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Abstract

We perform pure-sampling quantum Monte Carlo calculations to benchmark den-

sity functionals for 2,2’-bifuran. Our calculations are all-electron and free from all of

the biases and approximations inherent in fixed-node diffusion and reptation quantum

Monte Carlo, except for the fundamental fixed-node bias. Employing a TZ2P basis set

of STO orbitals and wave functions calculated with the following density functionals:

BHandH, PBE0, B3LYP, BLYP, Becke and BP86, we calculate the fixed-node energy

and quadrupole moment. All of these wave functions have fixed-node energies that
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are superior to Hartree-Fock, with the last four having the lowest fixed-node ener-

gies, a variationally-bound quantity, to within statistical error. A weighted average of

these four statistically-equivalent values affords the fixed-node energy to within milli-

Hartree precision: -458.681 ± 0.008 Ha. The “best” functionals incorporate no more

that 20% Hartree-Fock exchange. That their orbitals have nodal structure different

from the others is supported by an analysis of the molecule’s quadrupole moment, a

quantity that is sensitive to the underlying electron distribution. The best function-

als afford statistically-equivalent fixed-node values for the xx- and zz-components of

the quadrupole moment, distinctly different from those calculated from the other or-

bitals. A correlation is seen between the fixed-node energy and the nodal error in its

zz-component, the values for which have the smallest statistical error. The xy- and yy-

components are less sensitive to the nodal structure. As was the case for the energy, our

estimate of the quadrupole moment, which has not been measured experimentally, is

provided by a weighted-average from the best functionals. The dipole moment vanishes

by symmetry. .
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Introduction

There is a vast literature on how predictions of properties of conjugated systems with Density

Functional Theory (DFT) depend on the amount of Hartree-Fock exchange. To improve the

results it is common to increase the amount of Hartree-Fock exchange from their ”normal”

values, for example, in B3P86,1,2 B3LYP,3,4 BHandHLYP,5 and MO6-2X.6,7 This same idea

has been explored in the quantum Monte Carlo literature.8–10

Our objective is to employ pure-sampling quantum Monte Carlo methods to benchmark

the performance of B3LYP and other functionals, thereby providing fundamental insight

into the Hartree-Fock exchange issue as it pertains to a small conjugated system. Our target

molecule is the simplest furan α-oligomer, 2,2’-bifuran. Our approach incorporates DFT

orbitals in single determinant wave functions used in Monte Carlo importance-sampling. We

calculate their fixed-node energies, which are variationally-bound, reflecting the quality of

the underlying density functionals, independent of experiment. We identify wave functions

with superior exchange nodes, as evidenced by their fixed-node energies, and relate this to

the amount of Hartree-Fock exchange in their underlying density functionals.

An important concept is that wave functions with the best exchange nodes, in principle,

provide more accurate values for other electronic properties of interest, which in our case, is

the quadrupole moment. We demonstrate that fixed-node quadrupole moments calculated

from DFT-derived wave functions with the best exchange nodes agree with each other, and

differ from those calculated with less-exact exchange nodes. Furthermore, we show that the

fixed-node energy is correlated with the quality of simulated electron density as reflected by

the molecule’s quadrupole moment.

Pure-sampling algorithms, reviewed in Ref.12, are designed to calculate electronic prop-

erties that are free from importance-sampling bias. We employ the most recent algorithm of

this type, denoted as pure-sampling quantum Monte Carlo (PSQMC),11,13 with associated

special techniques that remove not only importance-sampling bias, but also the more subtle

ones associated with other approaches: fixed-node diffusion Monte Carlo (FN-DMC),14–16
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Figure 1: Paths generated in PSQMC. Reprinted from Ref.11
, with permission of AIP Publishing.

reptation quantum Monte Carlo,17 and “bounce” quantum Monte Carlo.18

All of these algorithms, including PSQMC, rest upon the fixed-node approximation. The

resulting fixed-node bias is a variationally-bound quantity that is generally believed to be

a small percentage of the correlation energy. Nevertheless, it could still lead to difficulties

with calculating small energy differences19 and spin densities.10

Most of the literature with applications of density functional theory in consort with quan-

tum Monte Carlo calculations utilize FN-DMC. Several of these have incorporated density

functional wave functions for the importance-sampling.8,10,19–26 Relatively few exploit pure-

sampling to analyze the performance of density functionals for properties other than the

energy, either by using extrapolation9,26 or reptation-based algorithms.20,21,23,27 Extrapola-

tion has a bias proportional to the square of the error in the importance-sampling function.

