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A model is presented for studying the interaction between two conical intersections (e.g. a
dimer of two bound molecules each characterized by a conical intersection). The model is an
extension of a previous model for a single conical intersection formed by an electron housed in
a vibrating molecule (Baer, M. and Englman, R., 1992, Molec. Phys., 75, 293). We distinguish
between two situations: when the coupling is weak (for instance when it takes place in the
asymptotic region) and when it is strong. The study is accomplished by calculating the adia-
batic± diabatic transformation (ADT) matrix. Whereas the features of the ADT matrix for
weak coupling seem reasonable (and to a certain extent expected), we ® nd some unexpected
features in the case of strong coupling. In particular, the two characteristic ADT angles of the
uncoupled systems namely …’1=2† and …’2=2† are replaced by two new ADT angles, namely,
…’1 ‡’2†=2 and …’1 ¡ ’2†=2. This implies that the corresponding nuclear wavefunctions,
which originally were multi-valued, become single-valued in cases of strong interaction.

1. Introduction

The study of e� ects of doubly degenerate electronic
states on molecular processes is becoming a major sub-
ject in molecular physics [1± 11]. In this context, Baer
and Englman [7] suggested examining these e� ects by
employing a model consisting of a molecular electron
coupled to the vibrational motion of the molecule, i.e.,
a conical intersection [1, 2]. The electron± molecule coup-
ling was studied within the framework of a two-state
model (namely, a 2-dimensional Hilbert space), and it
was shown [7± 9] that the geometrical features of this
system were determined solely by the adiabatic± diabatic
transformation (ADT) angle ¬ [12]. It was shown also
that the ADT angle, once calculated along a closed path
around the point of degeneracy [7± 9], yields the Berry
phase  [3]. This was con® rmed [9]both for the resulting
Jahn± Teller-type degeneracy (in this case  was found to
be equal to º) and when the Jahn± Teller degeneracy was
removed by a perturbation · (in that case  was found
to be equal to 2º (or zero)). Recently [13]the model was
extended to involve two such electrons, each one
attached to a (di� erent) molecule, and the aim was to
study a situation where two systems, each governed by a
conical intersection, interact with each other. This
extended system was treated within a 4-dimensional Hil-

bert space and therefore it yielded some new geometrical
features. However, this treatment was carried out
assuming the interaction between the molecules to be
weak. In the present article, the model is extended to
include the case where the interaction is relatively
strong, and the results are rather di� erent.

2. The model

Our model contains two electrons, each housed in a
separate molecule and with its motion coupled to the
vibrational motion of the corresponding molecule. In
addition, the two electrons interact with each other by
a Coulomb force. Such a model can represent a weakly
bound dimer of the form: A3 A 0

3 [11b] or simply a
scattering process between two molecules, both having
conical intersections. The aim of the present study is to
analyse the e� ect of this type of external electron± elec-
tron coupling on the degeneracy of the global system
and the resulting multivaluedness of the nuclear wave-
functions: in other words, to obtain the ADT angles
connected with this situation.

As in our previous study [13] the motion of each of
the electrons will be described in terms of one (periodic)
coordinate ³i, i ˆ 1; 2, and the vibrational motion of
each of the two mother molecules will be described in
terms of two coordinates: a polar periodic coordinate ’1
(’2) (de® ned along the interval (0; 2º)) and a radial (dis-
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placement) coordinate q1 …q2†. There are other (nuclear)
coordinates, responsible for the relative motion of the
two molecules, but these will not be speci® ed. As men-
tioned earlier, the Hamiltonian we shall apply is an
extension of an electronic Hamiltonian which has been
used before to describe a single electron housed in a
vibrating molecule [7± 9], namely a Hamiltonian that
contains periodic potentials in both ³i and ’i, i ˆ 1; 2.
The type of potential chosen previously for the single-
electron molecule model yielded a Schroedinger equa-
tion which is the same as the Mathieu equation [7,
11a]. The potentials which govern the two-electron mol-
ecule systems in the present study are similar, and conse-
quently the resulting Hamiltonian can be considered as a
kind of extended-Mathieu equation:

H ˆ H1 ‡H2 ‡H12; …1†
where

Hi ˆ ¡ 1
2 Eiel

@2

@³2
i
‡Gi cos …2³i ¡ ’i† i ˆ 1; 2; …2†

and

H12 ˆ G cos ‰2…³1 ‡³2† ¡ …’1 ‡’2†Š: …3†
In these equations, Eiel, i ˆ 1; 2, are characteristic

electronic magnitudes and Gi, i ˆ 1; 2, are the (inter-)
electronic± nuclear coupling coe� cients usually assumed
to be equal to kiqi, where ki is a force constant of the ith
molecule. The third term in equation (1), namely H12,
describes a Coulomb-type interaction between the two
electrons, each attached to one molecule, and therefore
the coe� cient G depends on the distance between the
two molecules (and eventually on other physical magni-
tudes). Electronic Hamiltonians of two interacting mol-
ecules were discussed in a series of papers by Dexter et
al. [11c± e].

