

Special emphasis has been placed on the linear E | ~ Jahn-Teller problem, which 
represents a situation of conical intersection. It is shown that the adiabatic-diabatic 
matrix ,4 (which is responsible for the connection between the adiabatic and the 
diabatic representation) is well defined even in a case which is characterized by a 
singularity, provided that the path along which ,4 is calculated does not cross this 
singularity. Also we have shown that the path integral along contours which do not 
contain the singularity is zero and, along those which encircle it, yields a value of re. 
It appears therefore for conically intersecting adiabatic potentials that, when the 
transformation is not unique, this happens for reasons that are rooted in the potential 
energy surface topology of degenerate states (Berry phase change) and not in an 
approximation or curtailment of  the basis set. 
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Appendix 
Modification of the reduced nonadiabatic coupling matrix 

As an example, we consider the two surface case for which the necessary condition 
to have a well defined transformation matrix A, nameIy 

d ' %  ~'q2 = 0 (A1) 
t3q2 t3ql 

is not fulfilled at a given [q~, q2] region (see the shaded area in figure A1). Thus the 
idea is to introduce a matrix ~q~ defined as 

"~ql = "l~ql + ~ (A2) 

so that ~q~ and ~'q2 will fulfil equation (AI) 

- 0 ( A 3 )  
dq2 dq~ 

Substituting equation (A2) in equation (A3) yields an equation for 5, 

~ - -  8"~q2 ~'~ql (A4) 
t3q2 t3ql t3q2 ' 

which can be solved for each value of  q~, 

~q q2 ~'~ q2 
e(ql, q2) = ~(ql, q20) + dq2 ~ql - (~q~(ql, q2) - ~q~(ql, q20)). (A5) 

2O 

If, now, along the line q2 = q20, equation (Al) is fulfilled, this implies that 

n(q~, q20) = 0 (A6) 
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q2 

(a) 

P(ql ,q2) 

.... �9 
(qt,q2o) 

Po (ql0'q ZO ) 

q~ 

q2 P(q i,ci 2) 

~ (ql~,q2) 

6 Po (qlo,q20) 

ql 

Figure AI. The (q], q2) plane with shaded region in which equation (AI) is not fulfilled. In 
(a) is shown a path along which the modified value of tqt(q~, q2), i.e., ~ql(ql, q2), is 
calculated; (b) shows the path used for calculating A(~l, q2) (see equation (14)), once 
"~ql(ql, q2) is replaced by ~q](q~, q2) given in equation (A7). 

and, consequently, the modified value of  Zq,, i.e., ~qt is given in the form 

fq q2 0~q2 (A7) ~q,(qL, q2) = "~q~(q], 920) q- dq2 dq--~" 
2O 

This new expression of  ~q, can now be used in any further calculation of A. 
In a similar way, we could modify ~92, which will be given in the form 

fq ql O,,[q I (A8) ~q2(ql, q2) = gq2(qlo, q2) -F dql Oq--'-~" 
10 

To calculate A at a point/~(s s we may employ for instance the modified value 
of'cq, given by equation (A7) and integrate the corresponding equation (14) along the 
path shown in figure (Alb). 