Reptation algorithms and the one used in this work, PSQMC, have no such bias, but the

former ones assume microscopic reversibility, the failure of which may have adverse conse-

quences for pure-sampling.13 All-electron calculations are relatively rare in the literature, for

example see Refs.24,26 A discussion of the psudopotential approximation and its impact on

their FN-DMC results appears in Refs.9,19,20,28,29

The article is organized with the following sections: an overview of PSQMC and associ-

ated computational methods; the main results for 2,2’-bifuran with discussion; and finally,

a summary and conclusions section.
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Methods

An Overview of Pure-sampling Quantum Monte Carlo

PSQMC carries out a random walk in tiny increments of imaginary time (time-step), τ , to

generate the τ -biased mixed-distribution of elections, ΨΦ0, and their pure distribution, Φ2
0.

Here Ψ is an inputted antisymmetric function for N electrons, which is used for importance-

sampling, and Φ0 is the unknown, “exact” ground-state wave function. Φ0 is not truly exact,

as its electron exchange nodes are fixed to agree with those provided by Ψ. This rubric is the

so-called “fixed-node approximation”,14 which introduces a positive bias on the calculated

energy. As is the case for FN-DMC, the local energy, Eq.(2), is averaged over the mixed-

distribution of electrons to afford the τ -biased fixed-node energy. Similarly, averaging over

the pure distribution of electrons with operators that commute with the position operator

calculates properties like the electrical moments, albeit, again, τ - and fixed-node-biased.

These τ -biases are easily eliminated by regression to zero time-step, but the fixed-node

biases remain.

Calculations start with a random (or variational, or other suitably chosen) electron con-

figuration: 3N coordinates of the N electrons, denoted by x0 in FIg. 2. Starting at x0, a

... ...x−L x−L+1 x−1 x0 x1 xL−1 xL

... ...y−L y−L+1 y−1 y0 y1 yL−1 yL

z1

zL

...

Figure 2: Paths generated in PSQMC. Reprinted from Ref.11
, with permission of AIP Publishing.

series of mathematical moves (Langevin diffusion) Eq.( 1), which have no physical signifi-

cance, generate main Paths X and Y , each of length 2L+1, which are connected at their
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middle configurations, x0 and y0, by an auxiliary Path Z, of length L.

xi+1 = xi + τ
∇Ψ(xi)

Ψ(xi)
+
√
τχ, (1)

where xi represents the ith electron configuration along Path X, and χ is a random num-

ber generated from a standard 3N -dimensional normal distribution; yi and zi are defined

analogously.

Individual local energies are calculated,

Eloc(xi) = HΨ(xi)/Ψ(xi), (2)

and summed along Paths X and Y as follows:

S(X) = τ

[
1

2
Eloc(x−L) +

L−1∑
i=−L+1

Eloc(xi) + Eloc(x0) +
1

2
Eloc(xL)

]
; (3)

S(Y ) is analogously defined.

Next, a Metropolis decision is evoked in deciding whether to sample from Path Y , or

reject it and sample again from Path X instead, starting with the previous x0:

A(X → Y ) = min
{

1, eS(X)−S(Y )
}
. (4)

After equilibration (no systematic trend in the average local energy), one calculates the local

energy at the ends of the sampled path (a random sampling from the mixed-distribution),

and electrical moments (and other properties) at its middle (a random sampling from the

pure distribution).

To eliminate time-step bias in the simulated quantities, the above procedure is repeated

for a set of τ values, and the data set fit by polynomial (or exponential) variance-weighted

regression. The zero-τ intercept provides the desired, fixed-node value of the quantities of

interest, albeit still biased! In principle, the path lengths should be infinitely long. To deal
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with this bias, several energy versus τ curves need be generated, where the length of Paths

X − Z is systematically increased until the fixed-node local energy and other properties

converge to statistically-equivalent values. These should be averaged to improve precision of

the grand average of these quantities. At some point, for well-understood reasons, described

in detail in Ref.,11 the curves assume an ”S-shape” and cannot be fit by any reasonable

regression model. This signals that the paths are too long.