In contrast to the previous study, here we intend to
study also a strong interaction case. Usually this implies
the study of the close proximity region. However, we do
not mean this region (on the contrary this region is out-
side our interest because the molecules and their
attached electrons lose (within it) their identity) but a
di� erent one, as will be de® ned later. This region, which
still can be treated within our model, will be shown to be
of physical importance although being far from the close
proximity region.

3. The solution of the eigenvalue problem

The equation we are interested in solving is the fol-
lowing (electronic) eigenvalue equation:

…H ¡ ²…’1; ’2††C…³1; ³2 j’1; ’2† ˆ 0; …4†
where ²…’1; ’2† is an eigenvalue and C…³1; ³2 j’1; ’2† is
the corresponding eigenvector; the bar speci® es the

parametric dependence of C on the nuclear coordinates
’1 and ’2. The solutions for this equation will be con-
structed from products of solutions of the following
single-electronic eigenvalue equations [9]

…Hi ¡ uij†Áij ˆ 0 i ˆ 1; 2; j ˆ 1; 2; …5†

where the Áij and the uij are the corresponding eigenvec-
tors and eigenvalues. As for the indices, the ® rst index
designates the molecule and the second refers to one of
the two lowest eigenvalues (we assume throughout this
composition a 2-dimensional Hilbert space for each elec-
tronic molecule). Since in this way, for the global
system, a 4-dimensional Hilbert space is formed, the
function C will be presented as a linear combination
of products of the type Á1j Á2k where j, k ˆ 1; 2. Thus:

C ˆ X2

jˆ 1 X2

kˆ 1
ajkÁ1j Á2k: …6†

In [9]we showed that the two general adiabatic inde-
pendent solutions of equation (5), relevant for our pur-
pose, have the form

Á1…³ j’† ˆ Xancosn ³ ¡
’

2 …7a†

and

Á2…³ j’† ˆ Xbn sinn ³ ¡
’

2
; …7b†

where the summation index runs over the odd integers
starting with n ˆ 1. As in [9]we shall assume that each
of the parameters Gi, i ˆ 1; 2, is much smaller than the
corresponding Eiel, i ˆ 1; 2. This simpli® es signi® cantly
the derivation of the functions Áij and the corresponding
uij values. Thus, following [9]we have for the eigenfunc-
tions:

Ái1 ˆ Ci…ci ‡¶ic
3
i † …8a†

where

Ci ˆ
1���ºp …1 ¡ 3

4 ¶i† andci ˆ cos ³i ¡
’i

2
;

Ái2 ˆ Si…si ¡ ¶is
3
i † …8b†

where

Si ˆ
1���ºp …1 ‡3

4 ¶i† and si ˆ sin ³i ¡
’i

2
;

and ¶i ˆ …1=2†…Eiel†¡1Gi; for the corresponding eigen-
values:

ui1 ˆ 1
2 …Eiel ¡ Gi†; ui2 ˆ 1

2 …Eiel ‡Gi† i ˆ 1; 2: …9†

The eigenvectors presented in equations (8a, 8b) and the
eigenvalues in equation (9) are of a ® rst-order accuracy.

1186 M. Baer et al.



Substituting C given in equation (6) in equation (4),
multiplying the resulting expression by each of the
(product) functions Á1jÁ2k, where j ˆ 1; 2 and k ˆ 1; 2,
integrating over the two electronic coordinates ³i,
i ˆ 1; 2, and recalling equation (5) we obtain the 4 4
eigenvalue problem

H11;11 ¡ ² 0 0 ¡ 1
2 G

0 H11;22 ¡ ² ¡ 1
2 G 0

0 ¡ 1
2 G H22;11 ¡ ² 0

¡ 1
2 G 0 0 H22;22 ¡ ²

ˆ 0

…10†

Here Hjj;kk are de® ned as follows:

H11;11 ˆ Eel ¡ 1
2 …G01 ‡G02 ¡ G†;

H11;22 ˆ Eel ¡ 1
2 …¡G01 ‡G02 ‡G†;

H22;11 ˆ Eel ¡ 1
2 …G01 ¡ G02 ‡G†

H11;22 ˆ Eel ¡ 1
2 …¡G01 ¡ G02 ¡ G† …11†

where

G0i ˆ Gi ¡ G
Gi

4Eiel
and Eel ˆ 1

2 …E1el ‡E2el†: …12†

It is noted that in this treatment we obtained the H

matrix elements to ® rst-order accuracy. In what follows
we assume that Gi Eiel and so that Gi’s will replace
G0i’s.

To obtain the eigenfunctions we must ® rst obtain the
eigenvalues which, in this case, can be derived readily
because the determinant of 4 4 breaks up into a prod-
uct of two determinants of 2 2. The four corre-
sponding eigenvalues are

²1 ˆ Eel
1
2‰…G1 ‡G2†2 ‡G2Š1=2 ‡1

2 G

²2 ˆ Eel
1
2‰…G1 ¡ G2†

2 ‡G2Š1=2
¡ 1

2 G …13†

In what follows we consider two extreme situations.
(1) In this situation G Gi, i ˆ 1; 2. Usually this is

encountered when the interatomic displacements are
small. In other words since Gi ˆ kiqi, i ˆ 1; 2, it is
noted that Gi is small whenever qi approaches zero. In
contrast to the values of the Gi’s the value of G is deter-
mined essentially by the distance between the two mol-
ecules and hardly by their qi values. Therefore, as long
as this distance is not too large we assume that G will
ful® l the above condition. As a result we obtain the
following eigenvalues,

²‡
1 ˆ Eel ‡G;

²¡
1 ˆ Eel;

²‡
2 ˆ Eel;

²¡
2 ˆ Eel ¡ G; …14†

and the corresponding eigenvectors,

C2 ˆ
1���2p…Á11Á22 Á12Á21†;

C1 ˆ
1���2p…Á11Á21 Á12Á22†: …15†

From equation (1) it is seen that ignoring the coupling
H12 all four surfaces become degenerate when both q1
and q2 are equal to zero. Incorporating the coupling
removes part of the degeneracy leaving only two sur-
faces degenerate.

At this stage it is important to emphasize that
assuming G to be large enough to ful® l the condition
G Gi, i ˆ 1; 2; does not necessarily imply that the two
molecules have to be in close proximity. For instance in
the vicinity of each of the molecules’ equilibrium dis-
tance, i.e., qi 0; i ˆ 1;2; the corresponding
Gi…ˆ kiqi†, i ˆ 1; 2; are relatively small and G does not
have to be particularly large to ful® l the above require-
ment. In this study, purposely, we excluded the close
proximity region (where G is expected always to ful® l
the above-mentioned condition) because within it the
molecules and their attached electrons lose their iden-
tity. It is obvious that our treatment is meaningful as
long as the two interacting molecules more or less keep
their identity.

(2) This is the situationwhen Gi G; i ˆ 1; 2 (in what
follows we assume that G2 > G1): This case was treated
by us before [13]but is considered here again to show
that our present more general formulation yields the
same results. Usually this is encountered when the
atomic displacements …q1 and q2† are not small and
the distance between the two molecules is large. Again
since Gi ˆ kiqi, i ˆ 1; 2; the value of Gi increases when qi

increases. As for G, since it is determined primarily by
the distance between the two molecules (and only
vaguely by the qi values) it is expected to decrease as
this distance increases. Therefore, as long as this dis-
tance is large enough the above condition is ful® lled.
As a result we obtain the eigenvalues

²‡
1 ˆ Eel ‡1

2 …G1 ‡G2 ‡G†;

²¡
1 ˆ Eel ‡1

2 …¡G1 ¡ G2 ‡G†;

²‡
2 ˆ Eel ‡1

2 …G1 ¡ G2 ¡ G†;

²¡
2 ˆ Eel ‡1

2 …¡G1 ‡G2 ¡ G†; …16†
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and the corresponding eigenvectors

C‡
1 ˆ Á12Á22;

C¡
1 ˆ Á11Á21;

C‡
2 ˆ Á12Á21;

C¡
2 ˆ Á11Á22: …17†

From equation (16) it is seen that the coupling
removes the degeneracy of the system. The reason is
that a degeneracy is formed only when G1 …< G2† is
equal to zero, but in this case the degeneracy is removed
by the perturbation even though it is small.