PSQMC has features in common with forward-walking and reptation quantum Monte

Carlo (RQMC) approaches to pure-sampling. The path-length-bias is well-established from

forward-walking literature. The Metropolis decision, Eq.(4), which is formally identical to

that used in RQMC, is valid without an assumption of microscopic reversibility along the

Paths, as reptation-based algorithms do. Auxiliary Path Z, unique to PSQMC, is sufficiently

long to provide statistical independence of Paths X and Y . Loss of precision and difficulties

with fitting the data arises when Paths X and Y are not independent, as they would be with

a reptation approach.13

Truncations and path-lengths

We employ τ -dependent truncations to avoid crazy moves, Eq.(1), and wild values of the

local energy and drift, numerical issues that arise from singularities. The truncations are

unbiased in the limit as τ → 0, where the fixed-node values of the properties are determined.

Truncations are rarely evoked in practice.

We truncate components of the drift velocity, F = ∇Ψ
Ψ
, which appears within Eq.(1), and

the local energy, Eq.(2), as follows:30

Fi =

 Fi if |Fi| ≤ 1/τ

sign[1/τ, Fi] otherwise.
(5)
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and

(Eloc − ET ) =

 (Eloc − ET ) if |Eloc − ET | ≤ 1.0/τ

sign[1/τ, (Eloc − ET )] otherwise,
(6)

where ET was set equal to -456.0 Eh for bifuran. The energy cutoff is not sensitive to the

choice of ET .

The path-lengths also depend on the time-step, given by

L(τ) = L0(τ0/τ), (7)

where L0 is the path length at τ0, the largest time-step.30 Note that L increases dramatically

as the time-step τ decreases from the τ0 value. This has the effect of giving rise to nearly

constant error-bars on the properties for the entire range of time-steps. L is infinite in the

limit of zero τ .

Application to 2,2’-bifuran

As a first step, we used ADF software31 to construct a Hartree-Fock single-determinant wave

function for importance-sampling. The molecular orbitals are expressed in a TZ2P basis set

of STO orbitals with an energy-optimized geometry. Calculations are all-electron; i.e., no

pseudo-potentials. There are 70 electrons, 16 nuclei and 372 atomic orbitals.

After some exploratory runs, we arrived at an effective range of time-steps, and L0, the

path length at the largest time-step, τ0. Path lengths at smaller time-steps rest on the value

of L0, such that L increases as the time-step decreases, Eq.(7). In a set of independent runs

with systematically increasing values of L0, the simulated energy versus time-step curves

eventually converge to statistically equivalent values of the fixed-node energy, FIg. 3. As

expected, at some point (L0 = 37) the data are ”S-shaped” and can not be fit by regression,

Fig. 4. The variance-weighted average of their converged fixed-node energies for the Hartree-

Fock wave function is reported in Table 1.
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Figure 3: Convergence of fixed-node energy for Hartree-Fock importance-sampling. L0 is
the path-length at the largest time-step, τ0. Path-lengths at other time-steps increase as τ
decreases from τ0; Eq.(7) . The zero-time-step intercepts, the fixed-node energy, agree to
within statistical error for each of the curves shown, L0 = 29 to 35.
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Figure 4: Fixed-node energy versus time step curve for L0 = 37 with Hartree-Fock
importance-sampling. This curve displays an S-shaped behaviour that can not be reliably
fit by regression, indicating L0 is too large.

Again using ADF,32 we constructed importance-sampling functions with orbitals cal-

culated from density functional theory: BHandH,33,34 PBE0,35,36 B3LYP,34,37,38 BLYP,34,39

Becke,39 and BP86.39–41 PSQMC runs were performed for the same range of time-steps

employed by the Hartree-Fock runs. The largest L0 value with which the simulated energy

versus time-step data were fit ranged from 31 to 35; Fig. 5. The fixed-node energies and com-

ponents of the quadrupole moment tensor are reported in Table 2 and Table 3, respectively.
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Table 1: Fixed-node energy and path-length parameter L0 with Hartree Fock importance-
sampling