This completes the derivation of the eigenvalues and
the eigenfunctions for the two limiting cases. In the next
section we shall use these eigenfunctions to calculate the
ADT matrix.

4. The derivation of the non-adiabatic coupling terms

and the adiabatic± diabatic transformation matrices

Next we derive the ADT matrix [12]. It turns out that
the only way to guarantee that a nuclear wavefunction
possesses the correct geometrical features is to employ
the ADT matrix [12](if it exists) which transforms a set
of single-valued functions to a set of functions with the
required geometry. In other words, the ADT matrix
contains the geometrical properties of the system
enforced by the electronic eigenfunctions. This fact
was demonstrated in a series of studies, all of which
(except for a recent preliminary study on the same
system [13]) were performed for a 2-dimensional Hilbert
space [7± 9]. The present study will be applied to the
more extended 4-dimensional Hilbert space.

To derive the ADT matrix we must ® rst obtain the
non-adiabatic coupling matrices ½ . Having the eigen-
functions we derive the non-adiabatic coupling matrices
½’1 and ½’2. These are 4 4 anti-symmetrical matrices
with elements [12a]

…½’i1†mn ˆ q¡1
i Cm

@

@’i
Cn

* +
i ˆ 1; 2; …18†

where the Cm, m ˆ 1; . . . ; 4, designate the C’s de® ned
in equations (15) and (17). As in the previous section,
we distinguish between the two situations (in each of
these we obtain di� erent ADT matrices), the ® rst of
which is when the two molecules interact strongly and
the other is when they do so weakly. Employing equa-
tion (15) we obtain the ½’1 and ½’2 for the ® rst case,
namely,

½’1 ˆ
1

2q1

0 0 0 ¡1

0 0 1 0

0 ¡1 0 0

1 0 0 0

0BBBBBB@
1CCCCCCA

;

½’2 ˆ
1

2q2

0 0 0 ¡1

0 0 ¡1 0

0 1 0 0

1 0 0 0

0BBBBBB@
1CCCCCCA

; …19†

and employing equations (17) we obtain them for the
second case,

½’1 ˆ
1

2q1

0 0 1 0

0 0 0 1

¡1 0 0 0

0 ¡1 0 0

0BBBBB@
1CCCCCA

;

½’2 ˆ
1

2q2

0 1 0 0

¡1 0 0 0

0 0 0 1

0 0 ¡1 0

0BBBBB@
1CCCCCA

: …20†

Next the 4 4 ADT matrices will be obtained. If A is
such a matrix it follows from the solution of the vector
equation [12a].

rA ‡sA ˆ 0 …21†
where r is the gradient operator and s is a vector of
matrices where each component refers to one coordi-
nate. In our present case we encounter four coordinates
’1, ’2, q1 and q2 but in [9]we showed that within a ® rst-
order approximation the radial non-adiabatic coupling
terms are zero. Therefore s and also r are two-com-
ponent vectors: one component with respect to ’1, and
the other with respect to ’2:

1
q1

@

@’1
A ‡½’1A ˆ 0; …22a†

1
q2

@

@’2
A ‡½’2A ˆ 0: …22b†

The necessary condition for equation (22) to have a
unique solution is that [12]

curl s ˆ ‰s sŠ …23†
Again as was shown in [13] this condition is ful® lled

by the present ½ matrices and so the uniqueness is guar-
anteed.
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To solve equation (22) we use the fact that s is a
constant vector matrix. Because of that the solution
can be presented as a product of two matrices, one
dependent on ’1 and the other on ’2:

A ˆ A1…’1†A2…’2†: …24†

Since A has to be orthogonal, A1 and A2 must be orth-
ogonal as well. The matrices A will be solved subject to
the boundary condition that A…’1 ˆ 0; ’2 ˆ 0† ˆ I. The
way we shall solve equation (22) is to substitute equation
(24) in (22a) and multiply it, from the right hand side by
…A2†¡1, so that we obtain an equation for A1 only:

1
q1

d
d’1

A1 ‡½’1A1 ˆ 0: …22a 0†

A solution will be found for the boundary condition
A1…’1 ˆ 0† ˆ I. The appendix shows how a general sol-
ution for such an equation can be derived. Once A1…’1†
is obtained we consider equation (22b) where, again,
equation (24) is employed to replace A. To obtain an
equation for A2 the matrix A1 has to commute with ½’2

which indeed it does. Thus, multiplying the newly
formed equation (22b) by …A1†¡1 from the left hand
side ® nally yields the equation for A2:

1
q2

d
d’2

A2 ‡½’2A2 ˆ 0: …22b 0†

Equation (22b 0) is solved in the same way as (22a 0). As a
result of these treatments we obtain the following sol-
utions.

For the strong coupling case the matrices ½ in equa-
tion (19) are used and we obtain the following Ai,
i ˆ 1; 2:

A1…’1† ˆ

cos ¬1 0 0 sin ¬1

0 cos ¬1 ¡ sin ¬1 0

0 sin ¬1 cos ¬1 0

¡ sin ¬1 0 0 cos ¬1

0BBBBB@
1CCCCCA

;

…25†

where ¬1 is equal …’1=2†, and

A2…’2† ˆ

cos ¬2 0 0 sin ¬2

0 cos ¬2 sin ¬2 0

0 ¡ sin ¬2 cos ¬2 0

¡ sin ¬2 0 0 cos ¬2

0BBBBB@
1CCCCCA

;

…26†

where ¬2 is equal …’2=2†.
For the weakly coupled case we use the matrices ½ in

equation (20) and we obtain for Ai, i ˆ 1; 2:

A1…’1† ˆ

cos ¬1 0 ¡ sin ¬1 0

0 cos ¬1 0 ¡ sin ¬1

sin ¬1 0 cos ¬1 0

0 sin ¬1 0 cos ¬1

0BBBBB@
1CCCCCA

;

…27†
where ¬1 is equal to …’1=2†, and

A2…’2† ˆ

cos ¬2 ¡ sin ¬2 0 0

sin ¬2 cos ¬2 0 0

0 0 cos ¬2 ¡ sin ¬2

0 0 sin ¬2 cos ¬2

0BBBBB@
1CCCCCA

;

…28†
where ¬2 is equal to …’2=2†.

From equations (25)± (28) it is seen that all four Ai

matrices ful® l the required boundary condition
Ai…¬i…’i ˆ 0†† ˆ I. Since A is equal to the product
A1A2 (see equation (24)), A changes sign whenever
either A1 or A2 does, which happens when either ’1 or
’2, respectively, completes a full cycle …’i !’i ‡2º†. It
is interesting to note that when both complete a cycle no
change of sign follows.

5. Discussion and conclusion

In this work we concentrated on deriving the ADT
matrix for a model system which consists of two inter-
acting polyatomic molecules both of which have conical
intersections. The main purpose of this study is to estab-
lish the way the interaction between the two molecules
a� ects characteristic features of the two isolated mol-
ecules. To this end we considered two situations, one
in which the interaction between the two molecules G
is weak, so that at least one of the Gj’s ful® ls the con-
dition Gj G, and the other when the interaction is
relatively strong, so that G Gj, j ˆ 1; 2. In both
cases we assume the two interacting molecules to be
far enough from each other so that their identity is not
lost. In [13] we considered only the weak interaction
situation. The results of that study were validated in
the present study, which is, in two respects, more gen-
eral. (i) In the previous study we employed zero-order
electronic eigenfunctions and here we use ® rst-order
eigenfunctions. (ii) The basis set used to solve equation
(4) was taken to be a single term of the type Á1jÁ2k,
whereas here we assumed it to be a linear combination
of all the four products as presented in equation (6). The
novel part in the present work is the study of the
stronger interaction case. The study concentrates on
deriving the ADT matrix which is signi® cant in two
respects: (a) it yields the required topological features
(symmetry and multi-valuedness) of the nuclear wave-
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functions; and (b) it is required for further studies of the
nuclear (or atomic) dynamics.

We refer ® rst to the weak interaction situation. In this
case we found that adding the coupling forms one single
4 4 ADT matrix A out of the two ADT matrices (each
characterized by a single ADT angle). We found that A
changes sign whenever one of the electronic basis func-
tions changes sign (this happens when either ’1 or ’2
completes a cycle). This implies that the nuclear wave-
functions, like the electronic ones, have to be multi-
valued. In the single molecular electron case we
showed that change of sign of the ADT matrix, and
therefore also the multivaluedness of the nuclear wave-
function, are closely connected with the fact that the
electronic eigenvalues (namely, the nuclear potential
energy surfaces) have a degeneracy [9]. From the present
study it follows that this feature is doubled in case a
second molecular electron is added to the system. How-
ever, we found also that coupling the two systems partly
removes the degeneracy, reducing the two in® nite seams
formed in such a situation to a surface of degeneracy in
the extended con® guration space (see equation (16)).
Moreover, we showed that although the coupling
removes the degeneracy almost entirely, it hardly a� ects
the multi-valuedness of the nuclear wavefunctions. This
is because the 4 4 ADT matrix changes sign whenever
one of the angles completes a cycle. A more extensive
analysis is given in [13].