L0 EFN (Eh) +/-
29 -458.505 0.054
31 -458.440 0.019
33 -458.426 0.062
35 -458.494 0.049
Variance weighted mean -458.451 0.016

0 . 0 0 0 0 . 0 0 2 0 . 0 0 4 0 . 0 0 6 0 . 0 0 8 0 . 0 1 0- 4 5 8 . 8

- 4 5 8 . 6

- 4 5 8 . 4

- 4 5 8 . 2

- 4 5 8 . 0

- 4 5 7 . 8

- 4 5 7 . 6

- 4 5 7 . 4

- 4 5 7 . 2

- 4 5 7 . 0

 H F  L 0  =  3 5
 B H a n d H  L 0  =  3 5   
 P B E 0  L 0  =  3 1
 B 3 L Y P  L 0  =  3 5
 B e c k e  L 0  =  3 1
 B P 8 6  L 0  =  3 1
 B L Y P  L 0  =  3 1

E F
N (

E h)

τ ( a . u . )

Figure 5: Fixed-node energy of bifuran vs time-step (τ) with importance-sampling provided
by Hartree-Fock (HF) and density functional wave functions. L0 is the path-length at the
largest time-step, τ0. Path-lengths at other time-steps increase as τ decreases from τ0; Eq.(7)
. The fixed-node energy has a variational upper bound and corresponds to the zero-time-step
limit of these curves.

In Table 2 we see the most negative fixed-node energies are calculated for B3LYP, BLYP,

Becke, and BP86 wave functions, after taking into account the statistical error. In the table,

these are identified as the ”best” set. Their weighted mean provides the fixed-node energy

for bifuran to within 8 milli-Hartree precision. This best set of functionals have in common

a %HF exchange that does not exceed 20%. The variance-weighted fixed-node energy for

those labelled as “others”, BHandH and PBE0, is 70 milli-Hartrees more positive than for

the best performing functionals. That the ADF energy for B3LYP, a member of the ”best”

set, comes the closest to its fixed-node energy is a coincidence.

10



Table 2: Fixed-node energy (EFN) vs energy from DFT (EDFT) for Hartree-Fock (HF) and
density functional wave functions. All energy values are expressed in Hartrees.

WFNa EFN EDFT EDFT − EFN %HF exchange
HF -458.494 ±0.049 -456.2723 2.222 100
BHandH -458.601 ±0.010 -455.8206 2.780 50
PBE0 -458.633 ±0.015 -458.5332 0.100 25
B3LYP -458.705 ±0.025 -458.7861 -0.081 20
Becke -458.669 ±0.018 -461.1016 -2.433 0
BP86 -458.679 ±0.011 -459.0770 -0.398 0
BLYP -458.700 ±0.031 -458.9108 -0.211 0
Othersb -458.611 ±0.008
Bestc -458.681 ±0.008

a L0 values from Fig.(5) b Variance-weighted average: BHandH and PBE0
c Variance-weighted average: B3LYP, BLYP, Becke and B86

Table 3: PSQMC-generated components of quadrupole moment with Hartree-Fock (HF) and
density functional importance-sampling wave functions. All values are in atomic units.

WFNa xx xy yy zz Symmetryb

HF 0.83 ±0.15 1.26 ±0.21 8.75 ±0.21 -9.58 ±0.12 +0.001
BHandH 0.83 ±0.14 1.00 ±0.19 8.78 ±0.22 -9.63 ±0.13 -0.018
PBE0 0.69 ±0.12 1.31 ±0.17 8.79 ±0.17 -9.47 ±0.10 +0.010
B3LYP 0.26 ±0.13 0.81 ±0.16 9.07 ±0.19 -9.35 ±0.11 -0.015
Becke 0.07 ±0.14 0.82 ±0.19 8.80 ±0.21 -8.86 ±0.12 +0.006
BP86 0.48 ±0.15 1.29 ±0.18 8.83 ±0.23 -9.32 ±0.13 -0.005
BLYP 0.37 ±0.14 1.02 ±0.17 8.66 ±0.22 -9.05 ±0.12 -0.022
Othersc 0.75 ±0.09 1.17 ±0.12 8.79 ±0.14 -9.53 ±0.08
Bestd 0.28±0.07 0.98±0.09 8.86±0.11 -9.14±0.06

a L0 values from FIg. 5 b xx+yy+zz c Variance-weighted average: BHandH and PBE0
d Variance-weighted average: B3LYP, BLYP, Becke and B86
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Table 4: ADF-generated components of quadrupole moment for Hartree-Fock (HF) and
density functional wave functions. All values are in atomic units.