A new situation is encountered for the strong inter-
action case. To see this, we shall ® rst form, employing
equations (25) and (26), the relevant ADT matrix A.

A…’1; ’2† ˆ

cos ¬ 0 0 sin ¬

0 cos  ¡ sin  0

0 sin  cos  0

¡ sin ¬ 0 0 cos ¬

0BBBBB@
1CCCCCA

;

…29†
where

¬ ˆ ¬1 ‡¬2 ˆ 1
2 …’1 ‡’2†

and

 ˆ ¬1 ¡ ¬2 ˆ 1
2 …’1 ¡ ’2† …30†

The following should be noted.
(a) The ADT matrix, which is of dimension 4 4,

usually transforms a 4 4 adiabatic set of equations to
a 4 4 diabatic set of equations. However, in this case it
transforms the 4 4 adiabatic set of equations to two
uncoupled 2 2 diabatic sets of equations: one set of
coupled equations is related to the second and the
third states in equation (14), which are seen to be degen-
erate, and the other set of equations is related to the ® rst

and the fourth states, in equation (14), which possess no
degeneracy.

(b) Whereas the original two uncoupled systems are
characterized by their respective ADT angles, namely
…’1=2† and …’2=2†, the newly, strongly coupled system
is characterized by the two angles ¬ and  (see equation
(30)) which have the range …0; 2º†. This implies that the
newly formed nuclear functions will be, in each case,
single-valued. This result may be unexpected but a
deeper look reveals that indeed this is the correct
result. We recall that the strong interaction case is
formed when both q1 and q2 0. Due to the (relative)
strong coupling at the extended origin …q1; q2† ˆ …0; 0†
two di� erent situations are encountered when a path
surrounds this origin: a double degeneracy situation
and a no-degeneracy situation. In both cases, of course
the corresponding ADT angles will be de® ned in the
range of …0; 2º† and therefore the respective Berry
phases are either zero or 2º.

M.B. would like to thank Dr R. Baer for valuable
discussions regarding the various aspects of this study.

Appendix

Derivation of the matrix A from equation (22 0)
We shall consider the following equation which,

although somewhat di� erent from the one in the text,
bears a straightforward relationship to it:

d
d’

A ‡½A ˆ 0; …A 1†

where ½ is an anti-symmetric matrix of dimension
N N with the property that each row contains one
single nonzero element (being 1 or ¡1).

Di� erentiating equation (A 1) with respect to ’ we
obtain

d2A
d’2 ‡½

dA
d’ ˆ 0: …A 2†

Replacing …dA=d’† by equation (A 1) and recalling
the fact that ½2 ˆ ¡I where I is the unity matrix, we
obtain for equation (A 2) the result

d2A
d’2 ‡A ˆ 0: …A 3†

Equation (A 3) implies that each element in A can be
written as a linear combination of cos ’ and sin ’:

Aij ˆ aij cos ’ ‡bij sin ’: …A 4†
The coe� cient matrices a and b are determined by

initial conditions and by the fact that A must ful® l equa-
tion (A 1). Since A, for ’ ˆ 0, is required to be the unity
matrix, this implies that aij ˆ ¯ij where ¯ij is the

1190 M. Baer et al.



Kronecker ¯-function. Next we return to equation (A 1)
and consider the kth row. Let us assume that the m th
element of ½ in this row, ½km ˆ 1 (then the rest are
zero). The multiplication of the k th row of ½ and the
matrix A will produce the mth row of A and therefore
from equation (A 1),

dAk

d’
Am ˆ 0; …A 5†

where Ak and Am are the kth and the mth rows of A.
Considering now each element in equation (A 5) we
obtain

bkj cos ’ ¡ ¯kj sin ’ ˆ …bmj sin ’ ‡¯mj cos ’†

j ˆ 1; . . . N: …A 6†
Since these equalities must hold for every ’, we ® nd the
following relations …k 6̂ m†:

bkm ˆ ¡bmk ˆ 1; bkj ˆ 0 j 6̂ m;

bjm ˆ 0 j 6̂ k: …A 7†
Thus, the matrix A has elements di� erent from zero at
the diagonal (where they are equal to cos ’) and at those
locations where the matrix ½ has the elements 1 (at
these locations the values of the A elements are equal
to sin ’).

This completes the derivation.
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