WFN xx xy yy zz
HF 0.749 1.008 9.433 -10.183
BHandH 0.962 1.206 9.074 -10.036
PBE0 0.819 1.216 8.893 -9.712
B3LYP 0.431 1.043 8.973 -9.403
Becke -0.005 1.072 8.673 -8.668
BP86 0.553 1.282 8.690 -9.244
BLYP 0.198 1.149 8.709 -8.907
Othersa 0.89 [0.75 ±0.09] 1.21 [1.17±0.12] 8.98 [8.79 ±0.14] -9.87 [-9.53 ±0.08]
Bestb 0.29 [0.28 ±0.07] 1.14 [0.98 ±0.09] 8.76 [8.86 ±0.11] -9.06 [-9.14 ±0.06]

a Average: BHandH and PBE0. Fixed-node average in brackets, Table 3
b Average: B3LYP, BLYP, Becke and B86. Fixed-node average in brackets, Table 3

Quadrupole moment results are reported in Table 3 and Table 4. Here the x and y axes

contain the molecular plane, where y is the long axis of the molecule. Coordinate origin is

taken in the molecular plane at the middle of the molecule’s long and short axes. The z axis

is perpendicular to the molecular plane. The two furan rings are in the anti confirmation.

The dipole moment vanishes by symmetry (point group C2h), but the quadrupole moment

does not.

The ”best” set of functionals, those with the most accurate exchange nodes, are expected

to provide the most accurate values for the quadrupole moment. In Table 3 we see that

the PSQMC-generated xx- and zz-components of the quadrupole moment calculated from

the ”best” set indeed differ markedly from their counterparts calculated with the other func-

tionals. This is also apparent for the ADF-generated components, Table 4. The xy- and

yy-components are less sensitive to the molecule’s nodal structure. The column labelled

”Symmetry” in Table 3 shows that the quadrupole moment obeys the tensor’s traceless re-

quirement to well within the error-bars on its components.

For the present molecule, within the quality of data we have, there is general correlation

showing that the Slater determinant wave function has "nodes closer to the ground state

wave function" the closer the density is to the ground-state density. Comparing the HF wave
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Figure 6: Fixed-node energy versus error in the zz component of the quadrupole moment
tensor. This component is chosen because of its statistical error being a factor of three
smaller than the others.

.

function KS-DFT (no exchange) wave functions we see that the latter is closer to the fully

correlated ground state in both aspects (density and nodes), Fig.6. This may also be due, to

the fact that the KS-DFT wave function is guaranteed to obey the tiling property42 (as also

does the fully correlated ground state wave function), while the HF wave function is not.

The hybrids are intermediate, showing definitely that lowering exchange is better. But is

not absolutely clear, because of statistical noise, whether B3LYP is really better than BP86

or BLYP .

Summary and conclusions

We employed a pure-sampling quantum Monte Carlo algorithm to benchmark BHandH,

PBE0, B3LYP, BLYP, Becke and BP86 for bifuran. As evidenced by their fixed-node en-

ergies, all of these functionals generated orbitals for wave functions with exchange nodes

superior to those of the Hartree-Fock wave function. The best performing set of functionals:

B3LYP, BLYP, Becke and BP86, incorporated no more than 20% Hartree-Fock exchange.

The three with no exchange, KS-DFT functionals, obey the tiling property in common with

the fully correlated ground state wave function. The best combination of density and nodes

is seen for B3LYP, BP86 and BLYP.
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Except for the fixed-node approximation, which is believed to be small, our calculations

are free from the biases and approximations inherent in other quantum Monte Carlo ap-

proaches. Additionally, they are all-electron, thereby avoiding psudopotential error as well.

Regrettably, calculations performed to this amount of rigour are a factor of 103 more ex-

pensive than standard quantum chemistry calculations. For this reason, future work of this

nature aimed at choosing suitable density functionals for large extended π-electron systems

would necessarily require the use of pseudopotentals.
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